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Abstract

This thesis fits into the conceptual framework of black holes and the information paradox.
More specifically, it entails the search for entanglement islands within the context of two-
dimensional Jackiw–Teitelboim gravity. The starting point is to acquire the knowledge to make
inquiries within this area of study. As such, we begin by a precursory literature study to in-
troduce tools as entanglement entropy, black hole physics, holographic entanglement entropy,
and semiclassical Jackiw–Teitelboim gravity. Thereafter, we compute islands in our setup. Un-
like in literature, we consider a model for an evaporating black hole originating from a classical
energy pulse. We make no assumptions about a potential heat bath, gravitating or not, but we
are able to relate our setup to a situation as if a heat bath were glued to the boundary of our
spacetime. As the resulting systems are nonlinear in the parameters, we rely on numerical
results to extract meaningful information. Prototypical calculations involve the entropy in which
the cutoffs, necessary to regulate divergences, are effectively ‘ignored’. This approach is fol-
lowed first. However, these cutoffs can be related to the boundary coordinates and potentially
affect the location of possible islands. To take this into account, we define a renormalised
entropy which gives a more natural measure from the viewpoint we will present – a boundary
observer who collects the outgoing radiation. In both cases we numerically obtain a Page
curve; the observer collected all the outgoing radiation and can reconstruct the black hole
interior by acting on it – there is no information loss. Intriguingly, we discover that the latter
model can exist in two phases depending on the sole dimensionless parameter – a phase with
and a phase without islands.
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Samenvatting

Deze thesis past binnen het conceptuele kader van zwarte gaten en de informatieparadox.
Meer specifiek, het bevat de zoektocht naar verstrengelingseilanden 1 binnen de context van
twee-dimensionele Jackiw–Teitelboim-zwaartekracht. Het beginpunt is het verwerven van de
nodige kennis om onderzoek te kunnen doen binnen dit domein. Hiertoe beginnen we met
een voorafgaande literatuurstudie om begrippen zoals verstrengelingsentropie 2, de fysica
van zwarte gaten, holografische verstrengelingsentropie en semiklassieke Jackiw–Teitelboim-
zwaartekracht te introduceren. Daarna wagen we ons aan berekeningen omtrent zulke ei-
landen in ons model. In tegenstelling tot de literatuur beschouwen we een model voor een
verdampend zwart gat afkomstig van een klassieke energiepuls. We maken geen assumpties
over een potentieel warmtebad, al dan niet met zwaartekracht, maar we kunnen ons model
wel relateren aan een situatie waarin een warmtebad is toegevoegd aan de grens van onze
ruimtetijd. Omdat de resulterende vergelijkingen niet-linear zijn in de parameters moeten
we beroep doen op numerieke technieken om zinvolle informatie te extraheren. Prototyp-
ische berekeningen berusten op een entropie waarin de cutoffs, nodig om de divergenties
te reguleren, worden ‘genegeerd’. Deze aanpak wordt eerst gevolgd. Desalniettemin kun-
nen deze cutoffs gerelateerd worden aan de coördinaten van een grenswaarnemer en kun-
nen dus mogelijks de ligging van de potentiële eilanden aanpassen. Om dit in rekening te
brengen definiëren we een gerenormaliseerde entropie die bovendien een natuurlijkere maat
geeft vanuit het standpunt dat we zullen beschouwen – een grenswaarnemer die de uitgaande
straling detecteert. In beide gevallen bekomen we numeriek de Page curve; de waarnemer
absorbeerde alle uitgaande straling en kan de binnenkant van het zwart gat reconstrueren
door dit te manipuleren – er is geen verlies van informatie. Daarbovenop ontdekken we nog
een intrigerend fenomeen in het laatstgenoemde model, het kan zich namelijk in twee fasen
bevinden afhankelijk van de enige dimensieloze parameter – een fase met en een fase zonder
eilanden.

1Van het Engelse begrip ‘entanglement island’.
2Van het Engelse begrip ‘entanglement entropy’.
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Chapter 1

Introduction

Black Holes are where God divided by
zero.

Albert Einstein

In the ’70s, J. Bekenstein made it apparent that a black hole (BH) could be seen as a ther-
modynamical system as one can write down laws which are of a similar form to the four laws
we all love and cherish [1, 2], initiating the age of BH physics.1 Not long thereafter, S. Hawk-
ing introduced the important concept of Hawking radiation through semiclassical calculations;
BHs are not that ‘black’ after all and radiate approximately as a blackbody at the Hawking tem-
perature [3]. This Hawking temperature beautifully connected quantum mechanics (QM) and
general relativity (GR) for the first time, paving the way for the study of quantum information
in the regime of quantum gravity (QG). A first major breakthrough was the calculation for the
entropy of a BH resulting in the well-known Bekenstein–Hawking formula [4]. This gave rise
to the analogy with a piece of burning coal as a proxy for the BH. One could ask in a similar
way how many degrees of freedom are required to describe this physical system, the amount
being fixed by its thermodynamical entropy. However, if a piece of coal is all burnt up and we
collect its ash and radiation we can, in theory, reconstruct the initial wood piece we set on fire.
It turns out this is not true for a BH, we cannot recreate the initial state that collapsed to a
BH since a pure state gets radiated away in a mixed state; it seems information is inevitably
lost. It is not surprising a BH is more complicated than a piece of burning coal: strong gravity
near and behind the horizon plays an important role, and to accurately describe it we need a
theory of QG. The best tool we have for this is holography. From this viewpoint, the BH is dual
to a thermal conformal field theory (CFT). If this is true, then we expect that the information is
preserved as time evolution is unitary for CFTs. This apparent contradiction is what physicists
called the BH Information Paradox. How can this paradox be resolved?

Ever since the renowned AdS/CFT correspondence 2, conjectured by J. Maldacena [5],
there has been extensive research in this new holographic view, coined by G. ’t Hooft [6–9].
This new mathematical tool – or maybe reality – brought about results compatible with the old
ones but also new results and new techniques. One of the most important results was the
Ryu–Takayanagi formula [10] which computes the entanglement entropy of a CFT through an
area of a certain surface in the bulk spacetime, much like the Bekenstein–Hawking formula.

If we believe the BH evaporation process to happen unitarily, then the entanglement en-
tropy of the radiation follows a specific curve – the Page curve [11, 12]. The entropy first
increases because of more entangled quanta escaping the BH. From the Page time onwards,
the entropy starts decreasing again until it reaches zero when the BH is completely evapo-
rated; it also has zero Bekenstein–Hawking entropy. Ströminger once said that calculating

1A list of acronyms is provided in Appendix D.
2AdS stands for anti-de Sitter.
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2 1.I. Preliminary: Holography

the Page curve amounts to solving the paradox [13]. And so it has been done. Not even
two years ago, the authors of [14, 15] managed to obtain the Page curve in the context of 2d
Jackiw–Teitelboim (JT) gravity [16, 17], and it won them the New Horizons 2020 prize.

Although we live in a 4d spacetime, making calculations in lower dimensions are often
more tractable as QG becomes more renormalisable. Therefore, we analyse such models
which, hopefully, still have some relevance to Nature. It is likely that certain features present
in these models should also be present in a model for QG in 4d, or at the very least we can
try to extrapolate this back to 4d.

Due to the advent of these results, research spearheaded into this new direction and
quickly led to new results, e.g. the island formula [18] and the use of replica wormholes
[19, 20]. It turns out the island is crucial and possibly gives a resolution to the paradox.

Unfortunately, this also limits our view somewhat as other less developed ideas not im-
mediately thread into the spotlight: the use of soft hair, the unitary gauge construction, etc.
[21–24]. Whilst the doctrine of humores, originating from Hippocrates and further developed
by Galen, dominated the scene for 1 500 years, it was only after criticism by Paracelsus and
Vesalius that this scholastic medicine was replaced with the start of modern medicine. Hence,
we should always be critical about the road we took. And just like the Copernican vs Ptole-
mean model we should not turn a blind eye to new ideas which could have merit on their own.
Nevertheless, this philosophical debate may be better held another time.

The Page curve has been computed, but Ströminger’s words were said too early. Other
paradoxes and problems started to show up [13, 25–34]. The information problem is far from
over!

The purpose of this thesis is to introduce the reader to these fascinating results of the last
two decades which, unfortunately, retain a high barrier to penetrate. Hopefully after the review
set out in the following four chapters, the reader is acquainted with the larger idea and most
concepts showing up in this field of study. Thereafter, we turn our eye to a specific calculation
in JT gravity, albeit with a setup differing from the original one and its successors [14]. As
is apparent from many calculations in literature, the cutoffs introduced in the formulas for the
entanglement entropy get largely ignored. Our goal will be to use a renormalised entropy –
independent of all the cutoffs – and try to find the Page curve.

This thesis is structured as follows: we begin with a brief preliminary on holography after
this section and start with the concept of entanglement entropy in Ch. 2. Subsequently, we
introduce some BH thermodynamics and a handful of paradoxes with possible solutions in
Ch. 3. In Ch. 4 we introduce the concept of holographic entanglement entropy and make our
way towards the island formula. A broad review of semiclassical JT gravity in Ch. 5 concludes
the literature study. In the next two chapters, Ch. 6 and 7, we present the calculations in our
model using the common tool of ‘ignoring the cutoffs’ and the renormalised entropy respec-
tively. Finally, in the Summary & Outlook 8 we provide a review of our results, and discuss
some other developments.

As a homage to the ancient natural philosophers and inspired by [35], we shed a new light
on some concepts in the form of a Socratic dialogue and be denoted by SD, they appear at
the end of this chapter, Ch. 2 and Ch. 4. 3

1.I Preliminary: Holography

The AdS/CFT correspondence or gauge/gravity correspondence – first written down in
the renowned paper [5] – is a remarkable duality in which a nonrelativistic CFT, under certain

3The characters used in these Socratic dialogues are based on the works of Hajime Kamoshida.



Chapter 1. Introduction 3

conditions, can be equivalently described by a quantum gravitational theory in one spatial
dimension higher, mostly string theory.

CFT in d dimensions
←→

Asymptotic AdS QG in d+ 1 dimensions

Since the CFT lives in one less spacelike dimension, the usual picture is that of a bulk
spacetimeMd where the CFT lives on the conformal boundary ∂Md+1 (depicted in Fig. 1.1).
However, this picture often leads to confusion as it is important to remember that we do not
have both theories at the same time. We only work in either one of them and there are rela-
tions and dualities between them, but that does not mean we should take this picture literally;
both are separate entities [36].

Figure 1.1: AdSd+1 QG in the bulkM is dual to a CFTd on its boundary ∂M. Time is running
upwards and three equal time slices are shown, the geometry of such a slice is equivalent to the
hyperbolic metric.

The duality is further enhanced by the fact that

Symmetry generators of the conformal symmetry SO(d, 2) of the CFT
←→

Bulk symmetry generators of the isometries in the asymptotically AdS spacetime

and correlation functions can be calculated via the GKPW rule/extrapolate dictionary〈
e
∫
ddx J(x)O(x)

〉
CFT

=

∫
Dφ e−SAdS

∣∣∣∣
φ(∂M)=J(x)

(1.1)

named after Gubser, Klebanov & Polyakov [37], and Witten [38].
By oversimplification, the CFT can be described by two parameters [39]

• λ: a coupling constant measuring the interaction strength between its constituents;

• ceff: a measure for the effective number of degrees of freedom.

according to their values, and by taking different limits one obtains a different bulk picture. The
most general being that of an interacting string theory.

• Planar limit ceff → ∞: string interactions become weak and we can truncate them to
tree level, a classical string limit. From the path integral (PI) perspective, it localises
around a nontrivial saddle point described by a master field configuration equivalent to
an expansion in 1/ceff;



4 1.I. Preliminary: Holography

• Semiclassical limit λ → ∞: the CFT is strongly coupled and massive string states
decouple due to becoming heavy such that we are left with semiclassical gravity. It can
be thought of as a thermodynamic limit.

When taking both limits simultaneously we end up in a semiclassical theory: the gravity sector
is described by Einstein–Hilbert gravity and the quantum fields can be treated semiclassically
on this fixed background due to the negligible contributions of the gravitons (dual to the CFT
stress tensor). Theories which have a holographic map in this limit are said to be an element
of the code subspace.

Ultimately, we end up with relations between these two parameters and the gravitational
constant G(d+1)

N , the AdS scale lAdS, and the string scale ls

ceff =
ld−1
AdS

16πG
(d+1)
N

, λ =

(
lAdS

ls

)γ
(1.2)

with γ > 0 and dependent on the CFT.

1.I.a Plato’s Cave and RG Scales (SD)

As usual during lunch break, the science room was occupied by only two high school students:
the sole science club member, Futaba, and a close friend, Sakuta. Ever since the strange oc-
currences, Sakuta had been reading books about quantum physics and the foundations, and
wanted to work towards entanglement. Futaba was already way ahead of him, currently read-
ing something related to string theory. The room was quiet, only filled by the sound of the wind
blowing through the single open window and the Bunsen burner with which Futaba warmed
their coffee. It would give anyone who enters a feeling of serenity. One would usually find
other means for a Bunsen burner. . . Meanwhile, Sakuta was reading a book about hologra-
phy as a preliminary for his follow-up on entanglement as advised by Futaba. The difference
in level was palpable; while Futaba was soaking up information, Sakuta was struggling with
his content and could not wrap his head around it. 4

“I really don’t get this”, Sakuta said followed by a deep sigh. “How can some physics be
the same as gravity with an extra dimension? What is this extra dimension even supposed to
be?”

“What is it this time?”, Futaba asked with an annoyed look on her face. Not too surprising,
someone suddenly broke her out of her concentration. “Oh, you’re reading the book I gave
you about holography. Good choice.”

“Yeah, but I don’t understand any of it”, he replied while taking a sip of his coffee. “What
are these holograms even? A theory living on a boundary? I get no intuition whatsoever.” He
knew Futaba could explain it in simpler terms, he was hoping for this. After all, she was the
best student of their class and already grasped the concepts of Schrödinger’s cat and quan-
tum teleportation quite well. He hoped that by showing his struggles, she would step in and
give him a condescending lecture, like always.

“You really are hopeless sometimes, you know”, Futaba replied in exasperation. “Well,
let’s go back to something you might understand. Ever heard of Plato’s cave?”

“Plato. . . ”, Sakuta mumbled confusingly. He heard the name before in some of his classes,
but was probably not paying attention anyway. “I feel like you are going to scold me.”

“You are right about that. You should know one of the most important Greek philosophers”,
Futaba said without a sign of surprise on her face. “Anyway, Plato’s cave is a certain view on
reality. According to him, we live in a cave without direct access to the outside, ergo reality.
At the entrance there is a fire, and objects passing by cast a shadow on the wall inside the
cave for the people to see. Basically, it says that what we see are inaccurate representations

4The content is based on [39–41].



Chapter 1. Introduction 5

of reality.”
“Okay, I see”, Sakuta nodded agreeingly. “So why are you bringing this up?”
“Well, there is more to it, but let’s stick to the simplified version for now. Can you make the

link between those shadows and the holograms?”
“Uhm, hmmmm. . . ” He was contemplating about what she meant until he reached an

epiphany. “They are the same thing! These shadows are equivalent to the holograms living
on the boundary of our spacetime.”

“Exactly! You sometimes surprise me how quickly you can catch up”, she said with a slight
smile of pride. “These shadows in the allegory are the same as the holograms of our theory.
Plato stated that these shadows are inaccurate or don’t fully describe reality. However, the
AdS/CFT correspondence says that these shadows are enough: all the information about the
higher theory is contained in these objects. So we might as well study one of them to learn
about the other.”

“Okay, I think I kind of get the gist of it. But still, we are talking about a field theory versus a
theory of quantum gravity. What exactly is this extra dimension?” Meanwhile, he was staring
at Futaba’s shadow on the blackboard behind her, caused by the Bunsen burner. She seemed
to be making another cup of coffee.

“I assume you know a bit about energy scales and renormalisation?”
“Well, yeah, a bit. Like how the parameters of a theory depend on the energy scale at

which you probe them.”
“Indeed, that’s already enough”, she replied quite pleased. “This extra dimension is just

that: a length/energy scale which tells us in what regime we probe the boundary theory.”
“That seems rather arbitrary. How is this exactly realized?” He seemed to not believe her.

Well, it is rather unconvincing at first.
“We know the boundary theory is scale invariant, so scale transformations z → λz leave

our state invariant”, she explained while writing it down on the blackboard. “It also leaves the
metric of the gravitational system intact, but we seem to be zooming in or out. In other words,
we are looking close to the boundary or close to the centre of the bulk. From this perspective,
close to the boundary is related to UV scales in the boundary theory. Likewise, deep in the
bulk represents IR scales. Hence, this extra dimension can be seen as the energy scale at
which we probe the theory. It is most easily seen by looking at the metric: it diverges near the
boundary, indicating a high energy divergence.”

“That’s quite an interesting perspective.”
“Indeed, and one which turns out to be useful for other concepts.”
“As always, you have a knack for explaining things to a commoner like me”, Sakuta said

looking impressed. They both took a large sip from their coffee – as if they both calmed down
a little – and Futaba returned to her book. In the meantime, Sakuta was staring out the window
reflecting about this interpretation. The room became quiet once more as the wind died down.

Figure 1.2: Plato’s Cave Allegory. Reality (the bird) gets projected on a wall (shadow) which the
observer (right) then sees. In AdS/CFT these shadows contain all the information about reality.



Chapter 2

Entanglement Entropy and the
Replica Trick

We begin our journey with the central theme of this research area: entanglement. Entangle-
ment remains a bizarre phenomenon but nevertheless lies at the heart of QM. Mainly because
it is a concept which has no classical analogue, it is purely a quantum phenomenon. Even so,
entanglement often raises a lot of confusion due to its counterintuitive nature like the Reeh-
Schlieder theorem: local measurements instantaneously affect local measurements far away
and is often quoted as ‘spooky action at a distance’.

While its importance in BH physics was discovered early, it mainly remained a tool in the
condensed matter physics community. At the advent of the Ryu–Takayanagi formula to calcu-
late entropies in holographic theories, a collaboration between a condensed matter physicist
and a string physicist, it made its way into high energy physics research. Even today, entropy
and entanglement remain well-established concepts within the high energy community and
has inspired a lot of new ideas and research. One of them, for instance, proposing spacetime
is the result of many entangled qubits – ‘It from Qubit’.

In this chapter we explore the basics of entanglement, starting in quantum systems with a
finite dimensional Hilbert space, e.g. a lattice system. After introducing some concepts like
density matrices and von Neumann entropies, we discuss these concepts in a continuum set-
ting. Of great importance will be the monogamy of entanglement entropy which leads to the
specific paradox discussed in Ch. 3. At the end we introduce a mathematical tool to calculate
entropies in field theories: the replica trick and twist fields.

2.I The Art of Quantum Entanglement

2.I.a Entanglement in Quantum Systems

We begin by discussing the entanglement in a given lattice system with lattice spacing ε and
a finite-dimensional Hilbert space Hα at each lattice site α [39, 42]. A pure quantum state
is then an element of the full tensor product Hilbert space |Ψ〉 ∈

⊗
αHα. This wavefunction

represents the exact state of the system from which we can construct a state/density matrix
ρ representing the actual knowledge we have of the system

ρ† = ρ, ρ ≥ 0, Tr ρ = 1 (2.1)

Any operator satisfying the above three criteria is in fact a density matrix.
The easiest density matrix is that of a pure state which is just the projector onto the

quantum state
ρ = |Ψ〉〈Ψ| (2.2)

6
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States which are not pure are called mixed.
Because of its properties, there exists a basis in which this density matrix takes a diagonal

form such that the eigenvalues pi form a classical probability distribution

ρ =
∑
i

pi |i〉 〈i| (2.3)

Moreover, via these density matrices we can calculate the expectation value associated to
some physical observable O as

〈O〉ρ = Tr(Oρ) (2.4)

Let us now bipartition our system into a spatial region A and Ac = B which has a fictitious
boundary ∂A = ∂B called the entangling surface, a representation is given in Fig. 2.1. This
naturally leads to a bipartite factorisation of the full Hilbert space H = HA ⊗ HB. If our
full quantum system is in a pure quantum state |Ψ〉 with density matrix ρ = |Ψ〉〈Ψ|, we can
construct an operator which only acts on subsystem A and captures our knowledge about
that subsystem by tracing out the degrees of freedom (dof) encompassed by B, i.e. only
having access to A and feigning complete ignorance of B. The operator we obtain is called
the marginal state/reduced density matrix

ρA = TrB(|Ψ〉〈Ψ|) (2.5)

From this definition we can compute the expectation value of operators only acting on this
subsystem OA as

〈OA〉 = TrA(OAρA) (2.6)

This is completely equivalent to computing the expectation value of the operator OA ⊗ 1B on
the full system through (2.4).

Figure 2.1: Bipartitioning of a lattice system. A cubic, two-dimensional lattice with spacing ε is
divided in subsystems A and B by the entangling surface ∂A. Subsystem A encompasses all
lattice sites within.

Successively, we want to know the amount of entanglement across the entangling surface
as a result of our decomposition in two subsystems. A quantitative measure is introduced
through the von Neumann (vN) entropy/entanglement entropy (EE) of the reduced density
matrix

S(A) = −TrA(ρA ln ρA) ≥ 0 (2.7)
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which quantifies the amount of ignorance just like the classical Shannon entropy. Or, it is the
logarithm of the amount of states of the inaccessible part of our system which are consistent
with all measurements restricted to the accessible part, assuming the total system is in a pure
state [43]. Therefore, it is also a measure for the dimension of the Hilbert space HA.

For a finite system we can diagonalise the reduced density matrix giving us an entangle-
ment spectrum pi such that the logarithm can be safely taken. Notice that a pure state only
has one nonzero eigenvalue which must be equal to 1 according to the definition (2.1); hence
it has zero entropy, signalling complete knowledge.

Moreover, the EE is invariant under unitary transformations ρ→ UρU † precisely because
of the cyclicity of the trace. Specifically, it is invariant under unitary time evolution.

Clearly, this quantity and others derived from it are dependent on the division into subsys-
tems.

There is another set of entropies which are useful when discussing the replica trick – the
Rényi entropies

S(n)(A) =
1

1− n
ln TrA(ρnA) (2.8)

for n ∈ N.
Besides their use in the replica trick, the n = 2 case can be used to measure the purity

Tr
(
ρ2
)

of a state, which is equal to unity for a properly normalised density matrix in a pure
state. But for a mixed state Tr

(
ρ2
)
< 0, and this can be probed via the second Rényi entropy.

In the limit n → 1 we retrieve the EE, but this requires moving away from integer n
by analytically continuing to n ∈ R+ which is well-defined due to Carlson’s theorem: since
Tr ρn =

∑
i p
n
i is a uniformly convergent sum of analytic functions, Tr ρn is itself an analytic

function for Re{z} ≥ 1. Because of normalisation, it is bounded and satisfies the require-
ments of this theorem. However, it is not immediately apparent how this can be proven in field
theories where the local Hilbert space becomes infinite-dimensional.

Due to our bipartitioning, a general state of the full system can be represented as a linear
combination of tensor products between A and B

|Ψ〉 =
∑
i,j

ψij |αi〉 |βj〉 (2.9)

with |αi〉 ∈ HA and |βj〉 ∈ HB.
A state |Ψ〉 is then called entangled if it can not be written as a product state

|Ψ〉 6= |αi〉 |βj〉 (2.10)

The famous example of such an entangled state is one of the four Bell states between two
qubits ∣∣Φ+

〉
=
|00〉+ |11〉√

2
(2.11)

Additionally, this state is also maximally entangled because its density matrix is propor-
tional to the identity – ρA = 1A/2 – and thus has only equal eigenvalues, classically analo-
gous to maximum randomness. Such states have maximum entropy equal to ln dimHA.

If the total density matrix is pure, we can look at the Schmidt decomposition

|Ψ〉 =
∑
i

√
pi |αi〉A |βi〉B (2.12)

Clearly, the eigenvalues of ρA and ρB are the same, leading to similar reduced density matri-
ces, and so they have equal Rényi entropies

S(n)(A) = S(n)(B) (2.13)
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Whilst for the full system the EE is zero, this is not the case for the subsystems, denoting
entanglement between the two. The vN entropy does not necessarily reflect entanglement but
does detect it. By averting our attention to one of the subsystems we inevitably lost information
stored in the correlations between the two when we traced out the other one; a reduced den-
sity matrix represents what we know about one subsystem without knowing anything about
the other.

This process can also be reverse-engineered to purification. We start with a diagonal
reduced density matrix (2.3) and adjoin it to another system such that the state on this larger
system becomes pure. The density matrix on this larger system is then simply the Schmidt
decomposition (2.12). This is impossible to do classically.

Originally, the EE represented a quantitative measure for how mixed a state is. Neverthe-
less, the above process shows that mixedness, however it came to be, is indistinguishable
from that arising from entanglement. This important insight led to both concepts – entangle-
ment and entropy – being interchangeable. It is not solely a measure for ignorance [42].

Given the purification, the notion of EE can be rephrased: the quantity eS(A) is the minimal
amount of auxiliaries needed to entangle with A such that we obtain ρA from a purification
[36].

We heavily relied on the assumption that the total state is pure, but it might be mixed as
well. In the most general sense, from a quantum information perspective, a mixed state is
entangled if it is not separable/classically correlated

ρ 6=
∑
i

piρ
i
A ⊗ ρiB (2.14)

For a pure state this reduces to being not a product state.
The EE does not prove useful for such mixed states, and we need to introduce another

measure which we will see later on – the mutual information.

For all reduced density matrices, there exists a formal Hamiltonian called the modular Hamil-
tonian KA turning the reduced density matrix into a Gibbs state

ρA =
1

Z
e−KA (2.15)

From this perspective, the Rényi entropies can be seen as modular free energies

S(n)(A) =
1

1− n
ln TrA e

−nKA (2.16)

at inverse temperature n.
Besides, these Rényi entropies are not thermodynamical quantities. For this purpose,

consider a canonical ensemble at inverse temperature β

ρ =
1

Zβ
e−βH (2.17)

then

S(n) =
nβ

1− n
(Fβ − Fnβ) (2.18)

while for the microcanonical ensemble

ρ =
1

n(E)

∑
E≤Ea≤E+∆E

|a〉〈a| (2.19)

the Rényi entropy would be lnn(E) [42]. In the thermodynamic limit N →∞ for N dof, exten-
sive quantities like the Rényi entropies are to leading order in 1/N proportional to N . Leading
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contributions which are also independent of the chosen ensemble are thermodynamic quan-
tities, something which we do not see in the example above. Notice how (2.18) also depends
on the free energy at inverse temperature nβ.

In contrast, the coarse-grained entropy is a thermodynamical entropy via the follow-
ing procedure: consider a set of coarse-grained observables Oi, now consider all density
matrices ρ̃ leading to the same result for the expectation values for the given system ρ –
Tr(Oiρ̃) = Tr(Oiρ). Next, compute the vN entropy S(ρ̃) and maximise over all possible ρ̃.
It turns out this entropy obeys the second law, increases under unitary time evolution, and is
larger than SvN. Hence, it sets an upper bound on how entangled a system can be with some-
thing else; an upper bound on the vN entropy itself. To distinguish this from the vN entropy,
the latter is also called the fine-grained entropy [44].

It is clear from the Schrödinger picture that when a state evolves in time, so does its EE.
But how can we see this from the Heisenberg picture where the states do not evolve but the
operators do? In this picture, the factorisation itself evolves in time

H ∼= HA ⊗HB (2.20)

and the time dependence is hidden inside the isomorphism because the unitary map U :
HA ⊗HB → H evolves according to

U †
dU

dt
= iH (2.21)

with H the Hamiltonian of the full system [42].

2.I.b Entanglement in Field Theories

In the continuum limit, when the lattice spacing goes to zero ε → 0, we arrive at relativistic
quantum field theories (QFTs) where we have wavefunctionals Ψ[Φ(x)] associated to a field
configuration Φ(x). We can repeat the definitions above, but instead of tracing over dof in a
certain region, we integrate over all possible field configurations within that region.

To calculate entropies, we pick a Cauchy slice Σ to define a moment of simultaneity on
which we are able to define a state of the system represented by ρΣ (remember that we
need to specify a time from the Heisenberg picture point of view). It is possible to spatially
bipartition this slice into two subsystems Σ = A ∪ B with entangling surface ∂A. If our QFT
is not a gauge theory, this leads to a factorisation of the total Hilbert space. However, when
facing gauge symmetries, this factorisation should be taken in a gauge-invariant way leading
to link variables. We assume a particular choice has been made [39, 45]. From this state
we can consider the reduced density matrix ρA = TrB ρΣ and calculate the EE. As always,
we expect UV divergences in a continuum system, so we should specify a regulator ε for the
short distance entanglement present.

It is worth noting that in a relativistic QFT, the EE is robust against deformations of the
subsystem A within its causal diamond. For this purpose, we define the domain of de-
pendence/causal diamond D[A] to be the region where the reduced density matrix can be
uniquely evolved once the Hamiltonian is known. More intuitively, it is the set of points which
must be causally influenced by or influence events in that region [46]. Since the eigenvalues
of ρA are invariant under unitary evolution of ρA supported only in HA or HB, the entropies
remain unaffected. Moreover, any deformation to a region A′ such that D[A] = D[A′] results
in the same Rényi entropies precisely because the two reduced density matrices are related
by a unitary transformation. We can think of A and A′ constituting the same ‘subsystem’ as
their Hilbert spaces are isomorphic to each other [42]. This process is illustrated in Fig. 2.2.
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Figure 2.2: The domain of dependence. A Cauchy slice is divided in A and B, and their causal
diamonds are indicated. This can be further divided into the futureD+[A] and pastD−[A] domain
of dependence. A deformation of A → A′ is also shown, leading to the same causal diamond
D[A] = D[A′].

2.I.c UV Divergences

As is usual in field theories, our quantities are UV divergent and so is the EE. These diver-
gences arise from the short range correlations across the entangling surface, because field
theories usually retain some notion of locality. Therefore, we expect that the entangled modes
across this surface have the largest contribution, leading to the divergence [39, 42]. In another
sense, the entanglement can only depend on a quantity which is common to both subsystems
– the entangling surface [47].

