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Introduction

The Riemann zeta function ((s) is one of the most extensively studied functions in pure
mathematics. This is for good reason: the theory surrounding this function has many
profound implications across analytic number theory and beyond. In particular, it is
deeply connected with the prime numbers, something that was first shown by Euler when
he proved the Euler product formula

) =Il—% (e>D)

in 1737. However, it was Riemann who extended this function to a complex variable s and
thereby discovered the relation of its zeros to the distribution of primes in his revolutionary
paper from 1859. At the same time, he formulated his most famous conjecture, which
later became known as the Riemann Hypothesis. Namely, he suggested that all non-trivial
zeros of the zeta function lie on the so-called critical line fRe(s) = 1/2. One of its most
important equivalent formulations, illustrating the deep connection to the distribution of
primes, amounts to an estimate of the prime counting function 7(x) with an essentially
optimal error term. In particular, if 7(x) denotes the number of primes not exceeding a
real number x, then the equivalent conjecture states that

)= [ g O

The problem is one of the seven Millennium Prize Problems, carrying a prize of $1,000,000.
It has remained unsolved for over 150 years, with few major breakthroughs, and
mathematicians still have no clear idea of where to look for a solution. As a result,
no attempted proof (of which there have been several) is currently taken seriously, and
the problem has been informally described as “one of the hardest ways to win a million
dollars.”

Fortunately, over the past century, mathematicians have gained the insight that the full
generality of the Riemann Hypothesis is not always required in order to deduce good
arithmetic consequences. Notably, in the search for zeros of the zeta function, special
attention has been given to zero-density estimates. Rather than improving known zero-
free regions, this subject aims to bound the number of zeros N(o,T) in the rectangle
defined by 0 < Re(s) < 1 and —T < Im(s) < T instead. Recently, there has been
substantial progress in this area, including a spectacular breakthrough by Guth and
Maynard [13]. This has led to the recent initiative known as the Analytic Number Theory
Exponent Database (ANTEDB for short) [36], which summarizes the current best results
regarding the zeta function.



vi Introduction

In this thesis, our aim is to provide a thorough account of the techniques used to prove
zero-density estimates. This begins with the description of a popular zero-detection
method, which has become standard by now, and proceeds with two examples that
together prove the estimate
N(o,T) <. T30+

in the entire interval 1/2 < ¢ < 1. Our work then culminates in a new zero-density
estimate that improves the current best bounds in a certain interval, effectively breaking
a world record. Here, we will exploit recent developments in the theory of exponential
sums, namely the discovery of new exponent pairs. A tool that is essential in proving
zero-density estimates is the study of moment estimates for the Riemann zeta function on
the critical line. These arise naturally in the zero-detection method and, once established,
provide a straightforward bound for the contribution of the class-1I zeros. This subject
has plenty of unsolved problems itself, and we will prove some of the current best results.
Most of this is based on Ivi¢’s book [22], which provides an overview of the theory of
the zeta function at the time. Nonetheless, his presentation is sometimes concise, and
several intermediate steps are omitted. One of the aims of the author is to elaborate on
the arguments by providing additional details and filling in the gaps. We conclude with
an application of zero-density estimates to the theory of primes in short intervals, where
the aforementioned bound will be used. Here, we prove an estimate that is, in a sense,
close to what would follow from the Riemann Hypothesis, and significantly stronger than
the one implied by the prime number theorem in its current form.

This thesis consists of two parts. Part I is of preliminary nature, building some of
the necessary tools when possible, and mentioning useful results otherwise. Chapter 1
introduces the Riemann zeta function and discusses the search for its zeros further. In
Chapter 2, we present a Hilbert-type inequality in order to prove two mean value theorems
for Dirichlet polynomials, which will be applied multiple times in Chapters 3, 4 and 5.
Chapter 3 focuses on exponential sums, a topic with many applications in analytic number
theory. In particular, we introduce exponent pairs and mention a result that uses them in
the theory of large values of the Riemann zeta function. Exponent pairs will be employed
throughout Chapter 5, and this result will allow us to improve the current best zero-
density estimates.

Part II is dedicated to Riemann zeta function theory. It starts with a chapter on moment
estimates, where we prove an asymptotic formula with an error term for the second and
fourth moments. The latter will allow us to establish essentially optimal bounds for all
exponents 0 < A < 4. We also prove an equivalent estimate for the general case and apply
it, together with the theory of large values of the zeta function, to prove the current best
known bounds in the interval 4 < A < 12. The main chapter of this thesis is Chapter 5,
which is devoted to zero-density estimates. Notably, we establish the current record in the
interval 1/2 < o < 7/10, before moving on to the proof of our new record estimate. The
final chapter serves as an application of zero-density estimates that derives a result on
primes in short intervals. This theorem will be compared to the trivial estimate obtained
from the prime number theorem with its best known error term, and a consequence for
gaps between primes will be presented. We end with a reflection and a discussion of
possible improvements to our new zero-density estimate.
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Variable complex numbers.
The real part of s.
The imaginary part of s.

We often implicitly assume that o denotes the real part of s
and t the imaginary part.

The half-plane {z € C : PRe(z) > 0}, where 0 € R.
The set of positive integers, i.e. Zo.

The Riemann zeta function evaluated in s € C\ {1}.
The Gamma function evaluated in s € C\ Z<.

The function x(s) := 2°7° 'sin (Zs) (1 — s) evaluated in
S & (C \ (2220 + 1)

A non-trivial zero of the Riemann zeta function with real part
B and imaginary part -.

A positive parameter that can attain any sufficiently