Consider a lattice again with spacing ε, the full Hilbert space of our system is the tensor
product of the Hilbert space at each lattice site:

⊗
αHα. Let us divide our subsystem in two

regions A,B again. The Hilbert space associated to region A is the same tensor product of
the individual Hilbert spaces but now with the restriction α ∈ A, similar for HB

HA =
⊗
α∈A
Hα, HB =

⊗
α∈B
Hα (2.22)

leading to the factorisation
H =

⊗
α

Hα = HA ⊗HB (2.23)

If our subregion A has a size of L � ε and consists of NA lattice sites, the entropy can
be as large as NA ln dimHα which is approximately the logarithm of the dimension of HA. In
this case, when a random state is picked we get

S(A) ∝ NA ∝
(
L

ε

)d−1

(2.24)

which is called a volume law growth since d−1 is the number of spatial dimensions. The ratio
stems from considering how many lattice hypercubes with side ε fit into the big hypercube with
side L.

Physical states which retain a notion of locality have an entropy dominated by the entan-
glement across the entangling surface

S(A) ∝
(
L

ε

)d−2

(2.25)
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which is an area law growth and is given by the amount of bonds cut by the entangling surface
[47].

Obviously, for most d these diverge in the continuum limit ε → 0. Again, this is not that
surprising as in a QFT the local Hilbert space becomes infinite-dimensional. The amount of
fields at either side of the entangling surface grows when ε decreases, leading to an amount
of correlations proportional to the area of this surface.

Taking the limit ε→ 0 involves subtleties – especially when gauge symmetries are present
– and care should be taken. Due to microcausality, the subregions can still be interpreted as
having independent dof.

Remarkably, these leading order contributions scale as the area of the entangling surface
rather than the volume as what would be expected from an extensive quantity; it was this
result that led [48] to link this with the Bekenstein–Hawking entropy. The subleading terms
generally depend on the geometry of the entangling surface. For even d there is an additional
logarithmic divergence present, called the universal term but is absent for odd d. In the special
case of d = 2, this is the only divergent contribution and is the result of the entangled surface
consisting of a set of disconnected points. The significance of these universal terms is related
to the renormalisation group [49].

2.I.d EE Inequalities

There is a useful set of entropy inequalities mainly employed in the context of quantum in-
formation theory but can also be proven within the context of holography [50–52]. For this
purpose, we often need multiple partitions of our full system which we denote as Ai. In a
continuum system they become subregions of a certain Cauchy slice [39, 42].

The first inequality is that of subadditivity for a bipartite system:

S(A1) + S(A2) ≥ S(A1A2) (2.26)

and is often abbreviated to the statement ’the whole is more than the sum of its parts’. It
naturally leads to the notion of mutual information

I(A1 : A2) = S(A1) + S(A2)− S(A1A2)

= S(A1)−H(A1|A2) ≥ 0 (2.27)

which is symmetric in A1 and A2, and vanishes if these two subsystems are independent; a
nonzero value means that they are correlated, so it encodes the amount of correlation. This
quantity represents the amount of information we gain about A1 if we learn what the state of
A2 is and vice versa, or what we lose when we describe the system as the sum of its parts.
It is a better probe for correlations of thermal states – mixed density matrices – in many body
physics, because some correlations stem from a classical origin [42, 53].

On the second line, we rewrote this quantity making use of the conditional entropy

H(A1|A2) = S(A1A2)− S(A2) ≥ 0 (2.28)

denoting how much we do not know about A1 even if A2 is known, and is zero for a perfectly
correlated system: there is nothing left to learn I(A1 : A2) = S(A1). Notice that for an entan-
gled pure state H(A1|A2) = −S(A2) < 0. Although negativity of the conditional entropy is a
probe for entanglement, the converse does not always hold.

Since the mutual information is nondecreasing when adjoining systems, i.e. I(A1 : A2A3) ≥
I(A1 : A2), we acquire strong subadditivity

S(A1A2) + S(A2A3) ≥ S(A2) + S(A1A2A3) (2.29)
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Besides those, we also have the Araki–Lieb inequality

S(A1A2) ≥ |S(A1)− S(A2)| (2.30)

leading to S(A1) = S(A2) if the state is pure on A1A2, and the second form of strong
subadditivity/weak monotonicity

S(A1A2) + S(A2A3) ≥ S(A1) + S(A3) (2.31)

Combination of Eqs. (2.27, 2.30) results in classical monotonicity S(A1A2) ≥ max[S(A1), S(A2)].
The quantities we defined can also be used in the context of the Rényi entropies, e.g. the

Rényi mutual information. Due to the Rényi entropies not satisfying subadditivity – except for
n = 1 of course – the Rényi mutual information can even be negative.

The last quantity we mention is the relative entropy, providing a measure for the distin-
guishability between two density matrices ρ, σ [54]

S(ρ||σ) = Tr(ρ ln ρ)− Tr(ρ lnσ) ≥ 0 (2.32)

which is zero if ρ = σ and satisfies monotonicity, decreasing under inclusion

S(ρA||σA) ≤ S(ρ||σ) (2.33)

after tracing out the same dof.
Furthermore, using the modular Hamiltonian (2.15) we can define the modular free en-

ergy as
F (ρ) = Tr(ρKσ)− S(ρ) (2.34)

such that S(ρ||σ) = F (ρ)− F (σ).
It defines a metric on the manifold of density matrices and leads to the notion of Bures

distance [55]. When considering ρ = σ+ ερ1 + . . . around ρ0 = σ, to first order we obtain the
first law of entanglement entropy

δS = −Tr(δρ ln ρ) = δ 〈Kρ0〉 (2.35)

since S(ρ||σ) = ∆ 〈Kσ〉 −∆ 〈S〉 ≥ 0 is at least of order O(ε2).
To second order in ε, we can define a positive definite inner product called the quantum

Fisher information, a constraint on achievable precision in parameter estimation [55].

ε2 〈ρ1, ρ1〉ρ0 = S(ρ0 + ερ1||ρ0)

=
1

2
ε2 Tr

(
ρ1

d

dε
ln(ρ0 + ερ1)

)
(2.36)

2.I.e Monogamy of EE

In Ch. 3 we will talk about one of the paradoxes involving BHs making use of a property known
as monogamy of EE: two maximally entangled systems with each other cannot be entangled
with a third system, they only show up in pairs. Since this property generally stems from
quantum information theory, we treat it here [24, 56].

If two systems have observables whose correlations exceed that of possible classical correla-
tions, the systems are said to be entangled [57]. Now consider a pair of observables A1, A2

and B1, B2 each from a separate system. The Clauser-Horne-Shimony-Holt (CHSH) oper-
ator is defined as [58]

CAB = A1(B1 +B2) +A2(B1 −B2) (2.37)
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In the classical regime, when all operators can be diagonalised simultaneously and as-
suming their eigenvalues are in the range [−1, 1], we get |CAB| ≤ 2. If both systems are part
of a larger system, these observables should commute within the larger Hilbert space.

Nevertheless, [59] showed that in a QM system the classical bound enlarges to Tsirelson’s
bound for any state |Ψ〉

|〈CAB〉Ψ| ≤ 2
√

2 (2.38)

Forasmuch as our definition of entangled being the classical value to be exceeded, there is
entanglement if

2 < |〈CAB〉Ψ| ≤ 2
√

2 (2.39)

For the sake of showing monogamy, let us consider a third system with a third set of oper-
ators C1, C2 with eigenvalues also in [−1, 1] and which commute with the other observables
with respect to a larger Hilbert space. The authors of [60, 61] proved that

〈CAB〉2Ψ + 〈CAC〉2Ψ ≤ 8 (2.40)

Subsequently, let A and B be entangled. The inequality (2.39) implies |〈CAB〉Ψ| > 2 such
that 〈CAB〉2Ψ > 4. In contrast, the expression above tells us 〈CAC〉2Ψ < 4 or |〈CAC〉Ψ| < 2
from which follows that A and C cannot be entangled with each other; A cannot be entangled
with both B and C simultaneously.

There is another way of showing monogamy, i.e. by making use of the second form of strong
subadditivity (2.31) and the conditional entropy (2.28) [42]:

H(A|B) +H(C|B) ≥ 0 (2.41)

Probing entanglement via the negativity of the conditional entropy, this inequality tells us that
at most one of the two can be negative: either A is entangled with B or either B is entangled
with C, but not both.

While it is not entirely clear whether this also holds for field theories with infinite-dimensional
local Hilbert spaces, it turns out that when using the holographic formula in Ch. 4, it also obeys
all of the aforementioned inequalities. From the holographic picture, one would thus believe
this to hold in a theory of QG.

2.II The Replica Trick

To compute the EE in field theories, one mainly makes use of a tool called the replica trick:
the basic idea is to take n identical copies of a system/field configuration and cyclically sew
them together where the last copy gets sewn back to the first one. In this way, it is possible
to obtain an expression for the Rényi entropies which after analytical continuation to n ∈ R+

leads to the EE in the limit n→ 1.

Consider a static state or a moment of time-reflection symmetry, e.g. define ρA on a Cauchy
slice Σ with trivial time evolution. For such states, it is easier to work in the Euclidean setting.
If we bipartition our Cauchy slice Σ, we can divide our set of field configurations Φ(x) in those
only having support on A and those only having support on its complement. Since the den-
sity matrix acts as an operator, it can be represented by a PI having two open cuts. These
cuts represent the boundary conditions (BC), the bra and ket, when computing an expectation
value 〈Φ1|ρ|Φ2〉. Open cuts are represented by leaving these BC unspecified [36].

The reduced density matrix can then be represented by introducing the following BC

ΦA|t=0± = Φ± (2.42)
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such that [39, 62]

(ρA)−+ =

∫
DΦe−S[Φ]δ[ΦA(t = 0−)− Φ−]δ[ΦA(t = 0+)− Φ+] (2.43)

Note that tracing over the dof encompassed in B is equivalent to gluing the cuts lying in
this subregion together and integrating over all field configurations along this sewn cut. An
example is drawn in Fig. 2.3a.

(a) (b)

Figure 2.3: (a) Visual representation of a matrix element via the reduced density matrix. We
divided our Cauchy slice in two subsystems and traced one subsystem out by integrating over all
possible field configurations, i.e. by setting ΦB on both sides along the cut. The matrix element
is then represented by setting Φ+ = Φ1 on one side of the remaining cut and Φ− = Φ2 on the
other side. (b) Visual representation of a thermal partition function. We glue both ends together
and sum over all possible field configurations Φ. The resulting surface would be a torus.

For instance, the thermal density matrix ρ = e−βH in which we glue the BC together
and sum over all such BC field configurations results in the Euclidean partition function (see
Fig. 2.3b)

Z(β) = Tr e−βH =
∑

Φ

〈Φ|e−βH |Φ〉 (2.44)

For systems with nontrivial time dependence, the definition should be modified to take
causality into account; we should not prepare our density matrix by making use of field config-
urations at t′ > t. The usual framework is the Schwinger–Keldysh/closed time–path/in–in
formalism: we basically evolve the initial state, let it interact, and evolve it back to the initial
state. This leads to a complex time contour representation and a natural doubling of the mi-
croscopic fields and BC – one copy for forwards and one for backwards evolution. A special
case of this formalism is the thermofield double state [63–66].

Since the Rényi entropies involve powers of the reduced density matrix (2.8), we want to
find a PI representation which directly computes this n’th power. To reach this goal, we take
n identical copies of the original setup and sew the cuts in a cyclical way:

Φ
(j)
+ = Φ

(j+1)
− (2.45)

resulting in

(ρA)n−+ =

∫ n−1∏
j=1

dΦ
(j)
+ δ(Φ

(j)
+ − Φ

(j+1)
− )

∫ n∏
i=1

DΦ(i)e−
∑n
i=1 S[Φ(i)]δ[Φ

(i)
A (0−)− Φ−]δ[Φ

(i)
A (0+)− Φ+] (2.46)
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To compute the Rényi entropy, we ultimately identify Φ
(n)
+ with Φ

(1)
− . Again, for a time-dependent

setup we should resort to the Schwinger–Keldysh formalism.
What does this manifold look like? We started with taking n copies of the original manifold

M on which we introduced two cuts. Subsequently, we sew those cuts cyclically along the
manifolds where the second cut of the last manifold gets sewn with the first cut of the first
manifold. The result is a n-fold branched cover Mn over M as depicted in Fig. 2.4. The
cyclicity of the trace is now transferred to the cyclicity of the n copies such that our manifold
enjoys a cyclic permutation symmetry Zn, called the replica symmetry. On top of this, for
a system which has time-reflection symmetry Z2, the replica symmetry gets enhanced to the
dihedral group D2d.

This replica construction can lead to quite complicated Riemannian manifolds. For in-
stance, take a single manifold with m disconnected regions. Using the replica construction for
n copies introduces a handle for every two copies such that we obtain a Riemannian manifold
with genus χ = (n− 1)(m− 1). Notice how the amount of copies creeps into the genus and
renders it highly nontrivial to analytically continue. Another example would be by having a
torus as base manifold, leading to a manifold of genus n.

Figure 2.4: Visual representation of the replica manifoldMn. The base manifoldM is a single
reduced density matrix. Cuts which are sewn together are indicated by the arrows.

Assuming we can use Carlson’s theorem/the Phragmén–Lindelöf principle, we can ana-
lytically continue from the integer n to real, positive values of n. The PI (2.46) constructed
above computes such powers of the density matrix, in particular the partition function on this
branched cover

Z(n)
A = Tr ρnA = Z[Mn] (2.47)

such that with proper normalisation (2.1, 2.8)

S(n)(A) =
1

1− n
ln
Z(n)
A

[Z(1)
A ]n

=
1

1− n
ln
Z[Mn]

Z[M]n
(2.48)
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Taking the n→ 1 limit and using l’Hôpital’s rule results in the EE (2.8)

S(A)
H
= − lim

n→1

d

dn
Tr ρnA

H
= − lim

n→1

d

dn

[
lnZ(n)

A − n lnZ(1)
A

]
= lim

n→1

(
1− n d

dn

)
lnZ(n)

A (2.49)

Observe how the last line looks similar to the thermodynamical expression (1− β∂β) lnZ .

2.II.a Twist Fields

For computational purposes, it is often easier to work with the orbifold theoryMn/Zn by tak-
ing the quotient of our replicated geometryMn with the cyclic permutation symmetry Zn. By
moving the topology from the total worldsheet to the target space, where our fields live, we
obtain local fields T , T̃ implementing the BC of our replicated manifold, called twist fields
[62]. Instead of fields living on a single copy, we obtain fields living on all copies and subse-
quently turn them into a composite field on a single manifold obeying twisted BC. The partition
function of such a manifold is through this procedure proportional to the correlation function of
these twist fields.

Such fields exist whenever there is a global internal symmetry σ. For the replica construc-
tion, this is the cyclic exchange symmetry of the copies Zn. There are two such permutation
symmetries: i→ i+ 1 and i+ 1→ i leading to

Tn ≡ Tσ σ : i→ i+ 1 mod n (2.50a)

T̃n ≡ Tσ−1 σ−1 : i+ 1→ i mod n (2.50b)

with the additional identification T̃n = T−n.

Now take a CFT with multiple disconnected intervals, then Tr ρnA transforms as a conformal
two-point function of the twist fields which are primary operators with conformal dimension

hn = hn =
c

12

(n− 1)(n+ 1)

n
(2.51)

With this fact, it becomes easier to calculate the EE: for k endpoints we need to calculate
the k-point function of our twist fields inserted at the endpoints/branch points of these intervals
and subsequently transform to coordinates where this correlator is explicitly known.

Under a Weyl transformation g → Ω−2g, we have〈
T1T̃2

〉
e2ωg

= Ωhn
1 Ωhn

2

〈
T1T̃2

〉
g

(2.52)

with the expectation values normalised according to the partition function. For a single interval

S(n) = − 1

n− 1
ln
〈
T1T̃2

〉
Mn/Zn

(2.53)

Combine this with (2.52), and take the limit n→ 1 through

lim
n→1
− 1

n− 1
hn

H
= − c

6
(2.54)

results into the well-known formula

SΩ−2g = Sg −
c

6

∑
endpoints

ln Ω (2.55)
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which generally holds for multiple intervals as well.

To end this subsection, we give an example for a single interval in a CFT2 and consider a
static vacuum state on R1,1 which through time independence can be mapped to the complex
plane C = R2 [39]. For our region A, we choose A = {x ∈ [−a, a]} with the entangling
surface being the two endpoints of the interval. After constructing our replica manifold by
cyclically gluing these intervals, we end up with a genus-0 surface containing a function which
is multi-branched. The partition function can now be written in terms of the two-point function

Z[Mn] =
n−1∏
i=0

〈
Tn(−a, 0)T̃n(a, 0)

〉
M

(2.56)

which, after the introduction of a UV regulator ε, leads to

Z[Mn] =

(
2a

ε

)− c
6(n− 1

n)
(2.57)

Finally, through (2.49)

S(A) = lim
n→1

c

3n
ln

2a

ε

=
c

3
ln

2a

ε
(2.58)

This is the logarithmic scaling mentioned in Sect. 2.I.c. For the whole computation in more
detail, see [62].

2.III Entanglement and the Taj Mahal Theorem (SD)

“‘If you think you understand quantum mechanics, you don’t understand quantum mechanics.’
Now these are words I can relate to”, Sakuta mumbled. 1

This quote from Richard Feynman left him pondering for a while. He had been reading
Quantum for Dummies and has gotten to chapter 2 about entanglement and entropy. To no-
body’s surprise, it left him puzzled. Even during his biology classes like right now, he seemed
to be more invested in his book than what is written on the blackboard. Finally, at the end
of his class he took his bag and went straight to the science room on the other side of the
building. On his way through the halls, he met up with Futaba.

“Huh, Feynman’s quote isn’t it?”, she responded when Sakuta repeated it. “Don’t think too
highly of me now. He didn’t say that quote for nothing. Even I don’t understand everything
about quantum mechanics. . . ”

“And here I thought you would be humble for once. . . ”
“I’ll take that as a compliment”, she replied with a smile on her face. “Ever heard of the Taj

Mahal theorem?”
“Taj Mah– You mean like that world wonder in India? So it has its own theorem now, that’s

nice.”
“I suppose you don’t. Well that’s no problem, it is rather remarkable and strange. But let’s

discuss it when we get to the science room.”
The room was quite dark and only some sunlight was flickering through the blue curtains.

There was also some leftover smell from the experiments which is not so pleasant. . . It be-
came suddenly more lively as the curtains were opened and the room was lit by golden sun
rays. Meanwhile, it seemed the club activities just started; the track team was busy with their

1The contents are based on [35].
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usual warm up routine.
“Coffee?”
“Yeah, sure. I was getting tired in biology class anyway.”
She was already taking the usual stuff from the cabinet. As the sole club member, she

doesn’t regularly set up any experiments but rather enjoys the quiet environment while being
lost in some book.

“So, entanglement was it? Quite a confusing topic”, Futaba remarked.
“Yup, I was reading through chapter 2, trying to understand this concept and stuff like von
Neumann entropy.”

“I can see where you’re coming from. Let’s take a step back first. You have read the part
about EPR 2 pairs and how we can’t communicate faster than the speed of light, even with
entanglement, right? For instance, let’s assume you and Mai prepare an aligned electron pair
and put you on the moon. Th–”

“If I measure my electron’s spin to be up, then instantaneously the other spin will also be
in the up state”, he interrupted her and went on. “But Mai can’t know this without measuring
her spin along the same axis, or without me sending her that information through a classical
channel. In this way, causality is preserved.”

“. . . Huh, didn’t know you had it in you.”
She seemed impressed by his continuation of the story. Sakuta was gloating, he appeared

to be proud for once. In the meantime, the Bunsen burner was slowly heating their water.
“Well, if you know all that. What if you beforehand compose a message: if you find water,

then you’ll make your electron to be up. Surely, Mai can then receive this message instanta-
neously if she does a measurement, right?”

“No, that would break causality again. But I don’t know the answer to this one”, he replied.
His moment of glory was short-lived.

“The answer is pretty easy actually. You can never force it to be in the up state. There is
an equal probability of it being up or down. So even if it were in the up state, there is no way
for Mai to be completely sure you found water on the moon. Also, how would she know you
did a measurement?”

“That makes sense. And here I thought I was starting to get it. . . But what is this theorem
now exactly?”

“The Taj Mahal theorem states that by acting here on this table, there is a probability for
the Taj Mahal to be constructed on the moon.”

“. . . Well, that’s it; you officially lost me. We didn’t even went over entropy yet”, he replied
with a disappointed look on his face.

“Okay, let’s explain it like this. Suppose our Universe consists of just two boxes and we
consider the total wavefunction. There is only one wavefunction containing all the information
we need. The boxes don’t separately have a wavefunction, only the total system does. How-
ever, sometimes we do like to work as if there were separate wavefunctions. But if we do, we
lose information about the total wavefunction. There is seemingly a state of ignorance about
the second box if we only look at one box. Much like when you do a measurement, you know
the total system collapsed to a definite state. Yet, Mai doesn’t know this. In this sense, the
total system can be said to be entangled; the von Neumann entropy gives a measure for this
entanglement. It’s nonzero because we lose information by only looking at one box.”

“. . . huh”, Sakuta was listening carefully while Futaba was drawing on the blackboard. She
seemed to be in ‘the zone’ and continued here mini-lecture. The water was still boiling, no-
body was paying any attention to this subsystem.

“Instead of two boxes, let’s divide the Universe, empty space, in a bunch of boxes. We have
one smoothly varying wavefunction. Now look at box A and B. To have a smooth transition
on the boundary we require information of its behaviour in both boxes, right? A discontinuous

2Einstein–Podolsky–Rosen
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jump would require an infinite amount of energy. But this does not happen in empty space, so
both boxes are enta–” She suddenly realised the water was still boiling and quickly turned off
the Bunsen burner. “Couldn’t you have said something?”, she asked sharply.

“Sorry, I was a bit lost in your lecturing. In a good way that is”, he replied.
“I hope that’s the case. . . Anyway, we can continue this throughout all boxes. All boxes are

entangled with each other, it doesn’t matter how far they are. But the amount of entanglement
decreases between them if they are further away.”

“Okay, I can see that. So what does this mean?”
“It means that if we act on one box we change the state in all other boxes simultaneously

since they are entangled. So by acting locally, we make a change globally. By acting on this
table, we can create a Taj Mahal on the moon. Of course, it’s very improbable and we can’t
force it, but it’s true nonetheless.”

“Hmmm, this all seems rather strange. . . But I somehow believe you’re right.”
“It is quite remarkable. I still don’t fully understand it.”
“For you to not understand something is quite remarkable indeed”, Sakuta remarked,

laughing aloud.
After exchanging some laughs, they went on to talk about other topics; less about physics

for once. At the end, the water was back to being cold again. It seemed that mini-lecture took
some time to finish as the track team was on its way to the locker room.

Figure 2.5: Entanglement between two boxes. To have a smooth transition, one requires in-
formation about the wavefunction in both boxes. Equivalently, we need information about the
wavefunction on the region common to both boxes – the entangling surface (shaded in gray).



Chapter 3

Black Holes and the Information
Puzzle

Many physicists dispute the actual reasons and its many possible resolutions, but everyone
acknowledges that there is a problem when considering BHs from a quantum information
viewpoint. The different views and opinions many physicists hold have led to many debates,
and it has become hard to grasp what exactly the information paradox entails. It has left many
physicists puzzled for over more than four decades.

In this chapter, we discuss some of these questions after an introduction to some BH physics.
We try to be as complete as possible, but there will certainly be some concepts we omitted
for the sake of brevity. There are many great resources on this problem, and we definitely use
some of them in this chapter [13, 24, 44, 67].

3.I BH Thermodynamics

3.I.a Hawking Temperature

In 1975, S. Hawking showed in his landmark paper that a BH actually emits radiation at a tem-
perature related to its surface gravity – the Hawking temperature [3, 68]. There is a much
shorter derivation than the original one, making use of the ‘periodicity trick’ for the Euclidean
BH, i.e. with Wick rotated Euclidean time tE = it, albeit it resulting in less physical intuition
[36, 44, 69, 70].

Consider the general Schwarzschild metric in d dimensions

ds2 = −f(r,M)dt2 +
dr2

f(r,M)
+ r2dΩ2

d−2 (3.1)

where the horizon rh is found through f(rh,M) = 0

f(r,M) = 1− k r
2

L2
− 16πGNM

(d− 2)A(Ωd−2)rd−3
(3.2)

with A(Ωd−2) the area of the transverse sphere and k the sign of the cosmological constant
with curvature 1/L2. Near the horizon, we expand the redshift factor as

f(r,M) = f(rh,M) + (r − rh)f ′(rh,M) +O[(r − rh)2]

≈ 4π

β
(r − rh) (3.3)

21
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In the last line we rewrote our redshift factor by introducing a constant β. Plugging this into
the metric (3.1) and Wick rotating to Euclidean time tE = it results in the near-horizon metric

ds2 ≈ 4π

β
(r − rh)dt2E +

β

4π

dr2

r − rh
(3.4)

after ignoring the angular directions. We can successively introduce new coordinates

ρ =

√
β

π
(r − rh), θ =

2π

β
tE (3.5)

such that the near-horizon metric looks like that of a flat space in polar coordinates

ds2 ≈ dρ2 + ρ2dθ2 (3.6)

Wick rotating back through η = iθ and transforming to Minkowski space gives us the Rindler
coordinate system

x = ρ cosh η, t = ρ sinh η (3.7)

Hence, the near-horizon metric is equivalent to the Rindler metric.
Of course, for an observer nothing special happens at the horizon because it is just a

coordinate singularity. This implies that in the (ρ, θ) coordinates at ρ = 0 we must remove
the conical singularity by assuming periodic BC in the θ-coordinate: θ ∼ θ + 2π, which is
equivalent to tE ∼ tE + β or t ∼ t + iβ (see Fig. 3.1). It is well-known that a periodicity
in Euclidean time with period β represents a thermal state at inverse temperature β [71].
Therefore, we obtain the general Hawking temperature

TH =
f ′(rh,M)

4π
(3.8)

For the Schwarzschild BH in a flat Universe f(r) = 1− rs
r this is

TH =
1

4πrs
(3.9)

Figure 3.1: The Euclidean BH. After Wick rotating the Schwarzschild metric, we obtain a cigar-like
geometry with the horizon located at the tip. The Euclidean time turns out to be periodic in the
inverse Hawking temperature in order to get rid of the conical singularity.

The actual temperature an observer measures is the Unruh temperature, found through
the Tolman relation [72]

TU (r) =
1√
gθθ(r)

Tθ =
a(r)

2π
(3.10)

for an observer close to the horizon with constant proper acceleration a = 1/ρ and diverges
on the horizon. From this perspective, the Hawking temperature is what an observer at infinity
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would measure; this can be seen by going back to the original BH coordinates and using the
redshift relation TU (r)

√
−gtt(r) = TU (r′)

√
−gtt(r′) with r(ρ) ≈ rs and r′ → ∞ such that

−gtt(r′)→ 1.
Restoring units – multiply with ~/(ckB) – one should be accelerating at 2.5 · 1020 m/s2 to

observe a temperature of 1 K [36].

3.I.b The Unruh Effect

Let us look at the Unruh effect next: an accelerating observer detects a particle bath at a
temperature equal to the Unruh temperature with respect to the Minkowski vacuum.

This effect was independently discovered by P. Davies and W. Unruh via general quantum
field theoretical calculations on a fixed, curved background spacetime making use of machin-
ery like the Bogoliubov transformations [73, 74].

From the previous subsection we found that θ ∼ θ + 2π, which in Rindler time η = iθ be-
comes η ∼ η+2πi and looks like a temperature 1

2π associated to Rindler time translations ∂η.
Hence, if Hη is the Hamiltonian generating these translations, we find a density matrix

ρRindler =
1

Z
e−2πHη (3.11)

After identification with (2.15, 2.17) it defines a thermal Gibbs state at this temperature [36]!
The modular Hamiltonian in this case is K = 2πHη and generates rotations over 2π in

the Euclidean plane or equivalently, Lorentz boosts ∂η = x∂t + t∂x. Of course, the Tolman
relation associates an accelerating observer to a thermal heat bath at the Unruh temperature
(3.10).

The same conclusion can be obtained by starting from 2d Minkowski space (t, x), looking
at the region A = {t = 0, x ≥ 0}, and tracing over the fields in its complement. The causal
domain of A is the right Rindler wedge (Fig. 3.2) and preserves the boost subgroup of the
Poincaré group [42]. While the overall state may be in the Minkowski vacuum, an accelerating
observer causally restricted to the right Rindler wedge only sees a mixed state. The Minkowski
vacuum is highly entangled!

Figure 3.2: The Rindler wedge. Two-dimensional Minkowski space is subdivided in regions A
and B. We avert our attention to the right Rindler wedge – the domain of dependence associated
toA. Lines of constant Rindler coordinates ρ and η are also shown, along with the future and past
Rindler horizons H±[A].

So, a stationary observer in the Minkowski vacuum does not detect any particles with his de-
tector, but an accelerating observer with a detector calibrated to the Minkowski vacuum does.
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The essence of this phenomenon is the definition of what a particle is: a localised clump
of energy on top of the vacuum/a distinguishable wobbling of the underlying quantum field.
These particles are generally associated to positive frequency modes which are itself defined
with respect to a preferred time coordinate – the proper time of the observer. This effect oc-
curs because both observers, the accelerating and the free-falling one, each have a different
preferred time coordinate. Hence, what their detector would interpret as a particle (positive
frequency mode) differs [36]

time←→ energy←→ particle←→ vacuum

The Minkowski vacuum is annihilated by the annihilation operators with respect to the
free-falling time coordinate; therefore, this state looks thermally occupied by an accelerating
observer. Vice versa, the Rindler vacuum looks thermally occupied when seen by a free-falling
observer [36].

The usual picture of Hawking radiation is that of vacuum excitations localised near the
horizon where one particle escapes to radial infinity, and the other gets captured behind the
horizon (see Fig. 3.3). Whilst this is certainly a good pedagogical way of explaining this
phenomenon, it is inherently wrong as shown by S. Giddings [75] and which Hawking himself
already knew. If all those excitations are truly localised near the horizon, then there must be
an enormous energy density at that location.1 The equivalence principle, however, dictates
that nothing special happens at that location. What is exactly going on? Giddings used
the Stefan–Boltzmann law and some manipulations with the stress tensor to show that the
outgoing Hawking flux originates from an atmosphere up to a few Schwarzschild radii; the
stress tensor only takes a small value near the horizon. The width of the wavepackets of the
radiation is even considerably larger than its distance to the horizon. Moreover, it explains why
outgoing modes do not separate from their partners inside the BH until well outside the BH’s
vicinity [76]. The resemblance with the Unruh effect is not far off: different observers have a
different notion of what a particle is. For an observer at spatial infinity this looks like a thermal
bath at the Hawking temperature – an infinitely redshifted Unruh temperature [77].

Figure 3.3: Hawking Radiation. In the left picture we see the pedagogical way of introducing
Hawking radiation: particle-antiparticle pairs pop in and out of existence. Close to the horizon,
one can get trapped behind it whilst the other escapes. On the right is the actual blurred picture
of this phenomenon. It is delocalised and stretches to a few Schwarzschild radii.

1While also called a firewall, it is different from the one in the information paradox.
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3.I.c The Bekenstein–Hawking Entropy and the BH Laws

The usual derivation of the Bekenstein–Hawking entropy is by making a saddle point approxi-
mation in the gravitational PI (GPI) and subsequently make use of thermodynamical relations
[13, 36, 78]. There is an alternative approach related to the replica trick and the appearance
of conical defects [70, 79], but we will follow the first one.

The full GPI includes both the contribution of the quantum fields and all possible geome-
tries/metrics. To leading order, we can restrict ourselves to integration over the geometries
only

Z(β) =

∫
M
Dg e−IG[g] (3.12)

with the gravitational action being the Einstein–Hilbert action, taking into account boundary
terms and regularisation [80].

In this GPI we integrate over the metrics on an Euclidean manifold which asymptotically
has periodicity β and gtEtE → 1 analogous to a thermal partition function. To leading order,
we approximate the GPI by its saddle point g̃ which we take to be the Euclidean Schwarzschild
BH.

To evaluate the action, we put a cutoff on our spacetime at large, fixed r0. Since this adds
a boundary to our manifold, we need to add the Gibbons–Hawking–York term

IG[g] = − 1

16πGN

∫
M

√
gR− 1

8πGN

∫
∂M

√
γK (3.13)

with boundary metric γ and extrinsic curvature K. This term is required in order to eliminate
the boundary term when varying the action, leading to 2

δIG[g] =

∫
M

(eom)δg +
1

2

∫
∂M

√
γTµνδgµν (3.14)

For the Euclidean Schwarzschild BH we found a period tE ∼ tE + 4πrs with rs = 2GNM , it
has R = 0 due to the Einstein equations. Hence, the boundary term at r = r0 reduces to∫

∂M

√
γK = β(8πr0 − 6πrs) (3.15)

Clearly, this diverges for r0 →∞, and we are therefore required to add a counterterm

CT =
1

8πGN

∫
∂M

√
γK0 (3.16)

with K0 the extrinsic curvature of ∂M embedded in flat spacetime, resulting in∫
∂M

√
γK0 = β[8πr0 − 4πrs +O(r−1

0 )] (3.17)

This could also be obtained by setting rs = 0 in K, but this is not true in general.
Putting the pieces together (3.15, 3.17) we end up with

IG[g] =
βrs
4GN

=
β2

16πGN
(3.18)

such that the partition function becomes (3.12)

Z(β) = e
− β2

16πGN (3.19)

2eom stands for equation(s) of motion.
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and ultimately

S = (1− β∂β) lnZ(β) =
4πr2

s

4GN
(3.20a)

E = −∂β lnZ(β) = M (3.20b)

The first expression contains the area of the horizon such that we finally acquire the Bekenstein–
Hawking (BH) entropy [2, 4]

SBH =
A

4GN
(3.21)

As a matter of fact, we subtracted the flat piece from the Schwarzschild action IG[gS ] =

IG[gflat] + β2

16πGN
. By doing so, we removed the contribution stemming from thermally exciting

the gravitons far away from the BH. Additionally, the flat piece IG[gflat] is on itself another sad-
dle point associated to a gas of radiation in flat space. Since a BH in asymptotically flat space
evaporates, the latter dominates our ensemble. We are solely interested in the contribution
from the BH itself; accordingly, we removed these two pieces and looked at the subleading
contribution with respect to the flat solution [13, 78].

One can choose to include a scalar field with saddle point φ = 0. Calculation of the
one-loop determinant conspires together with a similar contribution from the gravitons to a
renormalisation of the coupling constant GN whilst preserving the form of the BH entropy. A
rather remarkable result [81, 82].

It has been argued that this is the maximum entropy a certain spatial region can have, and
is therefore called the Bekenstein bound [83]. 3

Rewriting the entropy as S = 4πGNM
2 such that dS = 8πGNMdM with rs = 2GNM ,

Hawking temperature (3.9), and dE = dM leads to the first law of thermodynamics

TdS = dE (3.22)

This can be further rewritten making use of the Hawking temperature (3.9) in terms of the
surface gravity κ = 1

2rs
[1, 44]

κ

8πGN
dA = dM − ΩdJ − V dQ (3.23)

in which we added a rotational velocity Ω, angular momentum J , electric potential V , and
electric charge Q.

This surface gravity is related to the force on a massless string as observed from infinity:
the product of an infinite acceleration near the horizon and a redshift factor going to zero. It
is constant everywhere on the surface of the horizon for a stationary BH, equivalent to the
zeroth law [36].

The above equation governs the response of the area when one of the BH properties
is changed according to the no-hair theorem; this states that a BH is uniquely defined by
(M, J, Q). It was shown that the area always increases, through the BH formula this mimics
the second law [4, 84]. When including quantum fields outside the BH, it was proven that
the entropy of the BH increases more than the exterior entropy decreases – the generalised
second law [48, 85].

Finally, the third law simply states that TH ≥ 0, or the surface gravity cannot be reduced
to 0 in a finite amount of operations.

3This was later reformulated to the Bousso bound and the equivalent with the generalised entropy.
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3.II The Information Puzzle

3.II.a Central Dogma and the Page Curve

It was proposed by J. Bekenstein [2, 4] that we should interpret the BH entropy as a statistical
entropy counting microstates. This also gained support from calculations within the framework
of string theory, e.g. [86]. With this assumption, the interpretation of the BH as a lump of burn-
ing coal comes full circle. Much like how molecular biology has a Central Dogma, there was
also one proposed for BHs: from the outside, a BH can be described as a unitarily evolving
quantum system with the amount of dof set by the BH entropy [44]. Therefore, the Hilbert
space has a finite dimension. The ‘quantum system’ in question comprises the BH itself and
an area around it of a few Schwarzschild radii.

By evolving a certain state backwards in time, we should be able to find the initial state.
However, taking the no-hair theorem into account, the BH destroys most of this information;
hence, a macrostate is the result of different initial states. So the BH entropy indeed naturally
counts microstates. But this assumption is not sufficient to avoid information destruction for
evaporating BHs (EBHs).

In classical physics and QM, the time evolution of a system is governed by a Hamiltonian
which can be reversed to evolve backwards in time. Moreover, it is a unitary process. This
principle to preserve information holds only in isolated systems and even works when taking
the adjoining system into account when doing a measurement in the QM framework. How-
ever, Hawking showed that the outgoing radiation is completely independent of the initial state
of the photons: a pure state gets radiated into a mixed state. So from semiclassical QG one
would obtain information loss. Nevertheless, if one believes in holography, then the process
of BH evaporation is dual to some time evolution of the CFT which is necessarily unitary. We
arrive at a contradiction.

If we start with a pure, collapsing state which eventually radiates; then initially due to the entan-
glement between the ingoing and outgoing quanta, the radiation entropy SR rises. Meanwhile,
the area shrinks and so does the BH entropy. Since the BH is a coarse-grained entropy, the
fine-grained entropy cannot become larger than the latter. Ergo, if the BH and radiation were
initially in a pure state: SR = SBH ≤ SBH. The entropy of radiation logically cannot increase
to arbitrarily large values. D. Page suggested that after some point – the Page time when the
two become equal – the entropy of the radiation should decrease, even when taking backre-
action into account. If BH evaporation really is unitary, it is believed that the radiation entropy
should follow this Page Curve [11, 12]. This evolution is depicted in Fig. 3.4.

Alternatively, one can consider the entanglement as arising from between ‘early’ radiation
– the quanta which already escaped to spatial infinity SR – and ‘late’ radiation – that which
has yet to escape SBH. It naturally leads to a tensor product decomposition in HR ⊗ HBH
[13].

Moreover, the paradox holds to all orders in perturbation theory, so any resolution would
likely come from a nonperturbative effect.
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HawkingBekenstein–Hawking

Page

Figure 3.4: The Page curve. Initially, the entropy rises due to the increasing entanglement be-
tween Hawking quanta. After the Page time, it decreases again and follows the coarse-grained
BH entropy instead. Eventually, the BH is fully evaporated and all the information is released.

3.II.b The End is neigh

S i n g u l a
r i t y

Ho
riz
on

EBH

Minkowski

Figure 3.5: Penrose diagram for an EBH. After complete evaporation we obtain Minkowski again.
The thunderbolt denotes the point when the semiclassical breakdown happens.

In order to understand what happens, let us start with a collapsing shell in a pure quantum
state (the Penrose diagram is shown in Fig. 3.5). After collapse, the BH starts to evaporate
and the radiation becomes more and more mixed as more Hawking quanta are escaping into
the exterior – its entropy is rising. Meanwhile, the BH is shrinking which we can track up until
the point the BH becomes of Planckian size. We do not know exactly what happens beyond
this point without a full theory of QG but we can make some suggestions [13] (see Fig. 3.6).
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• Remnants: evaporation stops, we are left with a remnant. It stores a high amount
of entropy if the initial collapsing shell was a pure quantum state and the evaporation
process is unitary. This large value would exceed the BH entropy; therefore, counting
microstates is not reconcilable with this scenario [26–29];

• Information Loss: complete evaporation leaves us with a mixed state of the radia-
tion field consisting of photons and gravitons. Energy conservation prevents a final
burst/‘thunderbolt’ from completely purifying the radiation, and we are left with an en-
tropy of the order of the initial BH entropy. This is a non-unitary process, so we have
information loss;

• No Information Loss: the radiation is not in a mixed state, but the information is carried
by the correlations between the interior and exterior quanta – a pure final state of the
radiation field is achieved. However, we see a mixed state because we only have access
to the exterior modes.

1.) R
emnant

2.) Mixed
Poof

Poof

3.) Pure

Figure 3.6: The end of an EBH. The three possible scenarios are illustrated as in the text respec-
tively. The different colours for the radiation on the right denotes a mixed state, the same colour
represents a pure state. In principle, we can reconstruct the BH in the third scenario (denoted by
its transparency).

As a side note, by using the Stefan–Boltzmann law we can estimate how long it takes for a
BH to evaporate [13]. More exact calculations incorporate greybody factors and the mode
expansion for a free scalar in the Schwarzschild geometry [87].

The Stefan–Boltzmann law tells us the following

dE

dt
= −σSBT

4A (3.24)

Combining this expression with Eqs. (3.20a, 3.20b) for a Schwarzschild BH rs = 2GNM leads
to

dM

dt
∝ − 1

(GNM)2
(3.25)

Therefore, the evaporation rate for a BH initially at mass M is approximately

tevap ≈ G2
NM

3 (3.26)
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For a BH with a mass equal to one solar mass this would be about 1066 years. To put this in
perspective, the age of our Universe is ‘only’ 13.8 · 1010 years. Unfortunately, astrophysical
BHs are not feasible to use in experiments related to the information paradox. We require BHs
of a much lower mass; consequently, a lower temperature.

3.II.c How to get rid of Diaries

What if instead information comes out before the breakdown? And if the information is pre-
served in its radiation, how can it be transferred from the inside to the outside? To address
these questions we consider a Gedankenexperiment.

Let us say the main protagonist of our Socratic dialogues has a diary he would not want
anyone to read. Needless to say, Mai is curious about what exactly is in Sakuta’s diary and
would like to take a peek. To prevent this from happening, Sakuta travels to Sagittarius A* and
throws it into the BH. Meanwhile, the BH is slowly radiating and Mai wonders if she can catch
this radiation to reconstruct the diary. Is this scenario feasible?

Obviously, if BHs destroy information she will never be able to discover the contents of
the diary. If information does slowly leak out, then how does this happen? The following two
scenarios would be nonsensical [35]

• FTL Communication: the diary eventually plunges into the singularity. Right at that
moment, its contents are instantaneously transferred to the outgoing radiation. This
seems unreasonable; for something to escape a BH it should be travelling at a speed
greater than the speed of light. So, this would require faster-than-light (FTL) commu-
nication/dynamical nonlocality. This is in contradiction with ordinary QFT, or perhaps it
should be revised;

• Quantum Xeroxing/Bleaching: as the diary is falling towards the singularity, it is copied
onto the outgoing radiation. Unfortunately, this violates the no-cloning theorem: having
a copy of the same quantum state |Ψ〉 → |Ψ〉 ⊗ |Ψ〉 violates the superposition principle

|Ψ〉+ |Ψ〉 → |Ψ〉 ⊗ |Ψ〉+ |Φ〉 ⊗ |Φ〉
6= (|Ψ〉+ |Φ〉)⊗ (|Ψ〉+ |Φ〉) (3.27)

The original has to be destroyed in such a process [27].

These scenarios inherently fail. However, the BH entropy formula tells us that the entropy
of a BH is given by its surface area. In other words, the information of everything inside the
BH – including the diary – can be re-interpreted as being encoded into a lower-dimensional
hologram on its horizon. From this perspective, the first scenario is already solved; the in-
formation was on the horizon all along and no FTL communication is needed to transfer it to
the radiation. This is basically the essence of the Holographic Principle [6–9] built on the
observation in [88].

Wait, does this mean we have two diaries – one on the horizon and one in the interior?
This seems to violate the no-cloning principle. To prevent this, the authors of [89] argued
that we should take the causality of the observer into account – BH Complementarity. No
single observer can see both copies simultaneously. QM should only describe what individ-
ual observers, restricted by causality, would see. Heuristically, an observer would never see
an infalling diary crossing the horizon; the diary would become dimmer and stationary as
it approaches the horizon when seen from outside a BH. But the diary itself would just fall
through the horizon without anything special happening. This idea of not seeing/measuring
both copies is reminiscent of the Heisenberg uncertainty principle, both are different ways of
describing the same scenario.
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Although this seems like a plausible idea, is it possible for Mai to collect the radiation and
then jump into the BH, effectively obtaining two copies of the diary? The idea of BH com-
plementarity was later refined to the Hayden–Preskill Protocol; information only comes out
after the scrambling time tscr [90, 91]

tscr =
β

2π
ln(S − S0) (3.28)

In addition, this is also the time it takes for the diary to reach the singularity after horizon
crossing.

In conclusion, Mai is able to decode the contents of the diary but never has two copies at
once. The diary will already have ended its life at the singularity before she can even reach it.

3.II.d AMPS Paradox

If we go back to the Minkowski vacuum and look at the left and right Rindler wedges, the
entanglement between these two is essential to have a smooth crossing (recall Fig. 2.5). If
there were no entanglement between the two wedges, fluctuations near the boundary are of
the order O(ε−2) with ε a UV regulator. Without entanglement we would have an immense
energy density sitting right at the horizon – a firewall. This would also be the result if Hawk-
ing radiation was truly localised around the event horizon but stemming from a different origin
[13]. Being entangled is not sufficient, but is necessary to obtain a smooth infalling experience.

The argument set out in [34] commonly known as the AMPS paradox 4 goes as follows; to
have a smooth horizon after the Page time there needs to be maximum entanglement between
the interior modes and the outgoing modes close to the horizon (late radiation). However, from
the Page argument we saw that the early radiation needs to be maximally entangled with the
late radiation to preserve unitarity. The late radiation appears to be both maximally entangled
with the early radiation and the interior modes – a clear violation of the monogamy of EE!

It seems that reconciliation of unitarity and a smooth horizon is impossible. Preserving
unitarity requires giving up on a smooth horizon, resulting in a firewall. Vice versa, a smooth
horizon inevitably destroys unitarity. The authors recast this argument to the following three
statements to not be true at the same time

1. The horizon is nothing unusual;

2. Hawking radiation is in a pure state;

3. The information is emitted from a region near the horizon (holographic principle).

Rephrased in [32, 33], any endeavour to describe the interior and exterior as a single QM
system results in a violation of one of the three following principles

1. Equivalence Principle: freely falling observers experience nothing special at the hori-
zon;

2. Unitarity: BHs evolve unitarily just like an ordinary quantum system and information is
preserved;

3. No Quantum Xeroxing: information falling through the horizon is not copied to the
radiation while still being maintained in the interior – there is no duplication.

If standard quantum rules are indeed not sufficient to describe the geometry from a global
picture with horizons, we need something entirely different.

4After its authors Almheiri–Marolf–Polchinski–Sully.
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3.II.e Possible Resolutions

Finally, we give a handful of possible resolutions physicists have come up with throughout the
decades [13]

• Firewall: discard the entanglement between the outgoing modes and the modes behind
the horizon, leading to a huge energy density near the horizon;

• Superselection Sectors: A. Ströminger argued that the paradox can be resolved by
making use of superselection sectors. He compared this with doing quantum electrody-
namics experiments without knowing the value for α. We would not be able to predict
the out-state of a single experiment; but if we have access to this value, this informa-
tion is not lost. So the information paradox stems from ignorance about the coupling
constants of which there are many – of the order e4πM2

[27];

• ER = EPR: basically, an ER-bridge5 is created [92] between two BHs through EPR-
like correlations [93] and can possibly resolve the paradox [94]. The main idea is that
through acting on the radiation, we can create a thermofield double state with a smooth
horizon resulting in a BH interior looking like an ER-bridge constructed from these dof.
More generally, ‘entanglement generates geometry’ or ‘It from Qubit’ [35, 95, 96];

• Fuzzballs: such solutions look like ordinary BHs from afar, but near the horizon we
enter the domain of higher dimensions. The interior is akin to a ball of strings [97];

• Shut Up and Calculate in the UV: this quote, without the UV part, is attributed to
David Mermin and is often used to mock physicists who blindly follow the Copenhagen
interpretation and ridicule those who pursue research in the foundations of QM [35].
However, its context is different here: we already have models of QG, string theory
for instance, so we can calculate exactly what happens there and accept its outcome.
Nevertheless, we do not understand the depths of those theories well enough to make
the final decision whether to believe its predictions or not.

5After the authors Einstein–Rosen.



Chapter 4

Holographic Entanglement Entropy

One of the most basic building blocks of the developments of the past 15 years is the Ryu–
Takayanagi formula. It computes the EE of a CFT from the dual bulk perspective through the
area of the minimal surface. This way, the formula is very reminiscent of the Bekenstein–
Hawking formula where the minimal surface is the BH horizon itself. Even so, it also works
in more general bulk spacetimes without a BH and can be seen as a generalisation of this
principle. Besides, it gives a realisation of the ’entanglement builds geometry’ view.

Since this formula stirred the recent developments up until the island formula and beyond,
much emphasis will be placed upon the understanding of this expression. After the Ryu–
Takayanagi formula itself, we start to navigate towards the entanglement island by succinctly
describing the developments and thought patterns which ultimately led to this concept. At
the end, we extract the Page curve and try to resolve the information paradox from this novel
perspective.

4.I Back to the Roots: the Ryu–Takayanagi Formula

We start by turning our attention towards the celebrated Ryu–Takayanagi formula in its full
glory. First conjectured in [39], it is a formula which computes the entropy of region A in a
CFT – with holographic dual – across the entangling surface ∂A via a minimal surface γA
which begins at the conformal boundary and extends into the bulk (as illustrated in Fig. 4.1).
Since the entropy is just given by the area, the problem reduces to the minimisation of a
classical area functional; a pure geometrical problem. It is believed this statement is more
profound than just a computational contraption to easily calculate EEs. It has been suggested
this relation lies at the heart of the idea that the bulk spacetime emerges from entanglement
[96, 98, 99].

Ryu–Takayanagi (RT) Formula: consider a foliation of the static bulk spacetimeM =
∏
tNt×

Rt with conformal boundary ∂M =
∏
t ∂Nt × Rt and divide the leaf in a bipartite way

∂Nt = A ∪ B. The holographic EE (HEE) across this entangling surface ∂A is given by

S(A) = min
γA

A(γA)

4GN
(4.1)

where γA is the codimension-2 minimal surface in the bulk satisfying the following constraints

• It ends on ∂A: ∂γA = γA
∣∣
∂M = ∂A;

• It is homologous to A: ∃R ⊂ M : ∂R = γA ∪ A with R a smooth, interpolating
codimension-1 surface (homology constraint).

33
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If there is more than one minimal surface with these constraints possible, we pick the one with
the smallest area.

Figure 4.1: The RT formula. The HEE of the subregionA on the boundary CFT can be computed
through the area of the minimal surface γA extending into the bulk.

This statement has similarities to how one would define the BH entropy by computing the
area of the bifurcate horizon found as, e.g. the locus of the fixed points of a Killing vector
[42]. Basically, it comes down to treating the density matrix ρA as being described by a BH
with horizon γA. Nevertheless, the bulk spacetime does not need to have a BH with a Killing
horizon, so this statement is much more general. The minimal surface γA can be seen as a
holographic screen obscuring the region an observer has no access to – a manifestation of
the holographic principle and a clear analogy with the EE from a reduced density matrix.

Since the area is computed in a spacetime obeying the Einstein–Hilbert action, corrections
can be taken into account by adding higher derivative terms contributing to the area functional
[100, 101].

The formula we discussed above holds for static spacetimes in which there is a natu-
ral time coordinate; due to symmetry reasons, the minimal surface lies in a fixed time slice
[36, 42]. One can relax this condition to allow dynamical spacetimes leading to the Hubeny–
Rangamani–Takayanagi (HRT) formula: instead of finding a minimal surface, we look for an
extremal surfaceWA obeying the same constraints as the minimal surface but extremise the
area functional instead – much like how geodesics extremise the length of curve [102]. This
is the HEE associated to a region A lying on a Cauchy slice Σ = A ∪ B ⊂ ∂M. Besides, a
Cauchy surface in the bulk is not uniquely defined by a Cauchy slice on the conformal bound-
ary. One is free to pick any bulk Cauchy surface as long as each point remains spacelike
separated from the boundary Cauchy slice; the region defined by this procedure is the FRW
wedge encompassing the extremal surface [39, 103].

The area law divergence in Ch. 2 stems from the diverging metric near the boundary. To
regulate it, we need to put a cutoff on the radial coordinate z = ε. The metric of the minimal
surface inherits this divergence, and thus has its largest contribution at the cutoff itself. Its
bulk extension tends to end perpendicular to the boundary to get as quickly away as possible
from this diverging piece, resulting in the area law divergence.

Another construction was given by the authors of [104] – the maximin construction: one
first minimises the area on a complete achronal slice Σ and then maximises this area with
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respect to Σ. It turns out this is equivalent to the HRT construction for spacetimes obeying the
null curvature condition.

The RT/HRT formula gives the leading order contribution to the EEO(G−1
N ), quantum cor-

rections can be taken into account by adding the EE contribution of the bulk quantum fields.
We will discuss this in Sect. 4.II.

This framework turns out to be very robust: it satisfies many of the nontrivial EE inequali-
ties back in Chapter 2 [105–107] and is consistent with EE calculations carried out via the
replica trick [79, 108, 109], dubbed the Lewkowycz–Maldacena (LM) formalism. For a more
topological approach, see [110].

4.I.a Homology is not Homotopy

There is often some confusion on the homology constraint: it is generally true that homotopy
implies homology but not the converse. For this purpose, we juxtapose two possible minimal
surfaces to elucidate this difference: we consider the HEE of a thermal state in CFT2 on S1

[39, 46, 111].
The dual bulk geometry is the Bañados–Teitelboim–Zanelli (BTZ) BH (lAdS = 1)

ds2 = −(r2 − r2
+)dt2 +

dr2

r2 − r2
+

+ r2dϕ2 (4.2)

with region of interest A = {(t, ϕ)|t = 0, ϕ ∈ (−ϕ0, ϕ0)}. Computing the minimal surface
yields two possible solutions both satisfying the homology constraint: a spacelike geodesic
anchored at the boundary points γA, and the union of the spacelike geodesic associated to
the complement ofA and the BH horizon γAc∪SBH. These two solutions are shown in Fig. 4.2

S(A) =
c

3
ln

[
β

πε
sinh

(
R

β
ϕ0

)]
, ϕ0 < ϕ∗

S(γAc ∪ SBH) =
c

π
πr+ +

c

3
ln

[
β

πε
sinh

(
R

β
(π − ϕ0)

)]
, ϕ0 ≥ ϕ∗

Figure 4.2: The RT construction for the BTZ BH. We show the compactified BTZ BH geometry
with the two minimal surfaces as discussed in the text. The second minimal surface consists of
the geodesic associated to the complement of A and the BH horizon.
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The RT formula requires us to take the minimum of the two, there is hence a turning point at
ϕ∗. Notice how the second minimal surface is a good example of a disconnected one.

Regarding the homology constraint, the first minimal surface γA is clearly homotopic to A
because it can be smoothly contracted to this boundary region. However, this is not true for
the second geodesic γAc because the BH acts as a ‘defect’ hindering the homology of this
geodesic. To satisfy the homology constraint, we need to add the BH horizon SBH such that
there indeed exists an interpolating region R with the desired properties.

Furthermore, when the boundary region exceeds a critical value related to the fraction the
boundary regionA encompasses with respect to the total conformal boundary Vol(A)/Vol(S1),
the entropy saturates the Araki–Lieb inequality (2.30)

S(A) = S(Ac) + S(SBH) (4.4)

which the authors called the entanglement plateau [111].

To end this discussion, we further emphasise that the orientation of our boundary region also
plays an important role in the search for a minimal surface [42]. For example, take the case
of two disconnected intervals with associated orientation from left to right. The orientation of
the minimal surface gets inherited by the boundary region itself and must be consistent with
each other; each geodesic must begin on the left endpoint of an interval and end on the right
endpoint of an interval. On these grounds, the configuration where two geodesics intersect
each other is excluded as a possible minimal surface candidate (see Fig. 4.3). Also note that
the point of intersection would have two orientations assigned to it.

Figure 4.3: The importance of orientation in making use of the RT formula. Here we show how
the two intervals inherit the orientation from the bulk minimal surface leading to a contradiction.
Moreover, the intersection would have two orientations associated to it.

4.I.b An Example: Vacuum State of CFT2 on R1,1

As an example of the RT formula 4.1, we calculate the entropy associated to the vacuum state
of a CFT2 on R1,1 dual to a Poincaré-AdS3 spacetime [39].

The RT/HRT formula requires us to find a minimal/extremal surface of the area functional.
To find this saddle point, we start from the bulk metric gµν(x) and parametrise our surface
by intrinsic parameters ξi. Next, we embed them in our bulk through XA(ξi). From this
embedding we can find the induced metric hij as the pullback of our bulk metric to the surface

ds2
WA = hijdξ

idξj =
∂xµ

∂ξi
∂xν

∂ξj
gµν (4.5)

This geometrical problem then turns into a variational problem of the action

S =
ld−2
AdS

4G
(d)
N

∫
dd−2ξ

√
dethij (4.6)
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under the BCWA
∣∣
z→0

= ∂A.

We want to calculate the EE associated to the region A = {x ∈ [−a, a]}, an interval of
length 2a on a constant time slice centred around the origin. The dual geometry is that of
Poincaré-AdS3 spacetime (d = 3)

ds2 =
l2AdS

z2

(
dz2 + dx2 − dt2

)
(4.7)

where we introduce an UV regulator by cutting the spacetime off at z = ε near the boundary.
For the static case dt2 = 0, we parametrise our surface according to (x(ξ), z(ξ)) resulting

in the induced metric (4.5)

ds2
γA =

l2AdS

z2

(
x′(ξ)2 + z′(ξ)2

)
dξ2 (4.8)

with the determinant just being the prefactor. Plugging this into the area functional (4.6) brings
about

A = lAdS

∫
dξ

√
x′(ξ)2 + z′(ξ)2

z
(4.9)

To obtain the eom we can vary to the coordinates x(ξ) and z(ξ) separately or use the Euler–
Lagrange equations

∂ξ
x′

z
√
x′2 + z′2

= 0 (4.10a)

∂ξ
z′

z
√
x′2 + z′2

+

√
x′2 + z′2

z2
= 0 (4.10b)

The solution is the parametrisation of a semicircle

x(ξ) = a cos ξ, z(ξ) = a sin ξ (4.11)

with the additional constraint ε
a ≤ ξ ≤ π − ε

a after implementing the BC limz→ε x = ±a. An
illustration is given in Fig. 4.4.

Figure 4.4: The semicircle. We show the associated minimal surface to our setup. Notice how it
ends perpendicular on the boundary region as expected.

To find the area, a length in our setup, we plug this back into (4.9) and evaluate it on-shell

A = lAdS

∫ ξ2

ξ1

dξ

sin ξ
= lAdS

[
− ln cot

(
ξ

2

)]ξ2
ξ1

= 2lAdS ln

(
2a

ε

)
(4.12)
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in which we approximated for small ε. Finally, we can use the Brown–Henneaux central charge
[112]

c =
3lAdS

2GN
(4.13)

to find the HEE
S =

A

4GN
=
c

3
ln

2a

ε
(4.14)

In perfect agreement with our calculations in 2.II.a.

4.II Navigating towards the Island

4.II.a The Quantum Extremal Surface

Like previously mentioned, the RT/HRT formulas are the leading order contributions to the
HEE of order O(G−1

N ). To add one-loop quantum corrections, we need to take the contri-
bution of the bulk fields into account. Luckily, there is a natural bipartition of the bulk due
to the RT/HRT construction: we namely have the interpolating region R and its complement
Rc. From this viewpoint, we can see the extremal surfaceWA as a natural entangling surface
across which we can compute the entropy of the bulk quantum fields. This bulk entropy can be
computed semiclassically by considering the quantum fields to form an effective field theory
living on a fixed background geometry.

This approach was first described in [113] and is called the FLM formalism after its au-
thors Faulkner–Lewkowycz–Maldacena

S(A) = SHRT(A) + SQM(A) +O(GN) (4.15a)

SQM(A) = Sbulk(R) + . . . (4.15b)

where the ellipsis represent additional terms to cancel UV divergences. Another approach
was discussed in [114].

We can also consider both the LM and FLM formalisms through the GPI [79, 113] consist-
ing of the gravitational action and the action of the quantum fields. In the semiclassical theory,
we take the gravitational action to be on-shell such that

Z(β) = e−IGZQM (4.16)

In the LM formalism, we only take the leading order contribution of the Euclidean action
into account and ignore the quantum fields

lnZ(β) = −IG,E (4.17a)

S(A) = (1− β∂β) lnZ (4.17b)

making use of the replica trick for n copies we obtain

S(A) = − lim
n→1

d

dn
[lnZn(β)− n lnZ(β)] = SHRT(A) (4.18)

The FLM formalism is obtained by adding the QM partition function into the mix

SQM = − lim
n→1

d

dn
[lnZQM,n − n lnZQM,1] (4.19)

To account for even higher order quantum corrections, the authors of [115] had the inge-
nious idea to include the bulk entropy in the extremisation problem of the RT/HRT proposal.
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Its result is a formula sensitive to quantum effects at any order of GN, reproduces FLM at
O(G0

N) and LM at O(G−1
N ).

Quantum Extremal Surface (QES) Formula: the HEE of a region A in a field theory with a
holographic dual can be calculated via the generalised entropy at the QES X obeying the
same constraints as the extremal surface

S(A) = Min
X

Ext
X

[
A(X )

4GN
+ SQM(X )

]
(4.20)

If there are multiple QESs, we pick the one resulting in the smallest entropy (an example is
drawn in 4.5).

This formula was the one employed in [14, 15] to compute the Page curve for the first time
and led them to the New Horizons Prize in Physics 2021. Subsequently, this formula can also
be constructed through the maximin procedure [116] or through the GPI approach [117].

4.II.b The Entanglement Island

The QES formula computes the fine-grained entropy of the BH, but the paradox talks about
the entropy of radiation. So how can this be computed? Furthermore, the BH region BH
stretches from the boundary to the QES itself, so where exactly does the radiation go? What
interval should we specify that captures it?

To specify a region capturing the radiation R, one adds an auxiliary heat bath to the sys-
tem, usually taken flat, in which the BH can evaporate. In most scenarios, like JT gravity, this
extra spacetime is added to the boundary of the theory. For other cases, the Schwarzschild
BH for instance, one can define a cutoff surface along which there exists a natural time coor-
dinate. The region between this cutoff surface and the singularity can be used for the QES
formula while the bath region is the part of spacetime between the cutoff surface and the true
boundary [44].

Taking only the region collecting the radiation into account, one finds an increasing en-
tropy à la Hawking [118]. Although the QES formula also works for a region without a BH, it is
not directly clear how we can get a nonincreasing entropy. To resolve this, we should account
for the possibility of disconnected QESs which add extra boundaries but whose semiclassical
entropy should counter this. A QES being disconnected should not be that surprising as one
can think of the two regions being entangled with each other, just like how Hawking radiation
is entangled with the interior modes.

This approach was first used in the setup of a doubly holographic model, one where the
conformal matter has itself a holographic map [18]. In such a model we may use the RT/HRT
formula for the bulk entropy as well, turning the whole problem in one geometrical problem
from the double holographic viewpoint. The authors found the existence of a region discon-
nected from the radiation region and only making up a part of the BH interior which should be
considered in the QES formula as well – the island I. From the double holographic model
viewpoint, this island is connected to the radiation region through the extra dimension in which
the total surface is not disconnected; a manifestation of the ER = EPR idea.

Quantum Extremal Islands: the HEE of the radiation region R, mainland, in a field the-
ory with a holographic dual is governed by the entanglement island I

S(R) = Min
I

Ext
I

[
A(∂I)

4GN
+ SQM(R∪ I)

]
(4.21)

The extremisation is with respect to the location and shape of this island.
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The matter in this region is entangled with the matter in the radiation region R, effectively
countering the increase of entropy due to the extra boundary terms (see 4.5 again for an
illustration).

Figure 4.5: The QES and the entanglement island. The geometry is divided in two regions by
introducing a surface along which a natural time coordinate flows. The radiation region lies to the
right of this surface, to the left we find the BH region and the island region. Two instances of time
are shown. At t1 we have the trivial island extending all the way to the singularity. At t2 we have
a nontrivial island behind the horizon; it lies on an ingoing null ray a scrambling time tscr into the
past.

Some comments are in order:

• The left hand side computes the full entropy of the radiation, the radiation region ap-
pearing on the right hand side computes it in the semiclassical description;

• The trivial island I = ∅ leads to the radiation entropy only SQM(R);

• If the BH was formed from an initially pure state, we expect S(X ) = S(R). Additionally,
if I ∪ BH ∪ R constitutes a full Cauchy slice of our spacetime and the matter state is
pure on this Cauchy slice, then SQM(X ) = SQM(R ∪ I) and ∂I = X . We can call both
locations ‘the island’; 1

• The semiclassical entropy of a union of intervals is hard to calculate and there is a
general expression for only a few cases, e.g. free fermions [119, 120]. Even when
approximating it to SQM(I) + SQM(R) results in a stationary island as the time depen-
dence comes from the radiation region R having an endpoint on the cutoff surface. For
this purpose, many authors make explicit assumptions like the matter state being pure
[20, 121] or some extremisation assumption [122] such that the calculation reduces to
the QES formula;

• It implies a more general Bekenstein bound incorporating the generalised entropy in-
stead of the leading order contribution only.

1Originally, the island is considered to be I but in literature this tends to differ. Henceforth, we call I the island
region, its boundary is then the island ∂I.
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4.III From Island to Page Curve

How can one extract the Page curve from this new island phenomenon? The story goes along
these lines [44]

1. t < tscr: before any Hawking quanta escape the BH region into the heat bath, the island
is trivial and there is no area term but purely a semiclassical term coming from the
matter enclosed by the cutoff surface. This remains invariant under time evolution. If
the BH were formed from a pure collapsing shell, this results in a zero entropy;

2. tscr < t < tPage: evaporation starts and quanta can escape into the heat bath building
up entanglement between these escaping modes and the interior modes. The entropy
starts to grow due to the increase in mixed interior modes. At this moment, a nontrivial
islands starts to form near the horizon. The mixed interior modes now get captured
by the island region I and the region of BH penetrating the event horizon. Since this
purifies the outgoing modes, the semiclassical entropy starts to decrease while the BH
horizon is shrinking such that the generalised entropy of this nontrivial island closely
mimics this shrinking area. The competition has begun, the winner is currently the
rising S(t) = SQM[R(t)];

3. t > tPage: after the Page time tPage, the island has become large enough to purify most
of the outgoing modes making the semiclassical entropy very small. Meanwhile, the BH
has shrunk enough such that it declares a new winner: S(t) ≈ Ah(t)

4GN
.

In short: the entropy first follows that of the trivial island and after the Page time follows
the one stemming from the nontrivial island. When computing the entropy associated to the
Hawking radiation, one should take the interior into account!

4.III.a The Entanglement Wedge

Since this new island rule led to the Page curve, how should we interpret the information
paradox from this perspective? Do the dof describing the BH as seen from the outside also
describe the interior?

If we associate a density matrix to the island formula, we know that the entropy remains
robust to deformations of the island region within its causal diamond. Ergo, it seems to be
more natural that the dof only describe a part of the BH interior, namely the part associated to
the causal diamond of the island region – the entanglement wedge (EW) [44, 103, 104, 123].

To each region one can associate such an EW encoding the dof. As time progresses, how
these wedges exactly look changes (as seen in Fig. 4.6). Needless to say, the EW associated
to the full Cauchy slice is the full spacetime itself. As the island grows, its EW also grows along
with it. Eventually at the time of evaporation, the island reaches the endpoint of the singularity
and the EW becomes equal to that of the full BH interior: all Hawking quanta have become
purified and the interior is described by the dof which are not a part of the central dogma.

To extract the information encoded in this region, one makes use of the EW Reconstruc-
tion Hypothesis: we can read off the state of the qubits encompassed by the EW by per-
forming operations on the BH or radiation dof [15]. The required operation to consider for this
procedure is the Petz map [124, 125]. In a certain way, these islands act as barrier up to which
we can construct the bulk spacetime via probing the boundary region [115]. These ideas are
closely related to quantum error correction [126, 127].

Moreover, this solves the issue of the so-called ‘Wheeler’s Bags of Gold’ [128].

From the perspective above, the AMPS paradox is resolved exactly by this EW not describing
the full BH interior leading to a possible quantum state and a smooth horizon: a part of the
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interior is identified with the early radiation now entangled with the late radiation [44]. There
are only two states being maximally entangled – the one associated to BH and the one asso-
ciated to R∪ I.

It naturally encodes the Hayden–Preskill protocol of Sect. 3.II.c. Everything in the EW of
the island region is entangled with the early radiation and can be decoded by capturing this
radiation. But this island only exists after a scrambling time; consequently, information only
starts to come out after the same scrambling time.

Figure 4.6: Evolution of the EWs. The top depicts the EWs for the trivial island followed by the
one for a nontrivial island. The bottom picture shows the EWs when the BH is fully evaporated;
the EW associated to the island region is the full interior. It can be reconstructed through the
information contained in the EW associated to the radiation. Only a diary in the EW of the island
can be reconstructed, this only happens after a scrambling time – the Hayden–Preskill protocol in
action.
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4.IV Ryu–Takayanagi as a Streaming Protocol (SD)

It was already Friday afternoon, long after class time, when Futaba was making her way to the
science room. Much to her surprise – and initial annoyance – Sakuta was sitting there. She
could predict what’s about to happen. He looked puzzled and was staring out in front of him.
It was quite dim in the room as the sky was clouded; two mugs could be discerned in front of
him. Obviously, he had been waiting for her. 2

Futaba sat down, grabbed one of the mugs and cut to the chase: “What is it this time?”
However, she was less annoyed than before. She rather started enjoying these conversations
about physics.

Sakuta had been making his way through Holographic Entanglement Entropy and reached
the famed Ryu–Takayanagi formula, but there was something which left him confused.
“So, I have been thinking”, he started. “When you look at the RT formula you are searching
for a surface with some prescribed conditions, right?”

“Yes, that is correct.”
“Then why does this surface extend into the bulk. Wouldn’t it be more logical if it stayed

close to the boundary to have a minimum surface.”
“I am surprised, that’s actually a good question”, she replied with a genuine look of bewil-

derment on her face. “Well, there is a reason for this. Remember the conversation we had a
couple of days ago about the interpretation of holography?”

“–Ah, you mean about Plato’s cave and the energy interpretation?”
Futaba nodded approvingly while she took a piece of chalk. “Indeed, that one. Don’t forget
that the area is calculated through the metric inherited from the bulk.”

“Yes, naturally, and that metric blows up near the– ”, he started explaining before realising
what she was about to say. “Ah, I think I get it. Since the metric diverges near the boundary,
so will the area contribution from that surface. To reach a lower area, it must extend deeper
into the bulk.”

“That’s right! You actually are getting better at this stuff”, Futaba said showing signs of
relief. She took a sip of her coffee, “Lukewarm. . . I guess you should leave this to me”, she
complained while Sakuta was making a smug face. “Anyway, to get quickly away from the
boundary, the surface ends perpendicular on it. Since this corresponds to UV physics, it re-
sults in the area law divergence of the entropy in the boundary field theory.”

“Okay, I am starting to understand.”
“There is a nice analogy by Patrick Hayden to understand the formula from that viewpoint”,

she further elaborated. “If you view the entropy as a way of compressing information and sub-
sequently sending it to Mai, much like streaming a series, the RT formula is the most efficient
way to do this.”

“. . . ”, he didn’t know how to respond.
“I am used to it. Nevertheless, when streaming a movie you can choose to watch it directly

while downloading it. Well, these represent the UV or short time correlations. Immediately
seeing the movie frame per frame while downloading it comes with a high cost. However,
some scenes are quite similar to others. For instance, the characters change clothes or ex-
pressions but their basic features like hair colour, etc. stay the same. We can only know this
if we have access to correlations which are longer in time, in other words, IR correlations. By
having access to these IR correlations, the streaming procedure is more efficient as it can
reuse something for later times. You see?”

“Of course, a character might be smiling in one scene and crying in another but their build
stays the same”, he admitted. “He sure has his way of explaining things. I better try to re-
member this. I need to go now though. I promised Mai to watch a movie together. What a
coincidence. . . ”

2The coming analogy was given during a talk at the Berkeley Simons institute [129].
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Meanwhile, the sky cleared and the sun was getting lower, casting an eerie spectacle of
half-light, half-shadow into the science room. It was time to go. Both cleaned up, packed their
bags, and started heading home. What remained of their presence was a large drawing of
a minimal surface on the blackboard together with some formulas and other drawings like a
cave and some boxes.



Chapter 5

JT Gravity

In this chapter, we take a look at a particular model of 2d QG: Jackiw–Teitelboim (JT) Gravity
[16, 17]. This model is a useful playground for many calculations, especially those regarding
the island, owing to a lot of its quantities being analytically computable. Even the classical
Einstein equations can be exactly solved for arbitrary mass and energy distributions, and the
partition function and correlation functions can explicitly be calculated at the quantum level.
Moreover, this model is physically relevant as it can be obtained from the s-wave reduction of
a class of near-extremal (charged) BHs.

Its holographic dual describes the low-energy dynamics of the Sachdev–Ye–Kitaev (SYK)
model: a large amount of all-to-all interacting Majorana fermions in (0+1)d with random cou-
plings, first studied in [130–133]. We direct the interested reader to Appendix A.

We begin by taking a look at the dimensional reduction of a magnetically charged BH and
make our way to the general action. Then we consider the eom and some of its solutions both
in the classical and semiclassical regime, including the boundary particle prescription. Going
full quantum will not be necessary for our discussion. Subsequently, we describe the model
for an EBH and how we can compute EEs. Of great importance is the renormalised entropy
from the boundary angle.

5.I Dimensional Reduction of Charged Black Holes

To obtain the action from a higher-dimensional BH we follow the approach set out in [134, 135]
and start with a magnetically charged Reissner–Nordström BH:

ds2 = −f(r,M, p)dt2 +
dr2

f(r,M, p)
+ r2dΩ2

2 (5.1a)

f(r,M) = 1− 2GNM

r
+
p2GN

4πr2
(5.1b)

F = p sin θdφ ∧ dθ (5.1c)

with magnetic charge p, magnetic gauge field F and mass M . This is the nonrotating BH
solution of the Einstein–Maxwell action, coupling gravity with electromagnetism [136]

I =

∫
M

√
−g
[

1

16πGN
R− 1

4
F 2

]
(5.2)

45
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with eom

∂µ
(√
−gFµν

)
= 0 (5.3a)

Rµν −
1

2
gµνR = 8πGNTµν (5.3b)

Tµν = FµρF
ρ
ν −

1

4
gµνF

2 (5.3c)

The horizons are given by the root of the warp factor f(r,M, p) – an inner and outer horizon

r± = GNM ±
√

(GNM)2 − p2GN

4π
(5.4)

As a special case, we take it to be the extremal BH with p2 = 4πGNM
2 which has two

coinciding horizons r+ = r− = rh and is thermodynamically at zero temperature as (3.8)

T ∝ lim
r→rh

f(r,M, p) = 0 (5.5)

Moreover, we can define a new coordinate ν = r−GNM such that the metric (5.1a) becomes

ds2 =
−dt2(

1 + GNM
ν

)2 +

(
1 +

GNM

ν

)2 (
dν2 + ν2dΩ2

2

)
(5.6)

and look at the near-horizon limit ν → 0 after the transformation z = (GNM)2/ν. This is the
Robinson–Bertotti metric describing the geometry in the throat

ds2 = (GNM)2

(
−dt2 + dz2

z2
+ dΩ2

2

)
(5.7)

Interestingly enough, this is the line element for the product manifold AdS2 × S2 in Poincaré
coordinates with AdS radius lAdS equal to the radius of the sphere rS = lAdS = GNM [40].

Note that the Penrose diagram indeed looks like a part of AdS2 when zooming in on the
horizon, as is shown in Fig. 5.1.

To find the JT action, we go back to the Einstein–Maxwell (5.2) action and make a general
static, spherically symmetric ansatz

ds2 = hijdx
idxj + e2ψ(r,t)dΩ2 (5.8)

It has the form of a warped product space [137]

ds2 = hijdx
idxj + e2ψgµνdx

µdxν (5.9a)

R = Rh + e−2ψRg − 2k∇2
hψ − k(k + 1)hij∂iψ∂jψ (5.9b)

with Rh the Ricci scalar for the metric hij , similar for Rg and the metric gµν with dimensionality
k. In our case we have the metric of a 2d sphere such that we obtain the reduction

R = Rh + 2e−2ψ − 6(∂ψ)2 − 4∂2ψ (5.10a)

since ψ is a scalar field.
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Figure 5.1: The extremal Reissner–Nordström BH. Because the horizon consists of two coin-
ciding ones, time and space do not interchange after crossing it, unlike for a Schwarzschild BH.
Therefore, we can move freely within its interior (shaded in grey) and go back to the exterior again;
the diagram can be infinitely extended. Zooming in close to the horizons results in the Poincaré
patch on the right.

Plugging the expression above into (5.2) with
√
−g =

√
−he2ψ sin θ, ignoring the electromag-

netic contribution, and integrating out the spherical part to get 4π gives us

IEH =
4π

16πGN

∫
d2x
√
−h
[
e2ψ(Rh − 6(∂ψ)2) + 2

]
(5.11)

where we integrated the term containing ∂2ψ by parts to get 8e2ψ(∂ψ)2 and a boundary term.
For the electromagnetic contribution, it is easy to obtain F 2 = 2p2e−4ψ. Furthermore, we
define Φ = eψ such that finally

I =
4π

16πGN

∫
d2x
√
−h
[
Φ2Rh + 2(∂Φ)2 + 2− 16πGN

2
p2Φ−2

]
(5.12)

The resulting action is a specific case of more general dilatonic gravity models studied in
[138]

I =
1

16πGN

∫
d2x
√
−h
[
Φ2Rh + λ(∂Φ)2 − U

(
Φ2

L2

)]
(5.13)

with dimensionless constant λ and Dilaton Φ2. Since GN is from a 4d parent theory, it has
dimension [GN] = [length]2. Consequently, the dimension of the dilaton is [Φ2] = [length]2; its
value sets the area of the transverse 2-sphere. Hence, we can introduce a length parameter
L in the scalar potential term U to obtain a dimensionless argument.

Our action of interest has λ = 0 – the kinetic term resides in Rh – and a linear potential
U = −2Φ2/l2AdS.



48 5.II. The JT Action

5.II The JT Action

We begin by writing down the action for 2d JT gravity with metric g and dilaton φ coupled to
conformal matter ψ (lAdS = 1) [14, 16, 17, 138–141]

IJT[g, φ, ψ] = I0[g] + IG[g, φ] + IM [g, ψ] (5.14a)

I0[g] =
φ0

16πGN

[∫
M

√
−gR+ 2

∫
∂M

√
−γK

]
(5.14b)

IG[g, φ] =
1

16πGN

[∫
M

√
−gφ(R+ 2) + 2

∫
∂M

√
−γφb(K − 1)

]
(5.14c)

IM [g, ψ] = ICFT[g, ψ] (5.14d)

The first action I0[g] is purely topological and adds a constant contribution φ0χ through
the Gauss–Bonnet theorem where χ is the Euler characteristic of the corresponding manifold
M. The second action IG[g, φ] is what we would get from dimensional reduction; hence,
φ0 +φ measures the area of the transverse space in the parent theory. Moreover, φ is dynam-
ical and governed by this action where we added the usual Gibbons–Hawking–York boundary
term with boundary metric γ, curvature K, and boundary value φb for the dilaton. There is
an additional counterterm required to compute the on-shell action and related quantities. This
explains the (K − 1). The last action IM [g, ψ] is simply a 2d CFT action for a matter field
which does not couple to the dilaton but does backreact with it through the Einstein equation
without deforming the spacetime geometry.

Varying the total action to φ imposes the constant curvature constraint

δ(R+ 2) = 0 (5.15)

In other words, the geometry is everywhere locally AdS2 with a constant curvature. In Poincaré
coordinates (F,Z) this is

ds2 =
−dF 2 + dZ2

Z2
= − 4

(X+ −X−)2
dX+dX− (5.16)

with X± = F ± Z lightcone coordinates, future and past horizon at X± = ±∞, and the
boundary located at X+ = X− as per usual in the Poincaré patch X− ≤ X+.

Note that this is already a fully QM feature: the dilaton acts as a Lagrange multiplier
enforcing this geometry when evaluating the GPI. So, the GPI only sums over topologies
which are locally AdS2 but can differ in their Euler characteristic χ [142].

The other dynamics can be found from varying with respect to the metric and yields the
Einstein equation [138–141, 143]

gµν�φ−∇µ∇νφ+ gµνφ = 8πGNT
m
µν (5.17a)

Tmµν = − 2√
−g

δIM
δgµν

(5.17b)

Next, we can split this equation up into a traceless and trace part

1

2
gµν�φ−∇µ∇νφ = 8πGN

(
Tmµν −

1

2
gµνT

m

)
(5.18a)

(�− 2)φ = 8πGNT
m (5.18b)

To look for solutions, it is easier to work in the conformal gauge

ds2 = −eω(X+,X−)dX+dX− (5.19)

� = −4e−ω∂+∂− (5.20)

R = −�ω (5.21)



Chapter 5. JT Gravity 49

and when considering semiclassical matter, the eom become (including the constraint (5.15))

2∂+∂−ω + eω = 0 (5.22a)

−∇2
±φ = −eω∂±(e−ω∂± 〈φ〉) = ∂±φ∂±ω − ∂2

± 〈φ〉 = 8πGN
〈
Tm±±

〉
(5.22b)(

∂+∂− +
1

2
eω
)
〈φ〉 = 8πGN

〈
Tm+−

〉
(5.22c)

To work in the semiclassical limit, we assume that the central charge c of the conformal
matter theory is large such that the graviton contribution is negligible.

Besides, the eom can be related to the Liouville equations linking JT gravity to a Liouville
theory [143–146].

5.II.a The Conformal Anomaly

The conformal/trace anomaly
〈Tm〉 =

c

24π
R (5.23)

can be taken care of by implementing the Polyakov action [138, 141, 143]

IPol = − c

96π

∫
d2x
√
−gR 1

�
R (5.24)

With in particular
〈
Tm+−

〉
= − c

24π∂+∂−ω, the last eom (5.18b) can be rewritten to

∂+∂− 〈φ〉+
1

2
eω
(
〈φ〉 − cGN

3

)
= 0 (5.25)

So the only effect the conformal anomaly has is the addition of a constant contribution:
φ → φ + cGN/3. From henceforth, we may safely set the conformal anomaly to zero in the
eom as it can be absorbed in the vacuum contribution. The vacuum-subtracted semiclassical
dilaton 〈φT 〉 then obeys the equations

−∇2
± 〈φT 〉 = 8πGN

〈
Tm±±

〉
(5.26a)

(�− 2) 〈φT 〉 = 0 (5.26b)

just like in the classical case (5.18a, 5.18b) with the vacuum-subtracted, covariant stress ten-
sor

〈
Tm±±

〉
.

Alternatively, one can achieve the same effect by rescaling the gravitational constant and
thus changing the coupling constant of the Schwarzian theory (explained in the following sec-
tion) [147]

GN →
GN

1− 2NGN
3φb

(5.27)

with N the amount of matter fields. This is particularly nice in the boundary particle theory.

5.III The Boundary Particle

There is a nice perspective we will use for a boundary observer in a spacetime with an EBH –
the perspective of the boundary particle [138, 140, 141]. From this viewpoint, the boundary
time t becomes a preferred coordinate from which we can define a dynamical variable at the
AdS2 boundary: the dynamical time f(t) which we set equal to a fixed reference time F ,
the Poincaré time. This preferred boundary time, associated to a boundary particle/observer,
naturally describes the time evolution along the AdS2 boundary u = v ≡ t. By requiring that
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these boundary coordinates (u, v) coincide with the AdS2 boundary in the Poincaré patch
itself X+(u) = X−(v), we acquire the dynamical/holographic boundary curve

X+(t) = X−(t) ≡ f(t) (5.28)

We also call f(t) the time reparametrisation. It becomes a dynamical curve in the sense
that bringing in the boundary into the bulk lets it feel the effect of gravity (see Fig. 5.2).

After introducing a regulator for the AdS2 boundary ε which moves the boundary slightly
inwards, the boundary observer’s coordinate frame (t, z) can be related to that of a bulk ob-
server through

X+(t+ ε) +X−(t− ε)
2

= f(t) (5.29a)

X+(t+ ε) +X−(t− ε)
2

= εf ′(t) (5.29b)

where εf ′(t) is equal to the distance between the holographic boundary curve and the true
boundary [141].

Consequently, a boundary observer can in their frame construct a bulk frame by shooting
in and collecting light rays u = t+z, v = t−z. They shoot in a light ray at v = t1 as measured
on their clock and collect it back at u = t2. Now, taking this procedure to the Poincaré
patch where the boundary observer sends at F1 = f(t1) and receives at F2 = f(t2), they
can associate the coordinates X− = F1, X

+ = F2 to every bulk point. From this they can
construct a unique bulk frame and metric – the radar definition of the bulk [142, 148]

X+(u) = f(u) (5.30a)

X−(v) = f(v) (5.30b)

ds2(f) =
f ′(u)f ′(v)

[f(u)− f(v)]2
(dz2 − dt2) (5.30c)

This procedure is boundary-intrinsic and is constructed via local operations from the boundary
observer perspective. The transformation fits within the larger context of quantum reference
systems [149].

Allowing QM fluctuations: the boundary observer experiences a fixed bulk location but
fluctuating metric whilst a Poincaré observer would see a fuzzy bulk location and a fixed met-
ric [142].

For these dynamics to be consistent with the dilaton, we should specify a boundary condi-
tion [138, 140, 141]

gtt

∣∣∣∣
∂M

=
1

ε2
(5.31a)

φ

∣∣∣∣
∂M

= φb =
φr
ε

(5.31b)

where φb is large and φr is a fixed constant. In this approach, the JT action reduces to a
boundary term and the theory becomes a Schwarzian theory in one less spatial dimension

IG → −
φr

8πGN

∫
dt

ε

K − 1

ε

= − φr
8πGN

∫
dt{f(t), t} (5.32)

with induced metric dt/ε and extrinsic curvature

K = 1 + ε2{f(t), t} (5.33)
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It enjoys a SL(2,R) symmetry of the reparametrisation f(t) precisely because the Schwarzian
is invariant under such transformations.

S(f(t), t) ≡ {f(t), t} =
f ′′′

f ′
− 3

2

(
f ′′

f ′

)2

(5.34)

with Möbius transformation

f → af + b

cf + d
, ad− bc = 1 (5.35)

With the aforementioned result, the Arnowitt–Deser–Misner (ADM) energy can be com-
puted directly by relating the action (5.32) to the boundary Hamiltonian

E(t) = − φr
8πGN

{f(t), t} (5.36)

Originally, this computation was done via the boundary stress tensor by means of holo-
graphic renormalisation [138–140, 150].

As a side note, while the Einstein–Hilbert part of the JT action is invariant under the
reparametrisation t → f(t), it maps cutouts of the hyperbolic disk (F (t), Z(t)) in Euclidean
AdS2 to another cutout. But this does not leave the boundary trajectory invariant. Again, the
SL(2,R) of the full reparametrisation group do leave this boundary trajectory invariant. One
can think of the cutouts spontaneously breaking it down to SL(2,R) with f(t) the associated
Goldstone modes and a zero action since it has no spatial dimension, only a zero wavelength
mode remains. The dilaton lifts the large degeneracy of the Einstein–Hilbert action [134, 140].

5.III.a Energy from the Boundary

The authors of [141] used this Schwarzian theory to construct a Hamiltonian formalism from
which they found how the energy changes with respect to the boundary time, crucial for our
discussion on EBHs and which nicely shows the Unruh effect (see Fig. 5.2 again for the follow-
ing discussion). Just as before, the boundary stress tensor can be identified with the boundary
Hamiltonian H = Ttt and the ADM energy can be similarly found in a doubled phase space;
the boundary action contains third order derivatives such that more conjugate variables are
needed. This formalism is reminiscent of a dynamical moving mirror to simulate Hawking ra-
diation, backreacting when hit by matter [151–153].

When allowing for backreaction in a semiclassical setup, the rate at which the ADM energy
changes is merely equal to a net flux of the energy flow

dE

dt
= Tvv(t)− Tuu(t) (5.37)

where the stress tensors showing up are the covariant ones [135, 154]

Tuu = − c

12π

[
(∂uω)2 + ∂2

uω
]

+ :Tuu: (5.38a)

Tvv = − c

12π

[
(∂vω)2 + ∂2

vω
]

+ :Tvv: (5.38b)

Tuv = − c

12π
∂u∂vω (5.38c)

for a spacetime ds2 = −e2ω(u,v)dudv.
The second term is the normal ordered stress tensor which is chirally conserved and

frame-dependent since normal ordering is always with respect to a certain vacuum. This
normal ordered term is exactly what one would measure via a detector calibrated to their
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vacuum, by subtraction of the first term. However, this term transforms noncovariantly under
a general conformal transformation (X+(u), X−(v)) due to the conformal anomaly and gives
rise to the Unruh effect

:Tuu: =

(
∂X+

∂u

)2

:T++: − c

24π
{X+, u} (5.39a)

:Tvv: =

(
∂X−

∂v

)2

:T−−: − c

24π
{X−, v} (5.39b)

also called the Virasoro anomaly.
Observe how for a Möbius transformation the anomalous transformation disappears. This

is directly related to the fact that these transformations leave the vacuum state invariant; hence
the stress tensors related to this vacuum as well.

Only the total sum is covariant in the sense that ∇µTµν = 0 and transforms as a tensor.
These properties are important to be consistent with the Einstein equation: the stress tensor
has to transform in an equivalent way to the Ricci tensor.

By giving an operational meaning to this equation, it solves the Unruh backreaction para-
dox. The Minkowski vacuum by an accelerated observer looks like a thermal Rindler vacuum,
if this backreacts on the spacetime it leads to an inconsistency. However, what the accelerated
observer measures, as stated, is the normal ordered piece and not the total covariant stress
tensor. So by adding the vacuum/Casimir piece – the first term – to their measurement, the
effect cancels out and no backreaction is happening [154].
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Figure 5.2: The holographic boundary curve. In the green patch, the stress tensors are nonzero
leading to a deformed geometry with respect to the Poincaré patch. The difference between the
two fluxes determines how the holographic boundary curve evolves and how both frames are
related.

The case for JT gravity is special because at the boundary u = v = t

− c

12π

[
(∂tω)2 + ∂2

t ω
]

=
c

24π
{f(t), t} (5.40)
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which means the Casimir piece of both stress tensors (5.38a, 5.38b) are equal to the expres-
sion above

Tuu =
c

24π
{f(t), t} + :Tuu: (5.41a)

Tvv =
c

24π
{f(t), t} + :Tvv: (5.41b)

such that for the difference they cancel each other out

dE

dt
= Tvv(t)− Tuu(t) = :Tvv(t): − :Tuu(t): (5.42)

This can also be acquired from plugging (5.30a, 5.30b) into (5.39a, 5.39b).

5.IV Solving the eom

5.IV.a The Static Black Hole Solution

For cases in which the stress tensor vanishes and with metric (5.16), we obtain the static BH
background with mass M = E and dilaton profile

φ = 2φr
1− (πT )2X+X−

X+ −X−
(5.43)

at Hawking temperature T in AdS2 [141].
The time reparametrisation in this case f(t) becomes

f(t) =
1

πT
tanh(πTt) (5.44)

which is a solution for a constant Schwarzian

{f(t), t} = −2π2

β2
(5.45)

From this follows the metric and dilaton in boundary coordinates (u, v) through (X+(u), X−(v))

ds2 = − 4(πT )2

sinh2[πT (u− v)]
dudv (5.46a)

φ = 2φrπT coth[πT (u− v)] (5.46b)

Both expressions are periodic in Euclidean time with period β.
This spacetime has a future and past horizon where u = +∞, v = −∞ which translates

in Poincaré coordinates to
X± = ± 1

πT
(5.47)

These two points are exactly where the boundary particle meets the AdS2 boundary for X± =
f(t→ ±∞) at the two points respectively.

The Penrose diagram, depicted in Fig. 5.3, is a smaller triangular region inside the full
Poincaré patch due to the finite horizons and becomes smaller as the energy increases. This
effect can be seen from the expression for the energy which is ∝ T 2 and can be found by
plugging in the time reparametrisation (5.44) into (5.36)

E(t) =
πφr
4GN

T 2 (5.48)
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One obtains the the full Poincaré patch in the limit E, T → 0.

Bifurcate Horizon

BHPoincaré

Figure 5.3: Penrose diagram for the static BH. The smaller green patch corresponds to the BH
patch and is a part of the larger Poincaré patch (blue). The horizons are also shown; the bifurcate
horizon is located where the horizons intersect.

Next, let us calculate the entropies of this spacetime, starting with the thermodynamical en-
tropy by making use of (5.48)

δS

δE
=

1

T
(5.49a)

⇒ STh =
φ0

4GN
+ 2

√
πφr
gGN

E (5.49b)

=
φ0

4GN
+

2πφr
4GN

T (5.49c)

where the first term is an integration constant which we fixed by demanding that at E = T = 0
the thermodynamical entropy is equal to its extremal value.

Successively, we can look at the BH entropy determined by the value of the dilaton at the
horizon (3.21). Remember, the horizon is a codimension-2 surface which in our 2d spacetime
translates to a point. Due to the value of the dilaton being related to the area of the transverse
space of the parent theory, the BH entropy is determined by the dilaton at the horizon

SBH =
φ0

4GN
+

φ
∣∣
h

4GN
(5.50)

The horizon is as usual found by the condition gtt
∣∣
h

= 0 and coincides with the bifurcate
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horizon (5.47) which we can plug into (5.43) to obtain

SBH =
φ0

4GN
+

2πφr
4GN

T (5.51)

The HEE computed via the RT formula is all what remains. Again, we need to find a
codimension-2 minimal surface which is homologous to the boundary. The dilaton perfectly fits
the bill as the homology is guaranteed through a spacelike interval connecting it to the bound-
ary; it is even homotopic to it. To find the minimal surface we need to extremise φ(X+, X−)
(5.43) with respect to its location

∂+φ = 0 =
−(πT )2X−

X+ −X−
− 1− (πT )2X+X−

(X+ −X−)2
(5.52a)

∂−φ = 0 =
−(πT )2X+

X+ −X−
+

1− (πT )2X+X−

(X+ −X−)2
(5.52b)

The solution is easy to find by adding both equations to each other, solving to one variable,
and subsequently plugging it back into one of the above. In the end, one acquires the bifurcate
horizon (5.47). Accordingly, we need to evaluate the dilaton at this minimal surface and we
get an entropy equal to that of the BH entropy.

In conclusion, we computed the entropy in three different ways and find them all to be
equal to each other

STh = SBH = SRT (5.53)

This shows the strength of the RT formula!

To end our discussion, we can maximally extend this spacetime to a two-sided AdS2 BH
by defining Kruskal–Szekeres coordinates W± which are just Möbius transformations of the
Poincaré coordinates X± [121, 147]

W+ = +
1 + πTX+

1− πTX+
= +e2πTu (5.54a)

W− = −1− πTX−

1 + πTX−
= −e2πTv (5.54b)

with inverse

X± = ± 1

πT

W± ∓ 1

W± ± 1
(5.55)

The boundary is now at W+W− = −1, as observed in the metric and dilaton profile

ds2 = − 4

(1 +W+W−)2
dW+dW− (5.56a)

φ = 2φrπT
1−W+W−

1 +W+W−
(5.56b)

These transformations can be used in the evaporating case as well. The Penrose diagram is
depicted in Fig. 5.4.
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BH Bath

Figure 5.4: The maximally extended static BH. In the middle we have a two-sided AdS2 BH.
The Kruskal–Szekeres W± and boundary coordinates (u, v) also define a bath region (in purple)
behind the boundary. Gluing such an external heat bath to define the radiation region is usually
done in literature to find islands.

5.IV.b A General Solution

For a nonvanishing stress tensor, the eom (5.26a, 5.26b) can be directly integrated through
the method of Green’s functions [138, 141, 143]

φ = 2φr
1− (πT )2(I+ + I−)

X+ −X−
(5.57a)

I±(u, v) = ±
∫ X±

±∞
ds(s−X±)(s−X∓)Tm±±(s) (5.57b)

Luckily, there is a particular, nicer solution in the case of purely infalling matter Tm++ = 0
[147]. To this end, we start by solving the (++)-equation (5.26a) and combine this with the
(+−)-equation (5.26b) to obtain

φ = 2φr

[
1

2
∂−h(X−) +

h(X−)

X+ −X−

]
(5.58)

Now solving the (−−)-equation (5.26a) determines h(X−)

Tm−−(X−) = − φr
8πGN

∂3
−h(X−) (5.59)

and can also be found from varying the boundary action to t. The static BH solution (5.43)
corresponds to h(X−) = 1− (πT )2 (X−)

2.
When describing EBHs it turns out that we can link this function to the time reparametri-

sation.

5.V The Evaporating Black Hole

Using (5.42) and imposing certain BC we can obtain a model for a static and EBH spacetime
[141, 148, 154]. We start with the extremal BH/Poincaré patch and form a BH by sending in a
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classical matter pulse at t = 0 with fixed energy E0

dE

dt
= E0δ(t)+ :Tvv(t): − :Tuu(t): (5.60)

The Poincaré coordinates always describe the Poincaré patch such that :T++(t): = 0 = :T−−(t):
for all times t.

Before the pulse t < 0 there is nothing ingoing or outgoing such that Tuu = 0 = Tvv, E =
0. So the equations to solve (5.36, 5.60) become

{f(t), t} = 0 (5.61a)
d

dt
{f(t), t} = 0 (5.61b)

which has as solution f(t) = t, not surprising since we started from the Poincaré patch. A
boundary observer would also measure the Poincaré vacuum :Tvv: = 0 = :Tuu(t):.

After we have sent in the pulse t > 0 we do not throw anything in anymore: Tvv = 0 = Tuu.
By imposing reflecting BC, the Hawking radiation sent out by the BH eventually falls back into
it again and feeds the BH such that it remains at a constant energy. X± still describe the
Poincaré vacuum; but since the energy after the pulse is nonzero, this vacuum described from
the BH frame (u, v) has a nonzero Schwarzian contribution (5.39a, 5.39b)

:Tuu: = :Tvv: = − c

24π
{f(t), t} (5.62)

Equations (5.36, 5.60) now dictate that the energy stays constant at E0

{f(t), t} = E0 (5.63a)
d

dt
{f(t), t} = 0 (5.63b)

These two conditions lead to the static BH solution with reparametrisation (5.44) and Hawking
temperature (5.48). Hence, as viewed from the BH frame we obtain an eternal Unruh heat
bath

:Tvv: = :Tvv: =
πc

12β2
(5.64)

whilst it is just the Poincaré vacuum from the bulk perspective: the Unruh effect at work!

To let our BH evaporate, we take away the Hawking radiation sent by the BH. We can imagine
a boundary observer moving along the holographic boundary curve and who holds an Unruh
detector perfectly absorbing all Hawking radiation the BH emitted; hence :Tvv: = 0. There is
no ingoing flux feeding the BH. The Hawking radiation emitted from the BH is nonzero and
measured from the boundary becomes

:Tuu: = − c

24π
{f(t), t} (5.65)

We now have a nonzero energy rate (5.60) Ė = − :Tuu: and together with the ADM energy
(5.36) we have to solve the following system

dE

dt
= −kE (5.66a)

⇒ E(t) = E0e
−kt (5.66b)

after implementation of the initial value E(0) = E0 and where we defined the evaporation
rate k as

k =
cGN

3φr
(5.67)
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with units [k] = [energy]−1. We obtain an exponentially decaying energy and with this we can
find the reparametrisation through

{f(t), t} = −2(πT )2e−kt (5.68a)

f(0) = 0, f ′(0) = 1, f ′′(0) = 0 (5.68b)

with the BC stemming from gluing along the pulse at t = 0 which also determines E0 in terms
of the temperature via (5.48). The solution is pretty complicated and contains the modified
Bessel functions of the first and second kind [14, 141, 148]

f(t) =
1

πT

I0[α]K0[αe−
kt
2 ]−K0[α]I0[αe−

kt
2 ]

I1[α]K0[αe−
kt
2 ] +K1[α]I0[αe−

kt
2 ]

(5.69)

α =
2πT

k

Note that this function is essentially a Möbius transformation of the ratio K0/I0. Although
we could alternatively use this reparametrisation which is undoubtedly easier to use, the BC
(5.68b) become a lot more difficult [121].

Moreover, f(t) increases monotonically and asymptotes to a fixed value for t → +∞
beyond the horizon of the static BH case. However, it does not reach the original Poincaré
horizon as shown in Fig. 5.5

f∞ = f(t→ +∞) =
1

πT

I0[α]

I1[α]
(5.70)

Poincaré time even stops flowing as f ′(t → +∞) → 0 [141]. This result will turn out to be of
crucial importance when trying to find islands in this setup.

EBH

Poincaré
Appare

nt H
oriz

on

Figure 5.5: The EBH. From the Poincaré patch we sent in a pulse at t = 0 to form a BH. If the BH
were static, the (u, v) coordinates could only describe up to the would-be horizon X+ = 1

πT ; the
starting point of the apparent horizon. In the EBH case, these coordinates describe the patch up
to f∞.
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In the limit of large k, the evaporation happens instantaneously resulting in the original
Poincaré patch again; whilst for very small k. the parametrisation becomes that of the eternal
BH where evaporation is turned off. Different profiles are plotted in Fig. 5.6.
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EBH: k = 0.1
Static BH

Figure 5.6: Reparametrisation profiles for the different scenarios. The time reparametrisation of
the EBH interpolates between the static BH and the Poincaré patch for increasing evaporation rate
k.

As seen in the figure above, a small k gives rise to a reparametrisation resembling the
static case. In this limit, the reparametrisation and horizon value can be approximated by the
following expressions (B.2, B.18)

f(t) ≈ f∞ tanh

(
2πT

k

[
1− e−

k
2
t
])

(5.71a)

f∞ =
1

πT
+O(k) (5.71b)

and indeed looks similar to the case of a static BH (5.44). When considering early times
kt � 1, the exponential within the argument can be further expanded. The result is a
parametrisation equivalent to the one for a static BH at temperature T (5.44). The Unruh
heat bath immediately appears after the pulse is sent in!

From the decaying energy, it is possible to define an effective/quasistatic Hawking temper-
ature [141]

Teff(t) = Te−
k
2
t (5.72)

Moreover, this exponentially decaying energy is what would be expected from a quasistatic
computation through the Stefan–Boltzmann law in 2d

dE

dt
∝ −σSBT

2 ∝ −σSBE (5.73)

The setup we described here varies from the usual setup in most papers [14, 18, 20, 121, 122,
155–158] in which they glued a flat spacetime to the holographic boundary (as in Fig. 5.4).
This extra spacetime acts as a heat bath collecting the Hawking radiation but where gravity
is effectively turned off. Before the pulse is sent in, these two spacetimes do no interact with
each other and the boundary is assumed to be perfectly reflecting, whereas after the coupling
it becomes transparent. As a result, a BH forms due to an energy pulse resulting from this
coupling; this is reminiscent of a quench procedure (see appendix of [127]). This is not what
happened in our setup, we simply shot in a classical pulse and artificially absorbed all Hawking
radiation reaching the boundary through an Unruh detector without making assumptions about
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an extra heat bath. The result is the same reparametrisation, but the physical implications are
different as we will see when determining the bulk entropy. We come back to this discussion
in the next Section 5.VI, Chapter 7 and in the Outlook 8.

5.V.a Forgetting the Memory Integrals

To find the expression for the dilaton, we make use of the procedure in Subsect. 5.IV.b; it turns
out the function h(X−) (5.58, 5.59) can be related to the time reparametrisation [121]. The
same result was also found by the authors of [122] by directly integrating the general expres-
sion for the dilaton.

From the condition of perfect absorption :Tvv: = 0 and the covariant stress tensor (5.41b)
follows

Tvv =
c

24π
{f(v), v} (5.74)

at the boundary where v = t. Since this really transforms as a tensor we get

T−− =
1

f ′(v)2
Tvv (5.75)

Together with the following expression as a result from (5.36, 5.66a)

d

dv
{f(v), v} = −k{f(v), v} (5.76)

we find (5.67)

T−− = − φr
8πGN

1

f ′(v)2
∂v{f(v), v} (5.77)

Using the chain rule to write ∂v = f ′(v)∂−, and using the Leibniz rule to acquire

f ′′(v) = ∂vf
′(v)

= f ′(v)∂−f
′(v) (5.78a)

f ′′′(v) = f ′(v)∂−f
′′(v)

= f ′(v)
[
∂−f

′(v)
]2

+ f ′(v)2∂2
−f
′(v) (5.78b)

To promote clarity, we did not write v(X+) explicitly. Next, we can work out the derivative
acting on the Schwarzian (5.34)

{f(v), v} = −1

2
[∂−f

′(v)]2 + f ′(v)∂2
−f
′(v)

⇒ 1

f ′(v)2
∂v{f(v), v} = ∂3

−f
′(v) (5.79)

such that (5.77)

T−− = − φr
8πGN

∂3
−f
′(v) (5.80)

Identification with (5.59) leads to the conclusion

h(X−) = f ′[v(X−)] (5.81)

and plugging this into the general expression (5.58) brings about an expression for the dilaton
in terms of the reparametrisation f(t)

φ = 2φr

[
1

2

f ′′(v)

f ′(v)
+

f ′(v)

f(u)− f(v)

]
(5.82)

Using the reparametrisation f(t) = t results in the dilaton profile for the Poincaré vacuum.
Likewise, using the one from the static BH solution (5.44) leads to (5.43).
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5.VI The Semiclassical Entanglement Entropy

To find islands through the QES formula, we require an expression for the semiclassical en-
tropy of the bulk fields across the spacelike interval between the island and the boundary. The
fact that this interval is anchored on the holographic boundary provides us with an entropy
evolving in boundary time t. Since the matter sector does not couple to the dilaton directly,
we can treat it as a QFT on a fixed background. Moreover, since information is preserved
along null lines, we will be able to interpret our setup as a boundary observer with an Unruh
detector calibrated according to their vacuum in boundary coordinates (u, v) who measures
the entanglement between the radiation already captured (early time) and the radiation yet
to come out of the EBH (late time). Our setup differs from most papers given that we are
removing one set of movers by absorbing it through the Unruh detector, effectively turning it
into a chiral CFT (more on this in the following chapter).

Let us start in flat space ds2 = −dX+dX− and measure the entropy across a single in-
terval for a massless free scalar with respect to the vacuum |0+〉 [43, 148, 154, 159]. For
a free massless scalar, the CFT decouples in a rightmoving and leftmoving part, thus we
can calculate the contribution to the entropy from these modes separately across intervals
[X+

1 , X
+
2 ] and [X−1 , X

−
2 ]

S =
c

12
ln

(X+
1 −X

+
2 )2

δ1δ2
+ (X+

i → X−i ) (5.83)

where δi are the cutoffs in the points (X+
i , X

−
i ) as measured by an observer in their frame.

Alternatively, we can look at the entropy with respect to another vacuum |0u〉 related to the
original vacuum by a conformal transformation u(X+), similarly for v(X−)

S =
c

12
ln

(u1 − u2)2

δ̂1δ̂2

+ (ui → vi) (5.84)

with cutoffs δ̂i as measured by an observer in the (u, v) frame.
These cutoffs are related to how the clocks tick for the observers in the different frames

δ̂i = u′iδi which is not surprising as they have their detectors calibrated to a different vacuum;
hence also to a different time coordinate with respect to which they define positive frequency
modes. Plugging this relation into (5.84) leads to

S =
c

12
ln

(u1 − u2)2

u′1u
′
2δ1δ2

+ (ui → vi) (5.85)

which is invariant under Lorentz boosts because the product of the cutoffs on the leftmoving
and rightmoving modes is boost-invariant and can be interpreted as the square of a proper
length measured on a spatial slice [159]. In these new coordinates, the metric is ds2 =
−∂uX+∂vX

−dudv = −e2ωdudv and the entropy can alternatively be written as

S =
c

6
(ω1 + ω2) +

c

12
ln

(u1 − u2)2

δ1δ2
+ (ui → vi) (5.86)

In [159] it was conjectured that this is the correct analogue for a curved spacetime as
there is no global inertial frame; we are free to choose coordinates and measure the entropy
with respect to the vacuum accordingly. Local Lorentz transformations leaving the metric in
X± invariant also leave the entropy invariant and moreover, this expression is invariant under
Möbius transformations of (u, v) which preserve the metric and stress tensors.

We can now apply this procedure to our setup in AdS2

ds2 = − 4

(X+ −X−)2
dX+dX− = −4∂uX

+∂vX
−

(X+ −X−)2
dudv (5.87)
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A bulk interval is depicted in Fig. 5.7. By following [148] we obtain

Sbare =
c

6

(
ln

2

X+
1 −X

−
1

+ ln
2

X+
2 −X

−
2

)
+

c

12
ln

(X+
1 −X

+
2 )2

δ1δ2
+ (X+

i → X−i ) (5.88)

Figure 5.7: Entropy measured across a bulk interval. The entanglement wedges for the biparti-
tioning of the Cauchy slice Σ are also depicted.

However, a boundary observer in the coordinate frame (u, v) would calibrate their Unruh
detector with respect to their vacuum, so we should subtract a reference entropy

Sref =
c

6

(
ln

2∂uX
+
1 ∂vX

−
1

X+
1 −X

−
1

+ ln
2∂uX

+
2 ∂vX

−
2

X+
2 −X

−
2

)
+
c

12
ln

(u1 − u2)2

δ1δ2
+ (X+

i → X−i , ui → vi) (5.89)

from the bare entropy to obtain a renormalised quantity

Sren = Sbare − Sref

=
c

12
ln

(X+
1 −X

+
2 )2

∂uX
+
1 ∂uX

+
2 (u1 − u2)2

+ (X+
i → X−i , ui → vi) (5.90)

Note that is indeed what a boundary observer would measure, for the expression does not
rely on any boundary-intrinsic UV cutoff anymore. Both Sref and Sren have a similar UV cutoff
behaviour near the boundary.

The same formula can be found by starting with the expression for the entropy in X±

(5.83) and subsequently subtract a reference entropy with X+(u) = u,X−(v) = v by making
the analogy with a moving mirror [43]. In this context, the authors established a relation
between the renormalised entropy and the two-point correlation function of the stress tensor
C(z1, z2). They obtained a negative renormalised entropy, suggesting that the vacuum has
less correlations and is therefore more disordered

Sren = − c

24
ln
C

C0
(5.91)
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It is reminiscent of the Casimir effect and vacuum polarisation near BH horizons.
For a two-sided interval, the procedure can be repeated by adding a term c

6 ln η dependent
on the cross ratio

η =
X+

1 −X
−
1

X+
1 −X

−
2

X+
2 −X

−
2

X+
2 −X

−
1

(5.92)

One could argue that we are working in a boundary CFT. For that reason, we should add
to the one-sided interval the Affleck–Ludwig boundary entropy ln g, and to the two-sided case
a term lnG(η) related to the operator product expansion (OPE) coefficient of the two-point
function [160]. However, by setting absorbing BC the boundary can be seen as ‘transparent’
and this term is therefore not vital.

5.VI.a Twist Fields Derivation

The formula (5.86) has been proven in [14] by making use of the twist fields we introduced in
Subsect. 2.II.a, we reconstruct the argument here.

The replica manifold has singularities at the endpoints of the interval, so we introduce an
IR length scale and set it equal to the AdS scale to define renormalised entropies. This local
regulator gets absorbed into the normalisation of the twist fields.

Under our Weyl transformation of interest g → e2ωg, Eqs. (2.52, 2.55) become〈
T1T̃2

〉
e2ωg

= (e−ω1)hn(e−ω2)hn
〈
T1T̃2

〉
g

(5.93a)

Se2ωg = Sg +
c

6

∑
endpoints

ω (5.93b)

When the interval only contains one point in the bulk and the other one is anchored to the
boundary, we only need one insertion; for twist fields inserted at the boundary are topological
and contribute nothing 〈

T (Z+, Z−)
〉

=
gn

(Z+ − Z−)hn
(5.94)

The coordinates Z± are the Weyl-rescaled coordinates associated with the Weyl-rescaled
metric g. In the n→ 1 limit we find the vN entropy through (2.54)

S =
c

6
ln
(
Z+ − Z−

)
+ ln g (5.95)

where the last term is the Affleck-Ludwig boundary entropy: ln g = − limn→1 ∂n ln gn by using
l’Hôpital’s rule [160].

For a two-sided interval, we have to take the cross ratio into account (5.92), but in the
Weyl-rescaled coordinates Z±. Furthermore, the OPE coefficient of the two-point function for
twist fields has no fixed form, it depends on the theory of interest〈

T1T̃2

〉
=

Gn(η)

[(Z+
1 − Z

+
2 )(Z−1 − Z

−
2 )η]hn

(5.96)

Again, we take the limit n→ 1 (2.54) to acquire

S =
c

6
ln[(Z+

1 − Z
+
2 )(Z−1 − Z

−
2 )] +

c

6
ln η + lnG(η) (5.97)

Now, by setting Z± = X± and rescaling the metric with the appropriate Weyl factor (5.87)

ds2 = −dZ+dZ− → − 4

(X+ −X−)2
dX+dX− (5.98)

followed by applying the transformation formula (5.93b) to (5.97), we obtain the same formula
(5.88) from our previous heuristic derivation. There are no cutoffs δi present as they were
assumed to be absorbed in the twist field normalisation.



Chapter 6

An Archipelago from the Boundary

In this chapter we search for islands in the setup we described in Sect. 5.V. Additionally, we
give an operational meaning to the different regions in our spacetime from the perspective of
the boundary observer. For the entropy we employ the usual method, i.e. the ‘drop the bound-
ary cutoff’ method. We will take the cutoff into account and use the renormalised entropy to
find islands in the following chapter.

The first section forms one of the cornerstones of this thesis as it gives a natural perspec-
tive for the entropy as measured by a boundary observer. Of course, this point of view makes
more sense when using the renormalised entropy due to the calibration of the observer’s Un-
ruh detector. Afterwards, a warning is appropriate as we enter the more technical parts and
at last set sail towards an archipelago.

6.I The Boundary Observer Perspective

In the previous chapter we introduced our model for an EBH in JT gravity without specifying
a heat bath. We took the perspective of a boundary observer who follows the holographic
boundary curve with an Unruh detector in hand, absorbing all the outgoing radiation from the
BH. This effectively turned our CFT into a chiral CFT since only one set of movers remains.

As a direct consequence, to calculate the entropy of a bulk interval we need not make use
of the image charge trick [143]. Since information is preserved along null lines, the entropy of
an interval is determined by the radiation which goes through this interval. If we had two sets
of movers and reflecting BC, an outgoing mode could get reflected off the boundary, become
an ingoing mode and get captured by the interval. Equivalently in computing this entropy, one
could mirror the interval with respect to the boundary and use transparent BC. An outgoing
mode would then get captured by this image interval instead of reflecting off the boundary
first. This entropy becomes a two-sided interval entropy; hence one should use the prefactor
c/6 and add an extra contribution stemming from the cross ratio η. This situation is depicted
in Fig. 6.1.

64
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Figure 6.1: The image charge trick. Left we have a CFT with reflecting BC; an initial rightmover
reflects off the boundary and gets captured by the interval. Right we show the same computation
by using transparent BC; the same rightmover will now get caught by this illusionary interval behind
the boundary.

For the radiation region, we take it to be the interval stretching from (σ, σ) up until (u = t, σ/2)
along the pulse [148]. We can imagine that as soon as the Unruh detector starts absorbing
radiation, a heat bath develops behind the boundary which grows as more radiation is getting
absorbed – some kind of internal spacetime for the detector. In this heat bath, a horizontal
slice is equivalent to the radiation region as the latter can be mapped to the interval by moving
along an outgoing null ray. This links our setup with the usual setup in which a flat space heat
bath is glued to the boundary. However, we need not specify a particular metric for this region.
The only property it needs is for it to act as a heat bath for the radiation. A full Cauchy slice of
this extended spacetime is nothing more than the union of these three intervals: I ∪ BH∪R.
This view is illustrated in Fig. 6.2.

Figure 6.2: The external heat bath. The mentioned radiation region along the pulse is shown, σ
is small to keep the interval spacelike. We can add an external system where the radiation caught
by the observer is stored. No metric is required to be defined in this region. Actually, every interval
beginning at the left null ray and ending on the right one constitutes a correct radiation region. In
particular, a part of the boundary suffices.

This information preservation along null lines also give rises to a nice interpretation of the
island. Given that all radiation can be seen as originating from the pulse v = 0, to each interval
along the pulse we can associate an interval which lies along the holographic boundary curve
by shifting it over an outgoing null line (as shown in Fig. 6.3). An observer starting at t = 0
moving along the boundary will start collecting radiation and its associated interval along the
pulse will grow. The entropy the observer measures is then a measure for the entanglement
between the early radiation – the collected radiation R and the island region I – and the late
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radiation – the radiation yet to escape BH. Hence, for each t we can divide our boundary
and pulse into three intervals each encoding a specific part of the total radiation. Since an
island region extending to the exterior captures the part between the island and the horizon,
we call this the very late radiation. The two points dividing the pulse in these three parts are
the location of the boundary observer u = t (early vs late) and the island itself (late vs very
late) giving the dilatonic contribution.

Figure 6.3: The division of the outgoing radiation. Each part of the radiation originating from the
pulse gets captured by the associated boundary interval. Specifically, the green interval is what
the observer already detected. Again, the island lacks a scrambling time behind the boundary
time.

Figure 6.4: The final island. The island eventually ends up at the same location as the observer
on the boundary. There is no BH anymore, a full Cauchy slice is given by I ∪R. At this point, the
observer has caught all the outgoing radiation and can construct the interior (in purple).

As the boundary observers moves to t → +∞ and ends at f∞, the Unruh detector will
have collected all the outgoing radiation from the EBH resulting in full knowledge and a zero
entropy: I and BH continuously claim less and less of the radiation. Eventually, BH disap-
pears and a full Cauchy slice is now established by Σ = I ∪ R (see Fig. 6.4). If the quantum
state was pure on this Cauchy slice, then surely S(BH) = S(I ∪ R) = S(Σ) = 0. Therefore,
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we expect that the island eventually recedes to this boundary point for t→ +∞. The captured
radiation can be used to almost fully reconstruct the BH interior – the part lying within the EW
of the island and the only region relevant for the observer. Notice how the island region is
associated to the remaining interval above the boundary point at f∞. Had we not taken this
into account, information had been lost and the observer would not be able to reconstruct the
interior. This is a clear difference between information loss and preservation when incorporat-
ing the existence of such an island. At this point, the scrambling time is zero since the island
and the boundary observer coincide; all the information is immediately available!

(a) (b)

Figure 6.5: (a) An island in front of the horizon after the pulse. The observer could by acting on
his radiation R decode everything which lies inside the purple EW of the island region, including
a diary. This EW partially consists of the outgoing radiation which has yet to be released – the
very late radiation. (b) The island before the pulse. We are free to deform BH within its EW, doing
so leads to a different intersection with the pulse. To be consistent, it must capture the radiation
stemming from the part lying within the EW.

It is interesting to discuss the difference between the island lying in the interior or in the
exterior – Fig. 6.3 vs Fig. 6.5a. An island which lies in front of the horizon captures a part of
the radiation the observer has yet to capture, we called this the very late radiation. Addition-
ally, the EW of the island extends to the exterior meaning that the observer can reconstruct
that part of spacetime with the radiation he already has access to. This includes a diary which
enters the EW of the island but has not reached the horizon yet. One could ask themselves
whether it violates causality or not. The first appearance of such an island was in [155] for an
eternal AdS2 BH; causality was restored by means of the quantum focussing conjecture [161].
Other cases also report a possible island extending to the outside [157, 162–166]. Consider-
ing quantum corrections to the event horizon, it was suggested that the island may be inside
the stretched horizon [167] but outside the classical horizon [164]. In higher-dimensional sys-
tems this effect can be explained in terms of EW nesting [104, 106, 162, 168].

Finally, for the island lying before the pulse there is another interesting phenomenon
(Fig. 6.5b). Since radiation only departs from the pulse onwards, it should not capture any
outgoing radiation: there is no EBH sending out radiation yet. If the island is nontrivial, the is-
land region actually captures nothing but has a contribution only stemming from its boundary.
Nevertheless, the BH region now also partially lies in this region of spacetime without radia-
tion. Naturally, one would think that the radiation which gets captured would be that between
u = t and where BH intersects the pulse. Despite that, from Ch. 2 we know we can freely
deform the interval within its causal diamond – the EW. Hence, we can deform the interval
such that the intersection with the pulse changes, resulting in an increase or decrease in the
amount of radiation it captures. This seems paradoxical at first because such deformations
leave the entropy invariant, yet we can ‘freely’ choose how much radiation it captures. Analo-
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gously, this would also change the interval on the boundary curve it describes. The island after
the pulse has no such problems. It would be therefore more natural if the BH region captures
only the radiation within its EW. This would be the radiation between u = t and the island
mapped to the pulse along a null line. Only in this way the description remains consistent.

6.I.a Poincaré vs Boundary Coordinates

In Ch. 5 we found the time reparametrisation associated to an EBH (5.69). Furthermore,
we observed that by using this coordinate transformation X+(u) = f(u), X−(v) = f(v), the
boundary coordinates (u, v) can only look up to the horizon atX+ = f∞ (Fig. 5.5). Hence, we
immediately encounter a difficulty; when looking for islands using the boundary coordinates
we can never find an island lying behind the horizon. So, one would be tempted to always use
the Poincaré coordinates. This is not immediately feasible when searching for islands behind
the pulse because the dilaton expression can only be written using the parametrisation if one
uses the boundary coordinate v (5.82). Since generally v ≤ t, and thus f(v) ≤ f(t), it poses
no problem to use v as we will not be reaching the limit value in this direction. It only excludes
a small region of possible islands – the region above F = f∞. However, such islands would
always lie inside the lightcone of the boundary observer, resulting in a timelike interval t > v.
Alternatively, one could use the integral expression instead which is reconcilable with Poincaré
coordinates at the cost of analytical simplicity(5.57a, 5.57b).

Due to these considerations, we could look for islands using mixed coordinates (X+, v) in
this regime. The use of mixed coordinates is indeed what is done in some papers. However,
this is generally not a good idea because the value of the entropy can differ in mixed coordi-
nates. Whilst the dilaton as a scalar is invariant under coordinate transformations, the entropy
is only invariant under Möbius transformations because it are precisely only these ones which
leave the vacuum and stress tensor invariant. In mixed coordinates, we would replace X−

by a conformal transformation X−(v) = f(v). This does not leave the vacuum and entropy
invariant because of the anomalous transformation in the stress tensor (5.39a, 5.39b). Ac-
cordingly, one would find different islands in these setups and a different Page curve as well.

Some authors prefer to use mixed coordinates with the Kruskal–Szekeres coordinate W+

instead, they have a similar form as those in the static case (5.54a, 5.54b). Although this is
just a Möbius transformation of the Poincaré coordinates, it is a conformal transformation of
the boundary coordinates. Hence, we can apply the previous discussion on this mixing as
well. Another reason would be that if one uses the cross ratio (5.92) one needs to apply an
equal Möbius transformation on each point in order for it remain a projective invariant. This is
certainly not the case for the Kruskal–Szekeres coordinates.

The bottom line is to be careful when using mixed coordinates; it is advised to stick to a
singular coordinate system instead and evaluate the full Page curve with respect to that sys-
tem. In certain cases, which we will encounter in the following sections, it can happen that
both coordinate systems or mixed coordinates provide us with the same entropy and island.
But this is not true in general. Especially since this requires the island to lie outside the hori-
zon, otherwise the mapping X+(u) = f(u) does not work.

This discussion will be of importance in the next chapter where we make use of the renor-
malised entropy (5.90), forcing us to only use boundary coordinates.

6.II The Radiation and Bekenstein–Hawking Entropy

In Subsect. 6.I we took our radiation regionR to lie along the pulse; this is the interval between
(σ, σ) and (u = t, σ/2) where σ is very small and only there to keep it spacelike (Fig. 6.2)
[148].
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Without loss of generality we set φ0 = 0 and work in units of 2φr/4GN for all coming com-
putations; the evaporation rate k was given in (5.67).

We could now do a quick computation of the entropy solely attributed to this region, equal
to plugging the trivial island I = ∅ into the island formula (4.21).

With σ ≈ 0 we have f(σ) ≈ 0, f ′(σ) ≈ 1, f ′′(σ) ≈ 0 such that (5.88)

S(R) = k ln 4 (6.1)

which has no dilaton contribution and is completely time-independent. The time-dependence
actually resides in the cutoff δX+

2
= f ′(t)δ

S[R(t)] = −2k ln
f ′(t)δ

2
(6.2)

This entropy diverges for t→ +∞ since f ′(t)→ 0.
Because we chose to not take the cutoffs into account in this chapter, we do not discuss

this further and do not use it for our results in the following sections.

The same calculation by making use of the renormalised entropy (5.90) was first done in
[148], through the same steps as before

Sren[R(t)] =
k

2
ln

f(t)2

f ′(t)t2
(6.3)

This entropy starts at 0 and quickly reaches a fixed value, as is seen in Fig. 6.6a, deter-
mined by the limit of f ′(t)t2 found from (B.7a, B.8a, B.9).

lim
t→+∞

f ′(t)t2 =
1

α2
lim

t→+∞

(
t

N(t)

)2

=

(
πTI1

[
2πT

k

])−2

(6.4)

Since by making use of l’Hôpital’s rule

lim
t+→∞

t

N(t)
=

1

I1[α]
lim

t→+∞

t

K0[αe−
k
2
t]

H
=

2

αkI1[α]
lim

t→+∞

e
k
2
t

K1[αe−
k
2
t]

= − 2

αkI1[α]
α (6.5)

Subsequently, by making use of the limit value (5.70) we end up with

lim
t→+∞

Sren[R(t)] = k ln I0

[
2πT

k

]
(6.6)

The plot 6.6a shows S̃ = S/k as a function of kt since both are dimensionless quantities. We
refer to the latter as the island time; it sets a natural timescale for the evolution of the island.
Actually, we could have worked with kf(kt) in the entropy S̃(kt) instead; or work in e−kt/2.
Similarly for the coordinates kX±, ku, kv. In this case, our model would truly have been
dimensionless and the only relevant parameter in our theory would be the ratio k

T – the island
parameter (IP). It determines how rapidly f(t) reaches the horizon value f∞. Alternatively, we
could have multiplied f(t) and the locations with the temperature T instead, also producing a
dimensionless model. However, in light of the island time it seems more natural to use k.
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Regarding the IP, the two limit scenarios can be explained as well.

• Static BH limit: this coincides with the IP going to zero via k → 0 or T → +∞. The
first one is directly equivalent to no evaporation, as seen from the Schwarzian (5.68a) or
the exponential dependence in (5.69). Since k ∝ c, this can be seen as decreasing the
amount of evaporation channels the BH has access to, slowing down the evaporation.
We should be careful in this regard, we implicitly assumed a large central charge c in
order for the graviton contribution to be negligible. The latter corresponds to shooting in
a pulse with infinite energy (5.36). It is ‘non-evaporating’ in the sense that the energy is
infinite and hence decays sluggishly.

• Poincaré limit: this corresponds to a diverging IP. Either by instant evaporation k →
+∞ or by having no pulse at all T → 0.

Unfortunately, in what follows we did not follow this approach. Instead, we varied k and
kept the temperature fixed at T = 1

2π .
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Figure 6.6: (a) The renormalised radiation entropy (6.3) for k = 1 and T = 1
2π . It starts at 0

and asymptotes to the value given by (6.6). (b) The quasistatic approximations. Following the
minimum results in the Page curve. Also note how the radiation asymptotes to twice the initial BH
value.

Interestingly, we can repeat the story for a macroscopic BH. We already know such BHs
have a sluggish evaporation rate k � 1 since the evaporation time is huge (3.26). Therefore,
we can make use of the approximations of the modified Bessel functions (B.1a, B.1a). In [148]
they found that for such a BH

Sren[R(t)] ≈ 2πT
(

1− e−
k
2
t
)

(6.7)

In this case, the BH entropy can be quasistatically approximated by the entropy of the
static solution (5.49c) with the time-dependent effective temperature (5.72)

SBH(t) = πTe−
k
2
t (6.8)

in our chosen units.
By following the minimum of these two curves shown in Fig. 6.6b we obtain the Page curve

with accompanying Page time

ktPage = 2 ln
3

2
(6.9)

However, only the radiation entropy is a fine-grained entropy and stems from using the
island rule; the Bekenstein–Hawking entropy is rather coarse-grained. The QES prescrip-
tion/island rule dictates that we should take the minimum between two fine-grained entropies,
the Bekenstein–Hawking entropy is generally not associated to an island to begin with. With-
out the island formula, there is no instruction telling us to take the minimum. Either way, this
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curve would be consistent with unitarity.
Besides, observe how the radiation entropy goes to twice that of the initial BH value

Sren[R(t → +∞)] = 2SBH(t = 0). This is not a coincidence, because when we look at
their variation we unearth

δSren[R(t)] = −2δSBH(t) (6.10)

It satisfies Zurek’s irreversibility argument [148, 159, 169]. Zurek argued that an EBH in empty
space of D spatial dimensions ends with a Bekenstein–Hawking entropy which is a factor
(D+ 1)/D larger than the initial value; it is an irreversible process. This factor originates from
comparing the increasing entropy of a free Boson gas at TH with the decreasing entropy of a
BH

δS =
D + 1

D

E

TH
dt, δSBH = − E

TH
dt (6.11)

Note that in this case, the factor appears between the Bekenstein–Hawking entropy and a
fine-grained entropy instead; a result from the domination of correlations across the horizon.

6.III The Generalised Entropy

We want to navigate towards the islands, so we begin by denoting the most general expression
for the entropy consisting of the dilaton contribution (5.82) and that of the bulk quantum fields
(5.88) for an interval (u1, v1)→ (u2, v2)

S =

[
1

2

f ′′(v2)

f ′(v2)
+

f ′(v2)

f(u2)− f(v2)

]
+ k ln

(
4
X+

1 −X
+
2

X+
1 −X

−
1

X−1 −X
−
2

X+
2 −X

−
2

)
− k

2
ln δX+

1
δX+

2
δX−1

δX−2
(6.12)

and as a reminder: X+(u) = f(u), X−(v) = f(v). One of our points is anchored to the
boundary, hence we push (u1, v1) to this boundary by setting (5.29a, 5.29b)

u1 = v1 = t (6.13a)

f(u1) = f(v1) = f(t) (6.13b)

f(u1)− f(v1) = 2εf ′(t) (6.13c)

and rename (u2, v2) ≡ (u, v) which eventually becomes the location of the island

S(t, u, v) =

[
1

2

f ′′(v)

f ′(v)
+

f ′(v)

X+ −X−

]
+ k ln

(
2
f(t)−X+

εf ′(t)

f(t)−X−

X+ −X−

)
(6.14)

We ignored the cutoffs. One could argue that we are simply adding a local term to counter
the contribution from the cutoffs, a similar remark can be made for ε, but it is not immediately
clear how we can give this an operational meaning.

We could have chosen to ignore ε as well since its value has no influence on the location
of the island; it only leads to an additive contribution in all cases. But, we keep it in the
expression such that the argument of the logarithm remains dimensionless: it is a spacetime
cutoff and has the same dimension as X±. When discussing results, this contribution will not
be added to our entropy. Because the value is quite arbitrary, it would not be representative to
include this contribution when comparing the entropy with the BH result (6.8) which does not
contain this cutoff.
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6.IV The Pre-Pulse Island

For islands before the pulse, they must satisfy v ≤ 0 ≤ t ≤ u or X− ≤ 0 ≤ f(t) ≤ X+. In
this regime we have f(v) = v = X− and the entropy reduces to (6.14)

Spre(t,X+, X−) =
1

X+ −X−
+ k ln

(
2
f(t)−X+

εf ′(t)

f(t)−X−

X+ −X−

)
(6.15)

6.IV.a Finding the Island

To find the island X , we extremise over the location (X+, X−) leading to the system

∂+Spre = 0 =
−1

(X+ −X−)2
− k

(
1

f(t)−X+
+

1

X+ −X−

)
(6.16a)

∂−Spre = 0 =
1

(X+ −X−)2
+ k

(
−1

f(t)−X−
+

1

X+ −X−

)
(6.16b)

There is one solution corresponding to the bifurcate horizon at (+∞,−∞) with BH being
a full Cauchy slice of the Poincaré patch. At this location, the entropy is equal to the extremal
entropy and a diverging contribution from the bulk, so we will not look further into this solution.
Such an island is equivalent to the trivial island: BH ∪R constitutes a full Cauchy slice in our
extended geometry.

To find nontrivial islands, we start by summing both equations to get

1

X+ − f(t)
+

1

X− − f(t)
= 0

⇒ X+ +X− = 2f(t) (6.17)

Naturally, we assumed both X± 6= f(t) which would otherwise imply u = v = t: a point on
the holographic boundary. By solving for one coordinate and plugging it in either equation
effortlessly leads to the solution

X+
X = f(t) +

1

2k
, X−X = f(t)− 1

2k
(6.18)

with generalised entropy (6.15)

Spre[X (t)] = k[1− ln
(
2εkf ′(t)

)
] (6.19)

Clearly, this entropy starts at a nonzero value and increases limitlessly but with a decreasing
rate (see Fig. 6.7). This sort of island is equivalent to the picture in Fig. 6.5b.

In Ch. 4 we discussed the Hayden–Preskill protocol and determined the scrambling time
(3.28): the minimum time for information to come out if we throw in a diary. For islands, we
established that this is equivalent to the diary entering the EW of the island. Since it takes tscr

for the information to return, the island lies along an incoming null ray a scrambling time in the
past of the boundary observer

tscr = t− vX (6.20)

In this case when recast in island time, we acquire (6.18)

ktscr(t) = k[t− f(t)] +
1

2
(6.21)

As time increases, the scrambling time becomes infinitely large and thrown in information is
lost forever.
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Figure 6.7: Evolution of the entropy associated to the pre-pulse island (6.19) for k = 0.01 and
T = 1
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One might wonder, in light of the discussion in Subsect. 6.I.a, if either using the Poincaré or
boundary coordinates would result in the same island and the same entropy. Although this is
obvious for the v coordinate, there is a slight ambiguity whether we should use X+(u) = u or
X+(u) = f(u) in this part of our spacetime with u > 0.1 From the structure of the expression
(6.15) follows ∂uSpre(t, u,X−) = f ′(u)∂+Spre(t,X+, X−) = 0 as the first island condition.
For general finite u, the derivative f ′(u) is nonzero and can be discarded. Hence, we would
end up with the same island and the same entropy if we had used X+(u) = f(u) instead.
The only difference that might appear is in the existence of the island: u cannot look behind
the horizon, so if the island crosses it – and it will – the solution for u ceases to exist. However,
if the island remains outside for all t there will always be an appropriate u leading to the same
value for the entropy.

6.IV.b Existency Conditions

On account of searching before the pulse, the island is only physical if X− ≤ 0, or if (6.18)

kf(t) ≤ 1

2
(6.22)

Since our reparametrisation starts at f(0) = 0, this island remains physical for at least a
certain time range depending on the IP. The reparametrisation increases monotonically and
reaches it maximum value f∞ at t → +∞, so we can have an island which is supported for
all boundary times t only if

kf∞ ≤
1

2
(6.23)

The horizon value kf∞ was found earlier (5.70), but we retake it here

kf∞ =
1

πT

I0[2πT
k ]

I1[2πT
k ]

(6.24a)

=
k

πT
+

(
k

2πT

)2

+O

[(
k

T

)3
]

(6.24b)

In the last line we expanded for small values of the IP, or equivalently for large arguments of
the modified Bessel functions, making use of (B.2) [14].

Whilst not very elucidating, using this expansion we can make a crude estimation for the

1In the next chapter we will elaborate further on this ambiguity.
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IP at which this condition is saturated

kf∞ =
1

2

⇒ k

πT
+

1

4

(
k

πT

)2

=
1

2
(6.25)

which is a quadratic equation in k
πT and can be easily solved to the sole positive solution

k

T
= 2π

(
−1 +

√
3

2

)
≈ 1.412 (6.26)

Clearly, this approximation is crude because we were expanding for large arguments but for
this value 2πT

k ≈ 4.45, neither big nor small. A numerical computation gives k
T ≈ 1.3846;

maybe our approximation was not that bad after all.
In summary, depending on the IP we obtain two scenarios

• k
T ≤ 1.3846: the island is supported for all t;

• k
T > 1.3846: the island is only supported for a finite range in t.

Therefore, by decreasing the IP we can make sure the island is always physical. In particular,
this holds for macroscopic BHs.

As for the case of the island only having finite support, the boundary time te when it ceases
to exist satisfies

kf(te) =
1

2
(6.27)

This should be found numerically in terms of the modified Bessel functions kf(te)(
k
T ) and

decreases for an increasing IP. This condition can also be found from plugging X− = 0 into
the equations and solving for (X+, f(t)). In the Poincaré limit, the reparametrisation becomes
kf(t) = kt and the island is only supported at kt ≤ 1

2 . The location of the island on the pulse
would be the origin.

Regarding the Hayden–Preskill protocol, islands without full support for the boundary time
range do not have a diverging scrambling time; it rather saturates to tscr = te (6.21), not very
surprising.

As f∞ is the horizon of the EBH, we can determine if the island lies in front of or behind
it: X+ > f∞. Due to monotonicity, the island remains inside if it was initially behind or on the
horizon at t = 0

kf∞ ≤
1

2
(6.28)

which is exactly the same condition as for the island to exist for all t (6.23). If not, the island
starts in front of the horizon and crosses it at th when

kf(th) +
1

2
= kf∞ (6.29)

For this horizon crossing to be physical the island still needs to exist, or equivalently th ≤ te,
or using the monotonicity of f(t)

kf(th) ≤ kf(te)

⇒ kf∞ ≤ 1 (6.30)
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We can again determine when this value is saturated and coincides with the scenario in
which the island exactly ends at the intersection of the horizon and the pulse. The crude
approximation can be reused to give

k

T
= 2π(−1 +

√
2) ≈ 2.603 (6.31)

Again this is even cruder than the one before, yet it lies close to the numerical computation:
k
T = 2.4312.

We can conclude

• k
T ≤ 2.4312 ⇒ th ≤ te: the island crosses the horizon in finite time and stays behind it
until te;

• k
T > 2.4312⇒ th > te: the island forever stays in front of the horizon until te.

Adjoining this to our previous discussion leads to three scenarios depending on the IP
(Fig. 6.8 shows this dependence):

1. k
T ≤ 1.3846: the island exists for all t, lies behind the horizon, and has a diverging
scrambling time;

2. 1.3846 < k
T < 2.4312: the island starts in front of the horizon, crosses it in finite time th

and stays behind it until te > th. It has a finite scrambling time;

3. k
T ≥ 2.4312: the island starts in front of the horizon and stays there until it reaches its
end at the pulse in finite te with a finite scrambling time as well.

It is interesting to observe that by increasing the IP, we not only limit its existence but also
extract it from behind the horizon. A similar scenario will not happen in the renormalised case.
As argued in Section 6.I.a, the boundary coordinates (u, v) are not fit for islands behind the
horizon.
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Figure 6.8: Dependence of the horizon value kf∞ on the IP. The two saturation values (6.23) and
(6.30) are shown as well.

From the solution (6.18) we can extract its trajectory in the Poincaré patch as

Fpre[X (t)] =
X+

pre +X−pre

2
= f(t) (6.32)

Zpre[X (t)] =
X+

pre −X−pre

2
=

1

2k
(6.33)

The island only evolves in boundary time t at the same rate as f(t), whereas it remains
stationary in the spatial dimension. Considering the three scenarios above, if k remains fixed
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and we change the IP only by changing the temperature T , all three scenarios are part of the
same Z-slice at kZ = 1

2 .
From this viewpoint it is not hard to recast our conditions (6.23, 6.30) into a geometrical

picture, illustrated in Fig. 6.9. Due to the island moving vertically through our Penrose diagram,
te is exactly the time when the island reaches the matter pulse. Hence, there can be no
horizon crossing if the island lies to the right of the intersection between the matter pulse and
the horizon at Z = f∞

2 , and this gives rise to the second condition for the horizon crossing
(6.30).

The island is perennial and never reaches the pulse if it stays to the left of the intersection
between the horizon and the Z-axis. This point coincides with the intersection of the horizon
in the X+ and X− directions: X+ = −X− = f∞ and leads to the position Z = f∞. Again,
the island staying to the left of this point is exactly equivalent to the first condition (6.23).

Figure 6.9: Geometrical representation of the three scenarios.

6.V The Post-Pulse Island

For islands after the pulse, we are searching in the regime 0 ≤ v ≤ t ≤ u or 0 ≤ X− ≤
f(t) ≤ X+, and we need to use the most general expression for the entropy (6.14)

Spost[t,X
+, v] =

[
1

2

f ′′(v)

f ′(v)
+

f ′(v)

X+ − f(v)

]
+ k ln

(
2
f(t)−X+

εf ′(t)

f(t)− f(v)

X+ − f(v)

)
(6.34)

Whilst the expression for the bulk entropy stays the same, we should insert X− = f(v)
precisely because the dilaton needs to be rewritten into a function of v if we do not want to
make use of the memory integrals (5.57b). A consequence of this fact is that we cannot look
behind the horizon in the X−-direction, but this poses no problem as argued in Subsect. 6.I.a.

6.V.a Finding the Island

We start by extremisation with respect to X+

∂+Spost = 0 =
−f ′(v)

[X+ − f(v)]2
− k

(
1

f(t)−X+
+

1

X+ − f(v)

)
(6.35)

to find a solution in terms of (t, v)

X+
X (t, v) =

f ′(v)f(t)− kf(v)[f(t)− f(v)]

f ′(v)− k[f(t)− f(v)]
(6.36a)

= f(t) + k
f(t)− f(v)

f ′(v)

[
1

f ′(v)
− f(v)

]
+O(k2) (6.36b)
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In the last line we expanded the denominator to linear order in k, one should actually think of
this as expanding kX+

X for small values of the IP.
Note that if t→ +∞, automatically u→ +∞ due to the condition t ≤ u. Plugging this into

the above equation results in X− = X+ = f∞. This is exactly what we would expect from
our discussion in Sect. 6.I: the island ends on the boundary point where the observer ends. It
remains to be seen whether v → +∞ satisfies the second condition or not of course.

Should we be careful in using mixed coordinates (X+, v)? Because the entropy (6.34)
only explicitly depends on X+, one would have ∂uSpost(t, u, v) = f ′(u)∂+Spost(t,X

+, v) = 0,
so the same remarks can be made as in the pre-pulse case.

The other condition is much harder to solve, precisely due to the complicated expression
for the dilaton

∂vSpost = 0 =
1

2
∂v
f ′′(v)

f ′(v)
+

f ′′(v)

X+ − f(v)
+

(
f ′(v)

X+ − f(v)

)2

+ kf ′(v)

[
1

X+ − f(v)
− 1

f(t)− f(v)

]
(6.37)

in which we should set X+ → X+
X (t, v). Using the solution (6.36a) we can simplify this

expression somewhat

X+
X (t, v)− f(v) =

f(t)− k f(v)
f ′(v) [f(t)− f(v)]

1− k
f ′(v) [f(t)− f(v)]

− f(v)

=
f(t)− f(v)

1− k
f ′(v) [f(t)− f(v)]

⇒ f ′(v)

X+
X (t, v)− f(v)

=
f ′(v)

f(t)− f(v)
− k (6.38)

such that the first term of this expression cancels out with the last term in the v-condition
(6.37)

∂vSpost = 0 =
1

2
∂v
f ′′(v)

f ′(v)
+

f ′′(v)

X+
X (t, v)− f(v)

+

(
f ′(v)

X+
X (t, v)− f(v)

)2

− k2 (6.39)

It is interesting to see that to linear order this condition reduces to ∂vSdilaton,post = 0 which
would be the one stemming from the RT formula. On the other hand, this condition gives the
trajectory of the apparent horizon in terms of X+

ah(v) in function of the independent parameter
v if we did not specify X+. Perspicuously, since we have the extra condition on X+ this differs
from the apparent horizon as solving this equation results in vX (t). The quantum contribution
is purely the last term −k2 due to the particular form of X+

X (t, v).
The dilaton contribution still remains as complex as ever. By using some results from

Appendix B.II we try to reduce the complexity as fit for a numerical approach. To this end, we
start with grouping the results as a good reference point for later

f(t) =
1

πT

A(t)

N(t)
(6.40a)

f ′(t) =
1

[αN(t)]2
(6.40b)

f ′′(t) = 2πTe−
k
2
tf ′(t)

B(t)

N(t)
(6.40c)

∂t
f ′′(t)

f ′(t)
= 2(πT )2e−kt

[
−1 +

(
B(t)

N(t)

)2
]

(6.40d)
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with functions

A(t) = I0

[
2πT

k

]
K0

[
2πT

k
e−

k
2
t

]
−K0

[
2πT

k

]
I0

[
2πT

k
e−

k
2
t

]
(6.41a)

N(t) = K1

[
2πT

k

]
I0

[
2πT

k
e−

k
2
t

]
+ I1

[
2πT

k

]
K0

[
2πT

k
e−

k
2
t

]
(6.41b)

B(t) = K1

[
2πT

k

]
I1

[
2πT

k
e−

k
2
t

]
− I1

[
2πT

k

]
K1

[
2πT

k
e−

k
2
t

]
(6.41c)

Note that all functions can be rewritten in terms of the variable exp
(
−k

2 t
)
, this can be exploited

in a numerical setup.
First, notice that since f ′′(v) ∝ f ′(v), the second term in the v-condition (6.39) can be

written as
f ′′(v)

X+
X (t, v)− f(v)

= 2πTe−
k
2
v B(v)

N(v)

f ′(v)

X+
X (t, v)− f(v)

(6.42)

From this we can write the second and third term as

∂v
f ′(v)

X+ − f(v)

∣∣∣∣
X+
X (v,t)

=

[
f ′′(v)

f ′(v)
+

f ′(v)

X+
X (v, t)− f(v)

]
f ′(v)

X+
X (t, v)− f(v)

=

[
2πTe−

k
2
v B(v)

N(v)
+

f ′(v)

X+
X (t, v)− f(v)

]
f ′(v)

X+
X (t, v)− f(v)

(6.43)

Combining this with (6.38) we ultimately obtain

0 = (πT )2e−kv

[
−1 +

(
B(v)

N(v)

)2
]

+

[
2πTe−

k
2
v B(v)

N(v)
+

f ′(v)

f(t)− f(v)
− k
] [

f ′(v)

f(t)− f(v)
− k
]
− k2 (6.44)

We can now already verify our prediction to which we alluded before by taking the limit
v → +∞. Hence, f(v)→ f∞, f

′(v)→ 0 and by combining (6.40a, 6.40c) with (B.7a, B.7b)

lim
v→+∞

e−
k
2
v B(v)

N(v)
∝ lim

x→0
x
K1[αx]

K0[αx]
= 0 (6.45)

So, the limit v → +∞ indeed satisfies the condition and we have therefore proven our predic-
tion. One may now ask whether we should have taken the limit t → +∞ first; and yes, this
is indeed the correct order. By employment of l’Hôpital’s rule one can easily check that the
condition is again satisfied

lim
v→+∞

f ′(v)

f∞ − f(v)

H
= − lim

v→+∞

f ′′(v)

f ′(v)
∝ lim

v→+∞
e−

k
2
v B(v)

N(v)
= 0 (6.46)

Since we have to find vX numerically, there is not an immediate expression available for
the scrambling time. But it is expected to be decreasing as the island recedes to the boundary
where the scrambling time is zero.

6.V.b The Initial Island

We expect that as t increases, so does vX until it reaches its final value at the boundary
X+ = X− = f∞. It follows that the earliest moment t0 for the island to come into existence is
when vX = 0. This leads to the quadratic equation (6.44)

(πT )2 − 1

f(t)2
+

2k

f(t)
= 0 (6.47)
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and can easily be solved to get the result

1

kf(t0)
= 1 +

√
1 +

(
πT

k

)2

(6.48)

where we chose the plus sign to acquire a positive answer. This can be inverted to

kf(t0) =
1

1 +

√
1 +

(
πT
k

)2
=

(
k

πT

)2
√1 +

(
πT

k

)2

− 1

 (6.49)

The expression is what one would expect from solving the quadratic equation to g(t) = 1
f(t) ,

observe how this initial time is only dependent on the IP.
By considering the limit values of the IP, we find that kf(t0) is bounded by 0 and 1

2

lim
k
T
→0

1

1 +

√
1 +

(
πT
k

)2 = 0 (6.50a)

lim
k
T
→+∞

1

1 +

√
1 +

(
πT
k

)2 =
1

2
(6.50b)

From (6.49) we can find the starting value kt0 for every IP and it turns out to be bounded as
well

0 ≤ kt0 ≤
1

2
(6.51)

For large values of the IP, the initial time quickly asymptotes to kt0 = 1
2 precisely because

f(t)→ t in this limit.
We can plug this into (6.38) to find the initial location on the pulse, we could call the

combination (kt0, kX
+
0 ) the IP address of the island

kX+
0 (t0, 0) =

kf(t0)

1− kf(t0)
(6.52a)

=
1√

1 +
(
πT
k

)2 (6.52b)

This expression is the same as the one found in [14] when looking close to the pulse. More-
over, because kf(t0) is bounded, we also find a bound on this quantity

0 ≤ kX+
0 ≤ 1 (6.53)

From this perspective, the two special values for the IP from the discussion in the pre-pulse
island do not translate to special scenarios for the post-pulse island (Subsect. 6.IV.b).

Of particular interest, we can look for which IP the island already starts behind the horizon
kf∞. For this purpose, however, it is easier to check whether the initial location can even
reach the would-be horizon k

πT associated to the static solution

kX+
0 (0, t0) =

k

πT

⇒ πT

k
=

√
1 +

(
πT

k

)2

(6.54)
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Obviously, this leads to a false equation except in the limit for the IP to 0, and the would-be
horizon just becomes the origin at kX+ = 0. Therefore, the island inevitably starts on the
pulse in front of the would-be horizon; this value increases more rapidly than kX+

0 (0, t0).
Consequently, the island never starts at or behind the true horizon. The behaviour of all
mentioned functions are shown in Fig. 6.10.
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Figure 6.10: The IP address. The initial values (kt0, kX
+
0 ) plotted as a function of the IP. The

would-be and true horizon are also plotted as a reference, along with the bounds kt0 = 1
2 and

kX+
0 = 1.

We can also infer the initial entropy (6.34, 6.52b)

Spost(t0, X
+
0 , 0) =

1

X+
0

+ k ln

(
2
f(t0)−X+

0

εf ′(t0)

f(t0)

X+
0

)

= k

√1 +

(
πT

k

)2

+ ln

(
2
k

ε

f(t0)2

f ′(t0)

) (6.55)

This expression depends on the IP through t0, but there is also an explicit k-dependence
within the logarithm. Its value diverges for IP→ 0.

6.V.c Using the Approximation

If the IP is very small, we can make use of the approximations (B.18–B.21)

f(t) = f∞ tanh

(
2πT

k
[1− e−

k
2
t]

)
(6.56a)

f ′(t) = πTf∞e
− k

2
t

[
1−

(
f(t)

f∞

)2
]

(6.56b)

f ′′(t) = −k
2
f ′(t)

[
1 +

4πT

kf∞
e−

k
2
tf(t)

]
(6.56c)

∂t
f ′′(t)

f ′(t)
= −2πT

f∞
e−

k
2
t

[
f ′(t)− k

2
f(t)

]
(6.56d)

We start with

f ′′(v)

X+
X (t, v)− f(v)

= −k
2

[
1 +

4πT

kf∞
e−

k
2
vf(v)

]
f ′(v)

X+
X (t, v)− f(v)

(6.57)
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from which follows that the second derivative in the v-condition combined with (6.38) results
in

∂v
f ′(v)

X+ − f(v)

∣∣∣∣
X+
X (t,v)

=

[
f ′(v)

f(t)− f(v)
− k
] [

f ′(v)

f(t)− f(v)
− 3

2
k − 2πT

f∞
e−

k
2
vf(v)

]
(6.58)

The equation to solve becomes (6.39)

0 =− πT

f∞
e−

k
2
v

[
f ′(v)− k

2
f(v)

]
+

[
f ′(v)

f(t)− f(v)
− k
] [

f ′(v)

f(t)− f(v)
− 3

2
k − 2πT

f∞
e−

k
2
vf(v)

]
− k2 (6.59)

6.VI Results & the Page Curve

The result of the post-island entropy for k = 0.01 is plotted in Fig. 6.11, this was numerically
computed by making use of the approximated equations mentioned in the previous subsec-
tion.

Immediately apparent from the figure is the similar behaviour between the total entropy
and the BH entropy. This is due to the tiny bulk contribution such that the dilaton dominates
the total entropy leading to similar behaviour for both. It seems to confirm the claim that the
entropy beyond the Page time can be well approximated by the BH entropy to which we al-
luded in Subsect. 4.III. However, the bulk contribution slightly increases with island time. This
is not what we would expect: since the island moves towards the horizon, the bulk interval
decreases in size until it vanishes at infinity (see Fig. 6.13). This contribution might start
decreasing at a later time not on the figure, this requires a large precision numerically.
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Figure 6.11: The post-island entropy for k = 0.01, T = 1
2π computed via Eq. (6.59). We show

how both contributions, dilaton and bulk, contribute to the total entropy. The BH entropy is also
plotted and lies very close to the dilaton part. The initial time according to (6.49) is depicted as
the vertical line.

Combining the result from the post-island with those of the pre-island (6.19) finally leads to
the Page curve as depicted in Fig. 6.12. As is evident, the Page curve first follows the entropy
associated to the pre-pulse island and switches dominance at the Page time. At this moment,
the post-pulse island becomes the new minimum and leads to a decrease reminiscent of the
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BH formula. Eventually, the entropy returns to zero after an infinite boundary time.2

How the island exactly moves through the Poincaré patch is illustrated in Fig. 6.13. The
pre-pulse island in this case corresponds to an IP value of 2 which constitutes the second
scenario in 6.IV.b. The vertical trajectories of the pre-pulse island for different IP values only
differ in the Z-direction whilst the trajectories for the post-pulse island remain qualitatively the
same.
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Figure 6.12: The Page curve for k = 0.01, T = 1
2π computed via the approximation for small k.

The Page curve itself is shown in green: it starts at a nonzero values, rises due to the pre-pulse
island and eventually jumps to the post-pulse island at the Page time to decrease.

Figure 6.13: The island trajectory for k = 1
π , T = 1

2π corresponding to an IP of 2. The island
giving the Page curve is depicted in red. At the Page time, the island switches dominance to the
post-pulse case. Eventually, it ends on the same boundary point as the observer. The pre-pulse
island ceases to exist when it hits the matter pulse. The bifurcate island with a diverging entropy
is denoted as well.

2One could find an approximate formula for the Page time by equalling the two entropies and expanding them
for small values of t. However, the Page time is not that small, it would probably not yield a very accurate result.
This approach is explained briefly in Appendix B.IV.
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For k = 1
π we cannot make use of the approximate expressions anymore and have to solve

(6.44) with the reparametrisation including the modified Bessel functions. The results for the
post-island entropy and the Page curve in this case are shown respectively in Fig. 6.14a and
6.14b.

The birth of the post-pulse island now happens at a later time, in accordance with (6.49).
Although the total entropy, dilaton and BH entropy behave in a similar way, they do quite differ
in their values. Even the bulk entropy remains relatively large with respect to the total entropy
and the dilaton contribution, and increases more rapidly than for smaller values of k. We
expect the BH approximation to break down for increasing values of the evaporation rate k or
even the IP, this formula was only valid for small values anyway.

A similar observation can be made from the Page curve. The BH entropy decreases more
rapidly, its initial value lies closer to that of the pre-island, and the Page time is larger. It seems
that a larger IP value also yields a smaller distance between the initial time for the post-island
and the Page time. We suspect that in the limit of large IPs they coincide or perhaps the
Page transition rather becomes discontinuous if tPage > t0. Since the pre-pulse island is not
perennial for this IP, it may be that at larger values there is a gap in the entropy if the initial
time of the post-pulse island is larger than the end time of the pre-pulse island.
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Figure 6.14: (a) The post-island entropy for k = 1
π , T = 1

2π . Its birth is at a later time, the
contribution of the bulk entropy is relatively larger and the Bekenstein–Hawking entropy does not
form a good approximation. (b) The Page curve for k = 1

π , T = 1
2π . It has a larger Page time

than the previous case, it also lies closer to the initial time of the post-pulse island. Because of the
limited existence of the pre-pulse island, it perishes at kte determined by (6.27).

As a side note, we plotted the scrambling time for the post-pulse island in Fig. 6.15. Obviously,
the initial scrambling time is equal to the initial time of the post-pulse island when vX = 0.
Afterwards, it increases with a rate which slows down. When the post-pulse island eventually
recedes to the boundary point, its scrambling time should vanish accordingly: t = vX at that
point. From this observation, there will be a point from henceforth it starts to dwindle. This
explains the behaviour seen in the graph.
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Figure 6.15: The post-pulse scrambling time for k = 1
π , T = 1

2π . Initially, it starts at the same
value as the initial island time and increases up to a certain point. Afterwards, it should abate
towards zero for an infinite boundary time.

At last, we can take a look at the Zurek argument presented in Sect. 6.II. Numerical cal-
culations show that for k = 0.01 and k = 1

π respectively

δSpre

δSpost
= −4→ −5,

δSpre

δSpost
= −4→ −20 (6.60)

Despite being a varying value and its absolute value increasing with time, its larger than
the expected value of 2. This happens more quickly for a higher value of the IP. Zurek’s
irreversibility argument is not satisfied.



Chapter 7

Renormalised Islands

Previously in this thesis, we explored the calculations involving islands like how they are usu-
ally done in literature, i.e. by ignoring the cutoff contributions δf(t) = f ′(t)δ. In this chapter, we
finally take these contributions into account by employing the renormalised entropy derived in
Sect. 5.VI. This quantity is independent of the cutoffs and naturally gives a measure for the
entanglement a boundary observer would measure. The perspective from this boundary ob-
server, discussed in Sect. 6.I, is still valid. We need not be careful about the coordinates we
adopt since we will always be working in boundary coordinates (u, v), except for one particular
choice.

Qualitatively, the outline of this chapter mimics that of the previous one.

7.I The Generalised Entropy

Again, we first write down the most general expression for the entropy in this case. The
dilaton part stays the same as (5.82) but the bulk entropy is now replaced by the renormalised
expression (5.90) resulting in

S =

[
1

2

f ′′(v2)

f ′(v2)
+

f ′(v2)

f(u2)− f(v2)

]
+
k

2
ln

[f(u1)− f(u2)]2

f ′(u1)f ′(u2)(u1 − u2)2
+
k

2
ln

[f(v1)− f(v2)]2

f ′(v1)f ′(v2)(v1 − v2)2
(7.1)

Once more, we push one point to the boundary by making use of (6.13a, 6.13b)

S(t, u, v) =

[
1

2

f ′′(v)

f ′(v)
+

f ′(v)

f(u)− f(v)

]
+
k

2
ln

[f(t)− f(u)]2

f ′(u)(t− u)2
+
k

2
ln

[f(t)− f(v)]2

f ′(v)(t− v)2
− k ln f ′(t) (7.2)

7.I.a Ambiguity for the Pre-Pulse Island

Similarly, we start with the region before the pulse corresponding to v ≤ 0 ≤ t ≤ u such that
f(v) = v and we explicitly write X+(u) = f(u). The entropy (7.2) becomes

Spre(t, u, v) =
1

X+(u)− v
+
k

2
ln

[f(t)−X+(u)]2

∂uX+(u)(t− u)2
+
k

2
ln

[f(t)− v]2

(t− v)2
− k ln f ′(t) (7.3)

We retake our discussion on what coordinates to use from Sect. 6.I.a. Whilst it is nec-
essary to work with the coordinate u, it leaves an ambiguity whether we should re-express
the Poincaré coordinate X+ as u or f(u). Earlier on, we had the freedom to choose one or
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the other since ∂uSpre(u) = f ′(u)∂+Spre(X+). But now the expression above has an explicit
u-dependence which nullifies this statement. The choice is related to a conformal transforma-
tion leading to a different evolution of the island, ergo the entropy. One could argue that it is
more natural to set X+(u) = u; because for an observer who also existed before the pulse
was shot in, the geometry was unperturbed. Despite that, the island clearly depends on the
geometry before the BH was formed, so it is like the BH remembers some of this information
in order for its entropy to be determined by the island formula. From this viewpoint, it may
be more logical for the boundary observer to use X+ = f(u) instead, with u > 0, as if the
horizon has always been present. Nonetheless, we explore both choices and try to draw a
conclusion from its consequences for the island. We call the situation with X+(u) = f(u) the
Horizon geometry and X+(u) = u the Poincaré geometry.

7.II The Pre-Pulse Island: Horizon geometry

In this section, we begin by setting X+(u) = f(u) in (7.3) and extremise with respect to both
u and v independently

∂uSpre = 0 =
−f ′(u)

[f(u)− v]2
+ k

[
−f ′(u)

f(t)− f(u)
+

1

t− u
− 1

2

f ′′(u)

f ′(u)

]
(7.4a)

∂vSpre = 0 =
1

[f(u)− v]2
+ k

[
−1

f(t)− v
+

1

t− v

]
(7.4b)

One is always free to plug the second condition into the first one to acquire

f ′(u)

[
1

t− v
− 1

f(t)− v
− 1

f(t)− f(u)

]
+

1

t− u
− 1

2

f ′′(u)

f ′(u)
= 0 (7.5)

The v-condition (7.4b) can be solved exactly, leading to two solutions

v±X (t, u) =
1

2

t+ f(t)− 2kf(u)[t− f(t)]

1− k[t− f(t)]

± 1

2

t− f(t)

1− k[t− f(t)]

√
1 + 4k

[t− f(u)][f(t)− f(u)]

t− f(t)
(7.6)

with k-expansions

v±X (t, u) =
1

2
[t+ f(t)] +

k

2
[t− f(t)][t+ f(t)− 2f(u)]

± 1

2
[t− f(t)]± k

2

(
[t− f(t)]2 + 2[t− f(u)][f(t)− f(u)]

)
+O(k2) (7.7)

from which we can separately calculate

v+
X (t, u) = t+ k[t− f(u)]2 +O(k2) (7.8a)

v−X (t, u) = f(t)− k[f(t)− f(u)]2 +O(k2) (7.8b)

We can plug the solutions (7.6) back into the u-condition (7.4a) and resort to numerical
measures to find uX . Because of the structure of this condition, it is not very illuminating to fill
in all the functions in terms of A(u), B(u), N(u), etc.

Although from numerical computations it turns out that for every t there is indeed a solution
giving a finite uX , plugging this back into the expression for v±X returns a positive value in both
cases. So these islands would lie behind the pulse, contradicting our assumption. Therefore,
we will not look at the expression for its scrambling time.

Nevertheless, we find three possible islands by sending either uX → +∞, vX → −∞, or
both simultaneously.
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7.II.a Back to the Past

One island lies on the past horizon I−: vX → −∞, immediately giving an infinite scrambling
time. It is easy to verify that this satisfies the v-condition (7.4b) for finite t and u. The u-
condition (7.4a) consequently reduces to

0 =
−f ′(u)

f(t)− f(u)
+

1

t− u
− 1

2

f ′′(u)

f ′(u)
(7.9)

and is effectively the condition ∂uSpre, bulk = 0 since the dilaton term vanishes.
Solutions can be found numerically and result in uX ≈ t for finite t. Since uX is not exactly

equal to t, it is important to take the high precision of the terms f(t) − f(u) and t − u into
account. Especially since f(t) rapidly asymptotes to f∞.

The entropy (7.3) now reduces to a pure bulk contribution

SI− [t, uX (t)] =
k

2
ln

[f(t)− f(uX )]2

f ′(u)(t− uX )2
− k ln f ′(t) (7.10)

Notice that this island lies on the null line u ≈ t and intersects the pulse very closely
to the endpoint of the radiation region R. Thereby, the BH region BH only captures a very
small amount of radiation resulting in a small entropy, whereas the rest of the radiation gets
captured by a large island which reduces as t increases. This island exists for all t, starts with
an entropy almost equal to 0, and increases indefinitely. Eventually, it ends at (f∞,−∞).

The entropy can be well approximated by taking the limit t→ u leading to a factor of f ′(t)2

within the argument of the logarithm

SI−(t) ≈ −k
2

ln f ′(t) (7.11)

7.II.b On the Horizon

The second solution can be found from sending uX → +∞. Since in this limit f(u) → f∞,
it is rather easy to see it indeed satisfies the u-condition (7.4a) when combined with (6.40b,
6.45, 6.46) for finite v, t.

The v-coordinate just becomes v±X [t, f(u) = f∞] (7.6) with v−X staying positive for all t.
The other solution v+

X only becomes negative after a time t0 and moves towards the pulse to
ultimately remain stationary at a fixed value. The condition for this starting time t0 is when
v+
X → −∞, i.e. it starts at the ‘bifurcate’ horizon (f∞,−∞), happening when

k[t0 − f(t0)] = 1 (7.12)

which is clearly a quantity only depending on the IP if solved for kt0.
The asymptotic value for the island on the horizon can be found by first setting f(u)→ f∞

and subsequently taking the limit t→∞ in (7.6)

v±f∞ →
1

2

1

1− k(t− f∞)
[t+ f∞ − 2kf∞(t− f∞)± (t− f∞)] (7.13)

such that

kv+
f∞
→ kf∞ − 1 (7.14a)

kv−f∞ → kf∞ (7.14b)

Clearly, kv−f∞ asymptotes to a positive value and moreover, kv+
f∞

forever stays negative only
when

kf∞ ≤ 1 (7.15)
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It tells us that for certain IPs this island is physical for all t ≥ t0. If not, it hits the pulse when
v+
f∞

(te) = 0. It is similar to one of the conditions of the previous chapter (6.30).
The scrambling time is divergent at t0 but rapidly approaches the value

ktscr,f∞(t) = k(t− f∞) + 1 (7.16)

and diverges again when te → +∞.
When taking the limit in the entropy expression (7.3), the difficulty only resides in the

second term. Since f(u) − f∞ is very small but nonzero, we need to look at the limit of
f ′(u)(t − u)2. This limit was already found in the previous chapter (6.4) and the entropy
becomes

Sf∞ [t, v+
X (t)] =

1

f∞ − v+
X (t)

+ k ln

(
πTI1

[
2πT

k

])
+ k ln

f(t)− f∞
f ′(t)

+ k ln
f(t)− v+

X (t)

t− v+
X (t)

(7.17)

Its asymptotic value can be determined from (7.14a). It boils down to evaluating the following
expression

lim
t→+∞

ln
f(t)− f∞
ktf ′(t)

(7.18)

It is rather easier to evaluate the inverse argument

lim
t→+∞

ktf ′(t)

f(t)− f∞
H
= lim

t→+∞
k

[
1 +

tf ′′(t)

f ′(t)

]
(7.19)

in which we used l’Hôpital’s rule because

lim
t→+∞

tf ′(t) ∝ lim
t→+∞

t

N(t)2
= 0 (7.20)

after a computation along similar lines as (6.4). Next, by making use of (6.40b, 6.40c, 6.41b,
6.41b, B.7a, B.7b) we evaluate

lim
t→+∞

tf ′′(t)

f ′(t)
= 2πT lim

t→+∞
te−

k
2
tB(t)

N(t)

= −2πT lim
t→+∞

t
K1[αe−

k
2
t]

K0[αe−
k
2
t]

= −2πT
2

αk
= −2 (7.21)

Clearly, the limit does not exist because the result is the logarithm of a negative number.

7.II.c Chasing the new Bifurcate Horizon

We can also take both limits uX = −vX → +∞ leading to an island which for all t stays
stationary on the ‘bifurcate‘ horizon (X+, X−) = (f∞,−∞) and has an infinite scrambling
time. It is easy to check this satisfies both conditions by setting −v = u in (7.4a, 7.4b), the
only limit left to check explicitly is

lim
u→+∞

−f ′(u)

[f(u) + u]2
∝ lim

u→+∞

1

[uN(u)]2
= 0 (7.22)
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by making use of (B.7a)

lim
u→+∞

uK1

[
αe−

k
2
u
]

= +∞ (7.23)

The entropy becomes fairly easy for this solution as we just apply the appropriate limit to
either of the expressions for the preceding islands (7.10, 7.17)

Sbifur, hor(t) = k ln

(
πTI1

[
2πT

k

])
+ k ln

f(t)− f∞
f ′(t)

(7.24)

and is purely a bulk contribution. For t → +∞ it should become equal to the entropy associ-
ated to the island on the past horizon which diverges due to (6.46). It also gives the starting
value for the island on the true horizon at t0 from (7.12).

7.II.d An Archipelago

Combining the island solutions previously mentioned, we arrive at the graph in Fig. 7.1 for k =
0.01. As a comparison, the renormalised radiation entropy (6.3) computed in the foregoing
chapter is plotted as well.

As is apparent from the graph, the islands lying on the horizon and bifurcate horizon have
an entropy greater than the one on the past horizon. In agreement with (7.12), the island on
the horizon only comes into existence after a certain amount of island time has passed with
an entropy equal to the one on the bifurcate horizon. Their values continue to lie close to
each other. Additionally, we plotted the approximate formula for the island on the past horizon
(7.11). It fits perfectly with the more general solution from solving (7.9). Ultimately, this island
will also end up at the same divergent entropy for the bifurcate horizon due to (6.46) after an
infinite boundary time. It might be that after a huge amount of time has elapsed, the island
jumps to the one on the horizon.

Whilst the entropy associated to the island on the past horizon is not exactly equal to the
radiation entropy, it does have a similar behaviour.
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Figure 7.1: Evolution of the entropy associated to the pre-pulse archipelago for k = 0.01 and
T = 1

2π in the Horizon geometry. The entropy of the island on the past horizon looks similar to the
radiation entropy and is equivalent to (7.11). We also depicted the starting time for the island on
the horizon, when (7.12) is satisfied.
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7.III The Pre-Pulse Island: Poincaré geometry

As originally intended, we additionally look at the case in which we set X+(u) = u instead.
Plugging this into (7.4a, 7.4b) gives us the following island equations

∂uSpre = 0 =
−1

(u− v)2
+ k

[
−1

f(t)− u
+

1

t− u

]
(7.25a)

∂vSpre = 0 =
1

(u− v)2
+ k

[
−1

f(t)− v
+

1

t− v

]
(7.25b)

Right off the bat, the original Poincaré bifurcate horizon is an appropriate island solution.
Even when taking either u → +∞ or v → −∞ first, it forces the other coordinate to diverge
as well. The scrambling time is infinite and the entropy is just the last term in (7.3)

Sbifur, Poincaré(t) = −k ln f ′(t) (7.26)

which equals twice the value of (7.11).

There are two sets of nontrivial islands when solving the system analytically

u±X (t) =
[t+ f(t)][1− 4k2tf(t)] + 4k2[t3 + f(t)3]

2[1 + 4k2(t− f(t))2]

± t− f(t)

2
√

1 + 4k2[t− f(t)]2
[1− 2k(t− f(t))] (7.27a)

v±X (t) =
t+ f(t)

2

± t− f(t)

2
√

1 + 4k2[t− f(t)]2
[1 + 2k(t− f(t))] (7.27b)

The sets of islands are (u+
X , v

−
X ) and (u−X , v

+
X ). However, the latter is not a physical solution:

v+
X (t) > 0 since notably t − f(t) > 0. Both solutions do coincide at their starting value for
t = f(t) = 0, equivalent to the origin of the Penrose diagram.

The physical island solution has as expansion in k

u+
X (t) = t− k[t− f(t)]2 +O(k2)

= 2t− [f(t) + tscr(t)] +O(k2) (7.28a)

v−X (t) = f(t)− k[t− f(t)]2 +O(k2) (7.28b)

with associated scrambling time

tscr(t) =
t− f(t)

2

[
1 +

1 + 2k[t− f(t)]√
1 + 4k2[t− f(t)]2

]
= [t− f(t)][1 + k(t− f(t))] +O(k2) (7.29)

Again, it diverges for t→ +∞.
Finally, the entropy (7.3) can be expressed as follows

Spre[X (t)] =

√
1 + 4k2[t− f(t)]2

t− f(t)

+ k ln
4k[t− f(t)][

√
1 + 4k2[t− f(t)]2 − 2k(t− f(t))]− 1

f ′(t)
(7.30)
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To find how the island moves through our geometry, we compute its trajectory analogously
to (6.32, 6.33)

Fpre[X (t)] =
t+ f(t)

2
− k[t− f(t)]2√

1 + 4k2[t− f(t)]2
(7.31a)

Zpre[X (t)] =
t− f(t)

2
√

1 + 4k2[t− f(t)]2
(7.31b)

As mentioned earlier, this island starts in the origin and eventually goes to the bifurcate horizon
of the Poincaré geometry for t → +∞. However, even if it starts in the origin it first moves
through the region after the pulse and then crosses it at another time t0 when v−X (t0) = 0.
Thus, the island is only a physical solution from t0 onwards. Starting from the island Eqs.
(7.25a, 7.25b), this is equivalent to solving

1

t0
− 1

f(t0)
− 1

f(t0)− u0
+

1

t0 − u0
= 0 (7.32)

with u0 the coordinate where its trajectory intersects the pulse

ku0 =

√
t0f(t0)

k[t0 − f(t0)]
(7.33)

Surprisingly, this island goes back in time. A comparable island was already found in the
case of dS space [170]. It was argued by using the EW construction hypothesis that the island
has to move back in time to not violate the no-cloning theorem.

The numerical results for both islands are shown in Fig. 7.2. Again, the radiation entropy
is plotted for comparison (6.3).

We already established that the entropy associated to the bifurcate horizon is twice that
of (7.11), so naturally it is not equivalent to the radiation entropy, yet it behaves similarly. The
other island is only physical from the moment t0 determined by (7.32). At an early time there
is already an exchange of dominance between the two islands. However, they meet again in
the limit t→ +∞ because the second island recedes to the bifurcate horizon with a diverging
entropy. It will turn out this exchange happens after the Page time.
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Figure 7.2: Evolution of the entropy associated to the pre-pulse archipelago for k = 0.01 and
T = 1

2π in the Poincaré geometry. Both entropies are not well approximated by the radiation
entropy. We also depicted the time when the second island becomes physical (7.32).
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7.IV The Post-Pulse Island

We finally arrive at the islands which are the hardest discover, namely those behind the pulse
0 ≤ v ≤ t ≤ u with the most general entropy expression (7.2) which we retake here

Spost(t, u, v) =

[
1

2

f ′′(v)

f ′(v)
+

f ′(v)

f(u)− f(v)

]
+
k

2
ln

[f(t)− f(u)]2

f ′(u)(t− u)2
+
k

2
ln

[f(t)− f(v)]2

f ′(v)(t− v)2
− k ln f ′(t) (7.34)

leading to the island conditions

∂uSpost = 0 = − f ′(u)f ′(v)

[f(u)− f(v)]2
+ k

[
−f ′(u)

f(t)− f(u)
+

1

t− u
− 1

2

f ′′(u)

f ′(u)

]
(7.35a)

∂vSpost = 0 =
1

2
∂v
f ′′(v)

f ′(v)
+

f ′′(v)

f(u)− f(v)
+

(
f ′(v)

f(u)− f(v)

)2

+ k

[
−f ′(v)

f(t)− f(v)
+

1

t− v
− 1

2

f ′′(v)

f ′(v)

]
(7.35b)

The first condition almost resembles that of the pre-pulse case (7.4a) except for the extra
factor of f ′(v) in the first term. Therefore, for finite v this condition is fulfilled for an island
on the horizon uX → +∞ due to its similarity with Sect. 7.II.b. Plugging this into the second
condition results in f(u)→ f∞ and after some numerical techniques it seems there is no finite
v for which the second condition holds. There is no possible island which lies on the horizon
forever. A nontrivial island needs to be checked numerically.

Can we already verify our prediction from the previous chapter that the island ends on the
boundary at X+ = f∞ = X−, requiring uX = vX → +∞? A lot of the limits are similar
to those in the previous cases. By combining (6.40c, 6.40d, 6.45, 6.46), every term can be
explicitly checked to be vanishing. This indeed confirms our prediction and the island will
eventually end on the boundary point where the observer ends as well. Furthermore, the
entropy correctly vanishes in this limit. For instance, when we equally divide the last term in
expression (7.34) among the two prior, what remains is the following limit

lim
u→t

[f(t)− f(u)]2

f ′(t)f ′(u)(t− u)2
=
f ′(t)2

f ′(t)2
= 1 (7.36)

7.IV.a The Initial Island & a Phase Transition

Just as before, the earliest possible island is one at the pulse itself vX = 0. By using Eqs.
(6.40d, 7.35a, 7.35b), this is when

− f
′(u0)

f(u0)2
+ k

[
−f ′(u0)

f(t0)− f(u0)
+

1

t0 − u0
− 1

2

f ′′(u0)

f ′(u0)

]
= 0 (7.37a)

−(πT )2 +
1

f(u0)2
+ k

[
1

t0
− 1

f(t0)

]
= 0 (7.37b)

The second condition can be directly solved to

kf(u0) =
k

πT

1√
1 +

(
k
πT

)2 [ 1
kf(t0) −

1
kt0

] (7.38)

The difficulty lies in the first condition. One could for small values of the IP use the approx-
imation (6.56a) to obtain an analytical expression for the inverse u = f−1. But this becomes
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convoluted rather quickly and we resort to a numerical approach.
We do have an analytical expression for its IP address already giving us some insight.

Since t− f(t) ≤ 0, it immediately follows that 1
f(t) −

1
t ≥ 0 as well. No matter what value for

the IP we take and regardless of the exact t0, the denominator in the expression above will be
larger than unity. Due to this reasoning, we can conclude the island always starts before the
would-be horizon, and hence also before the true horizon. Only for the IP being zero it starts
on the would-be horizon, being zero as well. This is not surprising since we had been working
in the boundary coordinates (u, v) all this time and already concluded that an island on the
horizon for finite t is not a good solution in general.
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Figure 7.3: The initial time as function of the IP. Beyond the threshold value, depicted in orange,
we enter the no-island phase.

The initial time for different values of the IP is plotted in Fig. 7.3. Immediately surprising is
the appearance of a threshold value beyond which the initial time becomes negative. This
threshold is k

T = 0.547 and the island then starts at the would-be horizon kf(u0) = k
πT . One

would first conclude that for values beyond the threshold the island does not start on the pulse
but rather somewhere else; the initial island conditions break down. However, numerics show
that those islands lie within the lightcone of the boundary observer: v < t is violated. As such,
these islands are not suitable.

Although this value was determined at a fixed T , rewriting the equations into a manifestly
dimensionless form by expressing them in island time reveals that the same value for the
threshold is obtained.1 It seems there is an apparent phase transition between an island
phase and a no-island phase with the transition happening at kT = 0.547. Additionally, a Page
transition will not happen in the no-island phase. There will be nor a Page curve nor unitarity
– information is lost.

7.V Results & the Page Curve

First, the result for the post-island entropy with k = 0.01 is depicted in Fig. 7.4.
What one should notice immediately is how the contribution of the dilaton and the BH

entropy almost exactly coincide. Even more so than in the previous chapter. Besides, the
bulk entropy is tiny and decreases at a sluggish pace. This decrease is in accordance with
a decreasing BH region, something which did not happen previously. Therefore, the total
entropy is almost that of the dilaton, and hence almost equal to the BH result. Again, the
claim that the post-island entropy can be traced by the BH value to a great extent is verified.

1We alluded to such a dimensionless description in Sect. 6.II.
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Figure 7.4: The post-island entropy for k = 0.01, T = 1
2π . We show how both contributions,

dilaton and bulk, contribute to the total entropy. The BH entropy is also plotted and almost exactly
coincides with the dilaton. The initial time is depicted as the vertical line.

We combine this result with those of the pre-pulse islands, only keeping the relevant terms;
these are the minimal entropies before the Page time for both geometries. The result is shown
in Fig. 7.5 – it forms the crux of this thesis!

As was established earlier, the BH entropy is a good fit for the entropy associated to the
post-island which gives the decreasing contribution to the Page curve. While the behaviour in
both geometries for the increasing part is similar – the only difference being a factor of two –
it is only in the Horizon geometry that it can be relatively well approximated by the radiation
entropy. Therefore, to a considerable degree, the Page curve for an EBH in JT gravity closely
resembles the one obtained from first following the radiation entropy à la Hawking and subse-
quently following the BH entropy. This is a remarkable result! The previous chapter could only
produce halve of this claim and to a lesser extent than when using the renormalised entropy.2

Notice that this argument is in favour of using the Horizon geometry for the island in the
pre-pulse case.

All the island solutions’ trajectories as well as the one associated to the Page curve are il-
lustrated in Fig. 7.6a and 7.6b according to the Horizon and Poincaré geometry respectively.

In Sect. 4.III we noticed how the rising part of the Page curve is associated to a trivial
island; for Schwarzschild this was one all the way down to r = 0. Such an island would have
an entropy associated to it purely equal to that of the radiation region. The falling part was
attributed to a nontrivial island behind the horizon.

In our setup, the island inevitably lies in the exterior which is due to our choice of de-
scribing the problem in boundary coordinates (u, v). For the Poincaré geometry, the island
associated to the rising part is indeed the trivial island on the bifurcate horizon. This could be
used as an argument to favour the Poincaré geometry over the Horizon geometry. The island
for the Horizon geometry constitutes a nontrivial island region I but is trivial in the sense that
it has no dilaton contribution due to being on the past horizon. However, the trivial island in
the Poincaré geometry has an entropy associated to it which deviates more from the radiation
entropy than the one in the Horizon geometry, as previously observed.

2The Page time is larger than in the previous case, so the same remarks apply. See B.IV.
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Figure 7.5: The Page curve for k = 0.01, T = 1
2π in both geometries. In both cases, the

island jumps to the same post-island at the Page time. Before the Page time, we either follow the
increasing green or red curve depending on the geometry.

(a) (b)

Figure 7.6: (a) The archipelago and island trajectories for the Horizon geometry in the pre-pulse
region. (b) The archipelago and island trajectories for the Poincaré geometry in the pre-pulse
region. Observe how the island solution in purple goes back in time and first crosses a region
behind the pulse. In both cases, the island giving the Page curve is depicted in red.
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As a side note again, we plot the scrambling time for the post-pulse island in Fig. 7.7. The
same remarks as before can be made.
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Figure 7.7: The post-pulse scrambling time for k = 0.01, T = 1
2π . Initially, it starts at the same

value as the initial island time and increases up to a certain point. Afterwards, it should abate
towards zero for an infinite boundary time.

A last argument in favour of the Horizon geometry is obtained when investigating Zurek’s
irreversibility argument using some numerics. For the Horizon and Poincaré geometry re-
spectively

δSpre, Horizon

δSpost
= −2,

δSpre, Poincaré

δSpost
= −4 (7.39)

In contrast with the previous chapter, both values are now constant. The Poincaré value is
even twice that of the Horizon geometry value; this is not surprising since this is the same for
their entropies. However, it is remarkable how only the Horizon geometry reproduces Zurek’s
irreversibility argument perfectly with the correct factor argued in Sect. 6.II. This is another win
for the Horizon geometry.



Chapter 8

Summary & Outlook

The best way to tame a mystery is with
another mystery.

Oreki Houtarou

We have come a long way. Starting with a preliminary on holography and a chapter on EE,
we eventually ended at the renowned island formula and a review of semiclassical JT gravity.
In that chapter, we built the foundation for our setup of an EBH which we further developed in
Ch. 6 by using its properties as a chiral CFT. Finally, we ventured out and found an archipelago
using the old and new ways, both leading to the Page curve.

In what follows, we give a succinct summary of the main interpretations and results first.
Afterwards, we discuss some recent developments and formulate a possible outlook.

8.I Summary & Conclusion

Because our model for an EBH largely differs from the ones in the literature, we juxtapose
both models depicted in Fig. 8.1a and 8.1b.

The first model glues an external, flat heat bath to the boundary of AdS2 to define the
region in which the radiation escapes. For t < 0 the boundary between these two spacetimes
is reflecting; they do not couple with each other. At t = 0 the coupling between both is turned
on, leading to a pulse which forms the BH; reminiscent of a quench procedure. To allow evap-
oration, the boundary is transparent for t > 0 and both left and rightmovers are present in
both spacetimes.

Our model is different, we did not glue any spacetime to the boundary, but take the per-
spective of a boundary observer. This boundary observer moves along the holographic bound-
ary associated to the Poincaré patch for t < 0. Subsequently, they shoot in a classical pulse
at t = 0 to form the BH. Evaporation for t > 0 is achieved by the observer collecting the
outgoing Hawking radiation with an Unruh detector (see Sect. 5.V). This turned the CFT into a
chiral CFT with only outgoing modes present. In Sect. 6.I we showed how this can be related
to a model with an external heat bath in which this bath can be reinterpreted as the internal
spacetime of the Unruh detector. However, we need not make any assumptions about its
properties or more specifically, its metric. We argued that the island eventually ends up at the
same boundary point as our observer for t→ +∞ such that the island region entails the part
of the spacetime our observer would not have access to without it.

A second difference is our use of the renormalised entropy of Sect. 5.VI. We took the
Poincaré geometry as a reference and formulated a more natural measure for the entropy
with respect to this reference geometry. As a consequence, we had to use boundary coordi-
nates (u, v); islands were forced to float in front of the horizon (see Sect. 6.I.a).
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Poincaré
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Poincaré

EBH
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(b)

Figure 8.1: (a) The setup in literature. Due to the coupling at t = 0 a pulse is sent in forming the
BH. By setting transparent BC, evaporation is achieved and we have radiation in both directions.
(b) Our setup of an EBH. A classical pulse is sent in and outgoing radiation is absorbed by the
boundary observer. Nothing is reflected back in again.

In Ch. 7 we set sail towards the archipelago in this model and found quite an amount of is-
lands. The only problem was a possible ambiguity for islands in the pre-pulse region: whether
we should set X+(u) = f(u) or X+(u) = u; the Horizon and Poincaré geometry respectively.
At the end, we found that the Horizon geometry had the most striking results.

First of all, the Page curve was computed for both cases and depicted in Fig. 7.5. Remark-
ably, the Page curve associated to the horizon geometry can be well approximated by first fol-
lowing the Hawking result and then the BH entropy. This was also apparent from Fig. 7.4: the
bulk entropy almost contributes nothing and the dilaton coincides with the BH entropy nearly
perfectly. It affirms the claim made in Ch. 4.

The second result is the appearance of a phase transition for the post-island. For values
of the IP beyond the threshold 0.547, computed in the dimensionless model, we found that
islands lie within the lightcone of the observer. Hence, they violate v < t. Consequently, the
post-pulse island for such BHs cannot save the paradox; there is no decreasing part for the
Page curve and the entropy rises indefinitely.

Finally, both geometries have a constant ratio of δSpre/δSpost. But, only the Horizon ge-
ometry results in a ratio of −2, consistent with Zurek’s irreversibility argument presented in
Sect. 6.II.

We presented a bathless model for an EBH in JT gravity and subsequently used the
QES/island formula to compute the Page curve. It substantially follows the Hawking

calculation and BH entropy before and after the Page time respectively. This was done
by means of a renormalised entropy, the cutoffs were accounted for. Moreover, this

setup has a natural interpretation in terms of a boundary observer collecting the
radiation with an Unruh detector. Besides, this model satisfies Zurek’s irreversibility
argument and exhibits a phase transition between an island phase and a no-island

phase regarding the post-pulse region.
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8.II Other Developments & Outlook

In this last section, we start with an unpedantic overview of some of the recent developments
and then formulate an outlook.1

• The Unitary Gauge Construction: presented by Y. Nomura [171, 172], it is an equiv-
alent perspective on the paradox by means of a Legendre duality. Whilst the island
perspective makes the interior manifest and unitarity obscure, the unitary gauge con-
struction makes unitarity manifest and the interior obscure instead. In this construction,
three sets of modes are investigated along with the dynamics of the stretched horizon:
hard modes within the zone (ν > 2πTH ), soft modes (ν < 2πTH ) and far modes (radia-
tion);

• Soft Hair: H. Verlinde et al. their idea is to reinvestigate the role of soft hair in the para-
dox [21, 173, 174]. This soft hair stems from the infinite amount of conservation laws
in asymptotically flat spacetimes due to Bond–Metzner–Sachs (BMS) supertranslation
symmetries. Closely related is the exchange of soft gravitons, they are the Goldstone
bosons associated to the supertranslation symmetry breaking [175];

• The Principle of Holographic Information: proposed by S. Raju et al. [23, 24, 176],
it suggests that all the information about massless excitations can be obtained from a
neighbourhood near the past boundary of future null infinity. Moreover, any information
on future null infinity is also available from any cut to its past. Similar principles can be
formulated for past null infinity as well. These principles are suggested in the context
of 4d asymptotically flat spacetimes, they are oft-abbreviated as ‘information is always
outside’. Applied to the heat bath argument, an external nongravitating heat bath is
nonphysical in the sense that gravitational effects will in reality be very weak. But, as
long as gravity is present, regardless of how weak, information is stored locally instead of
holographically. Criticism entails the fact that the Page curve is due to the factorisation
of the Hilbert space in a bipartite way. However, in a theory of dynamical gravity this
factorisation is rendered moot and the Page curve would just be flat. This led to a fierce
debate during the Island Hopping 2020: from Wormholes to Averages conference.
Another effect of this coupling to an external heat bath would be the rise of a massive
graviton [177];

• Cosmological Islands: a plethora of work has also been done in the context of dS
space and models more related to cosmology. These include the entropy associated
to the cosmological horizons, wormholes, or even islands within bubble Universes [170,
178–188];

• Replica Wormholes: there also exists a perspective from the replica trick applied to
the GPI [19, 20, 122, 189]. If we go to the replicated manifold and consider the GPI,
then we need to sum over all possible geometries; these include geometries represent-
ing multiple wormholes between the replica manifolds. Apparently, Hawking’s result is
associated to the completely disconnected geometry whilst the completely connected
case represents the QES solution leading to unitarity. They are depicted in Fig. 8.2a
and 8.2b respectively. This GPI is often interpreted as an ensemble average. For JT
gravity this is closely related to an ensemble of SYK models (see Appendix A). The
island equations can also be derived from the analytic continuation.

1The literature is quite extensive, so we likely have not cited every existing paper on a specific topic.
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(a) (b)

Figure 8.2: (a) The disconnected geometry leading to the Hawking result. (b) The connected
geometry leading to the QES result. Replica wormholes connect the different replica manifolds.

Future work can be directed towards some of these developments described above.
Specifically within the framework of this thesis, it might be interesting to investigate this

phase transition into more detail. It might be that for large values of the IP, suitable islands
reemerge. For such an approach, the dimensionless model argued in Sect. 6.II is ideal.

As mentioned in Ch. 4, use of the island formula is hard due to the expression of the en-
tropy of a union of intervals. Authors then assume the total state to be pure such that the QES
formula may be used instead. It would be interesting to explicitly employ both formulas within
the same model to verify whether this assumption is valid or not.

Perhaps it proves insightful to study the role of the heath bath in further detail. Clearly,
there is a lot of debate on the dynamics of this extra spacetime; it plays a crucial role in a
considerable amount of models. In our case, we did not have to specify any properties of the
heat bath. It might be that starting from a bathless model in some other spacetime leads to
specific constraints when mapping it to the same model with this extra region. Whether such
a mapping exists remains to be seen and depends on the model.

As in this thesis, renormalised entropies in other models might be formulated along a sim-
ilar way, i.e. by defining it with respect to a reference entropy or geometry. Consequently, the
Page curve obtained from such an entropy is more naturally related to actual measurements.

As one can imagine, this area of research gained considerable attention and remains like
Piccadilly Circus. One can only hope this thesis aroused some curiosity in these fascinating
concepts.



Appendix A

The Holographic Dual: SYK

In this appendix we briefly discuss the holographic dual of JT gravity: the SYK model [130–
134, 190, 191].

This model resembles an ensemble theory of finite-dimensional QM models described by
their Hamiltonians

H =
N∑

ijkl=1

Jijklψiψjψkψl (A.1)

It contains all-to-all couplings Jijkl picked at random from a Gaussian distribution with µ =
0, σ =

√
3!J/N3/2 with J a fixed parameter of the ensemble. The constituents are Majorana

fermions; in this case, fermionic representations of the Lorentz group or rather the orthogonal
group since we work in Euclidean space. They obey the usual Clifford algebra relation

{ψi, ψj} = δij (A.2)

with reality condition ψi = ψ†i .
Some interesting features of this model are [134]

• It is solvable in the classical limit for N → ∞ in terms of two master fields in two
dimensions;

• In the classical limit, a time reparametrisation symmetry t 7→ f(t) emerges in the low
energy sector which gets spontaneously broken to SL(2,R). The Goldstone modes
acquire a nontrivial action when moving away from the IR. Note the similarly with JT
gravity;

• The spectrum has a long tail towards low energies: there are a lot of states just above
the ground state and

lim
β→∞

lim
N→∞

S(β) ∝ N (A.3)

These two limits do not commute. For finite N the model has only a couple of ground
states, resulting in a small entropy;

• This ensemble interpretation plays an important role in replica wormholes and the inter-
pretation of the GPI as an ensemble average [19, 20, 122, 189].
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Appendix B

The Time Reparametrisation

B.I Properties of the Modified Bessel Functions

When doing calculations with f(t) (5.69) containing the modified Bessel functions of the first
and second kind, we will need some of its properties. We list them below.

For large arguments z, the modified Bessel functions can be expanded as follows

Iν [z] =
ez√
2πz

(
1− 4ν2 − 1

8z

)
+O(z−2) (B.1a)

Kν [z] =

√
π

2z
e−z

(
1 +

4ν2 − 1

8z

)
+O(z−2) (B.1b)

leading to the ratio [14]

Kν [z]

Iν [z]
= πe−2z

[
1 +

4ν2 − 1

4z
+O(z−2)

]
(B.2)

Their derivative is a linear combination of the function itself, but at different orders

d

dz
Iν [z] =

1

2
(Iν−1[z] + Iν+1[z]) (B.3a)

d

dz
Kν [z] = −1

2
(Kν−1[z] +Kν+1[z]) (B.3b)

For the special case ν = 0, we can make use of the following property

I−ν [z] = Iν , K−ν [z] = Kν (B.4)

to obtain
d

dz
I0[z] = I1[z],

d

dz
K0[z] = −K1[z] (B.5)

Furthermore, the following result proves useful when we have terms proportional to zνIν [z]
or zνKν [z]

d

dz
(zνIν [z]) = zνIν−1[z],

d

dz
(zνKν [z]) = −zνKν−1[z] (B.6)

In our calculations, the only orders we will encounter are ν = 0, 1, so it is worth noting
their limits for z → 0

lim
z→0

I0[z] = 1, lim
z→0

K0[z] = +∞ (B.7a)

lim
z→0

I1[z] = 0, lim
z→0

K1[z] = +∞ (B.7b)
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B.II Taking Derivatives

In the analysis of the island, we will need to make use of the derivatives of the time reparametri-
sation (5.69). These calculations are not hard and exploit the properties of the modified Bessel
function set out above. However, they are not very illuminating.

We first start by rewriting the time reparametrisation (5.69) as

f(t) =
1

πT

I0[α]K0[αe−
k
2
t]−K0[α]I0[αe−

k
2
t]

K1[α]I0[αe−
k
2
t] + I1[α]K0[αe−

k
2
t]

=
1

πT

A(t)

N(t)
(B.8a)

α =
2πT

k
(B.8b)

This reparametrisation was originally expressed as an integral [141, 148], the first deriva-
tive can be easily read off as

f ′(t) =
1

[αN(t)]2
(B.9)

and satisfies f(0) = 1 by making use of some properties of the modified Bessel functions.
Its second derivative is therefore

f ′′(t) = −2f ′(t)
∂tN(t)

N(t)
(B.10)

Next, make use of (B.5)

∂tN(t) = −αk
2
e−

k
2
t(K1[α]I1[αe−

k
2
t]− I1[α]K1[αe−

k
2
t]) (B.11)

to end up with

f ′′(t) = 2πTe−
k
2
tf ′(t)

K1[α]I1[αe−
k
2
t]− I1[α]K1[αe−

k
2
t]

N(t)

= 2πTe−
k
2
tf ′(t)

B(t)

N(t)
(B.12)

It has the correct initial condition f ′′(0) = 0.
From the general expression of the dilaton (5.82), we will need to calculate the derivative

of the ratio f ′′(v)/f ′(v). Luckily, this work is somewhat simplified because f ′′(t) ∝ f ′(t) and
we can make use of the Schwarzian (5.68a)

{f(t), t} = −2(πT )2e−kt (B.13)

The result is quick and simple to obtain:

∂t
f ′′(t)

f ′(t)
=

1

2

(
f ′′(t)

f ′(t)

)2

+ 2(πT )2e−kt

= 2(πT )2e−kt

[
−1 +

(
B(t)

N(t)

)2
]

(B.14)
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B.III An Approximation for the Reparametrisation

Making use of the expansions (B.1a, B.1b), there is an easier expression for the time reparametri-
sation (5.69) when k

T is small while keeping kt fixed such that the argument remains large.
The result was first written down in [157].

We start by rewriting the reparametrisation as (5.70)

f(t) = f∞

(
−K0[α]

I0[α]
I0[αe−

k
2
t] +K0[αe−

k
2
t]

)(
K1[α]

I1[α]
I0[αe−

k
2
t] +K0[αe−

k
2
t]

)−1

(B.15)

We can now expand each factor separately, starting with

−K0[α]

I0[α]
I0[αe−

k
2
t] +K0[αe−

k
2
t] ≈ −πe−2α

(
1− 1

4α

)
eαe
− k2 t√

2παe−
k
2
t

(
1 +

1

8αe−
k
2
t

)
+

√
π

2αe−
k
2
t
e−αe

− k2 t
(

1− 1

8αe−
k
2
t

)
≈
√

π

2αe−
k
2
t
e−α

(
−e−α(1−e−

k
2 t) + eα(1−e−

k
2 t)

)
=

√
2π

αe−
k
2
t
e−α sinh

(
α[1− e−

k
2
t]
)

(B.16)

and completely similar

K1[α]

I1[α]
I0[αe−

k
2
t] +K0[αe−

k
2
t] ≈

√
2π

αe−
k
2
t
e−α cosh

(
α[1− e−

k
2
t]
)

(B.17)

such that we obtain the easier expression

f(t) ≈ f∞ tanh

(
2πT

k
[1− e−

k
2
t]

)
(B.18)

It satisfies the correct initial condition f(0) = 0. Moreover, it even satisfies f(t→ +∞) = f∞
and remains a good approximation for all t.

It is also quite easy to calculate its derivatives

f ′(t) = πTf∞
e−

k
2
t

cosh2
(
α[1− e−

k
2
t]
)

= πTf∞e
− k

2
t

[
1−

(
f(t)

f∞

)2
]

(B.19)

and

f ′′(t) = −k
2
f ′(t)− 2f ′(t) tanh

(
α[1− e−

k
2
t]
)
α
k

2
e−

k
2
t

= −k
2
f ′(t)

[
1 +

4πT

kf∞
e−

k
2
tf(t)

]
(B.20)

where both initial conditions are only approximately satisfied f ′(0) = πTf∞ ≈ 1, f ′′(0) =
−πT

2 kf∞ ≈ −
k
2 . But they remain good approximations for kt up to O(1).
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The following expression is necessary for the dilaton

f ′′(t)

f ′(t)
= −k

2

[
1 +

4πT

kf∞
e−

k
2
tf(t)

]
⇒ ∂t

f ′′(t)

f ′(t)
= −k

2

[
−k

2

4πT

kf∞
e−

k
2
tf(t) +

4πT

kf∞
e−

k
2
tf ′(t)

]
= −2πT

f∞
e−

k
2
t

[
f ′(t)− k

2
f(t)

]
(B.21)

B.IV Early Time Approximation

We will encounter quite intricate expressions for the entropy associated to an island. Since the
Page time requires us to equate these expressions, an exact analytical result is impracticable.
For small k we can rely on the results above and approximate them further for small values of
kt, or times of order O(k−1). Equivalently, this means an expansion in the argument of (B.18)(

1− e−
k
2
t
)

which is close to zero for kt� 1

f(t) = αf∞

(
1− e−

k
2
t
)[

1− 1

3
α2
(

1− e−
k
2
t
)2

+O4

]
(B.22)

where higher order terms are denoted by On ≡ O
[(

1− e−
k
2
t
)n]

.
Similarly, for its derivative (B.19) we acquire

f ′(t) = πTf∞e
− k

2
t
[
1− α2(1− e−

k
2
t)2 +O4

]
= πTf∞

[
1−

(
1− e−

k
2
t
)
− α2

(
1− e−

k
2
t
)2

+O3

]
(B.23)

The remaining expressions (B.20, B.21) solely depend on the reparametrisation and its
derivative. This leads to

f ′′(t) = −πTk
2
f∞e

− k
2
t

[
1 + 2α2

(
1− e−

k
2
t
)
− 3α2

(
1− e−

k
2
t
)2

+O3

]
= −πTk

2
f∞

[
1 + (2α2 − 1)

(
1− e−

k
2
t
)
− 5α2

(
1− e−

k
2
t
)2

+O3

]
(B.24a)

∂t
f ′′(t)

f ′(t)
= −2(πT )2e−

k
2
t

[
1− 2

(
1− e−

k
2
t
)
− α2

(
1− e−

k
2
t
)2

+O3

]
= −2(πT )2

[
1− 3

(
1− e−

k
2
t
)

+ (2− α2)
(

1− e−
k
2
t
)2

+O3

]
(B.24b)

We currently keep the expressions in terms of the variable e−
k
2
t, this can proof useful when

taking the logarithm for the entropy. When needed, we can approximate this further down by
expanding this exponential. This amount to setting 1− e−

k
2
t = k

2 t leading to the same expan-
sion but in this new parameter instead. Also the reparametrisation can then easily be written
as f(t) = πTf∞t.

This approach was applied on (6.59) resulting in

0 = a(t) + b(t)y(v) (B.25a)

a(t) = f2
∞ − f(t)2 − 5

2

kf∞f(t)

πT
(B.25b)

b(t) = [f2
∞ − f(t)2]

[
4
πTf∞
kf(t)

− 7

]
(B.25c)
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with expansion variable y(t) =
(

1− e−
k
2
t
)

. We discarded terms quadratic in k since we are
working for small k anyway.

Moreover, we applied the same procedure to (7.35a, 7.35b) which led to

0 = −
1− k

2 (u+ v)

(u− v)2
+ k

(
1

t− u
− 1

t
− u

t2

)
(B.26a)

0 = −(πT )2

(
1− 3

2
kv

)
− k

2

1

u− v
+

1− kv
(u− v)2

+ k

(
1

t− v
− 1

t
− v

t2

)
(B.26b)

But solving this system resulted in a set of solutions which amounted to nothing.
Since the Page time is not that small when rewritten in terms of island time, we suspected

that following this road would not amount to a sensible formula or new information. This
can also be seen from Fig. 5.6 in which the reparametrisation quickly deviates from linear
behaviour already for small times. Consequently, we did not follow this approach completely
through.



Appendix C

Mathematica Code

The system of nonlinear equations (7.35a, 7.35b) in Ch. 7 is most easily solved via Wolfram
Mathematica. Of course, other programming languages are fine as well. Down below, we
provide the code for the program used to solve these equations. The other numerical results
were obtained in a likewise fashion, but mostly via Python. To avoid cluttering the appendix,
we restricted us to the most important one.

In[ ]:= k = 1/ 100

T = 1/(2* Pi)

a = 2* Pi* T/ k

F = BesselI[0, a]/(Pi T BesselI[1, a])

$PreRead = (# /. s_String /; StringMatchQ[s, NumberString] && Precision@ToExpression@s ⩵ MachinePrecision ⧴ s <> "`80." &);

In[ ]:= A[t_] := -BesselK[0, a] * BesselI[0, a * Exp[- k * 0.5 * t]] + BesselI[0, a] * BesselK[0, a * Exp[- k * 0.5 * t]]

Nu[t_] := BesselK[1, a] * BesselI[0, a * Exp[- k * 0.5 * t]] + BesselI[1, a] * BesselK[0, a * Exp[- k * 0.5 * t]]

f[t_] := SetPrecision[(1 / (T* Pi)) * A[t]/ Nu[t], 100]

fRatio[t_] := f''[t]/ f'[t]

entropyPost[u_, v_, t_] := 0.5 * f''[v]/ f'[v] + f'[v]/(f[u] - f[v]) + 0.5* k Log[(f[t] - f[u])^2 / (f'[u] * (t - u)^2)] +

0.5* k Log[(f[t] - f[v])^2 / (f'[v] (t - v)^2)] - k Log [f'[t]]

conditionPost1[u_, v_, t_] := -f'[u]× f'[v]/((f[u] - f[v])^2) + k*(-f'[u]/(f[t] - f[u]) + 1/(t - u) - 0.5* f''[u]/ f'[u])

conditionPost2[u_, v_, t_] := 0.5 * fRatio'[v] + f''[v]/(f[u] - f[v]) + (f'[v]/(f[u] - f[v]))^2 +

k*(-f'[v]/(f[t] - f[v]) + 1/(t - v) - 0.5* f''[v]/ f'[v])

In[ ]:= solveEntropyPost[t_] := NMinimize[{entropyPost[u, v, t], 0 ≤ v ≤ t ≤ u}, {u, v}]

solveEntropyPost[10]

Out[ ]= {0.487102, {u → 15.3837, v → 9.27765}}

In[ ]:= rootCondition[t_] := FindRoot[{conditionPost1[u, v, t] ⩵ 0, conditionPost2[u, v, t] ⩵ 0}, {{u, t + 5.2}, {v, t - 0.7}}, WorkingPrecision → 120]

rootCondition[10]

Out[ ]= {u → 15.3837279812781478206382984468216803303926713935781001922317171223802244215002917240918133046087763683459503537983491206,

v → 9.27765461582140353613012909571777789504525716706022844102574145726337475080903264064332850809251826362522955563118401461}

sols[t_] = {u, v} /. rootCondition[t]

dataTest = Table[{t, sols[t]}, {t, 0.702461, 300, .5}]

Export["IslandSolutions.txt", dataTest, "Table"]

Note how minimising the entropy and solving the island equations lead to the same solu-
tion. The initial input for all boundary times is best found after some iterations. The initial time
was first obtained via the expressions in Subsect. 7.IV.a.
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Appendix D

Acronyms

ADM Arnowitt–Deser–Misner

(A)dS (Anti-)de Sitter

AMPS Almheiri–Marolf–Polchinski–Sully

BC Boundary Conditions

BH Black Hole or Bekenstein–Hawking

BMS Bondi–Metzner–Sachs

BTZ Bañados–Teitelboim–Zanelli

CFT Conformal Field Theory

CHSH Clauser–Horne–Shimony–Holt

EBH Evaporating Black Hole

EE Entanglement Entropy

eom Equations of Motion

EPR Einstein–Podolsky–Rosen

ER Einstein–Rosen

EW Entanglement Wedge

FLM Faulkner–Lewkowycz–Maldacena

FTL Faster-than-light

GPI Gravitational Path Integral

GR General Relativity

HEE Holographic Entanglement Entropy

HRT Hubeny–Rangamani–Takayanagi

IP Island Parameter k
T

JT Gravity Jackiw–Teitelboim Gravity

LM Lewkowycz–Maldacena

OPE Operator Product Expansion

PI Path Integral

QES Quantum Extremal Surface

QFT Quantum Field Theory

QG Quantum Gravity

QM Quantum Mechanics/Mechanical

RT Ryu–Takayanagi

SYK Sachdev–Ye–Kitaev

vN von Neumann
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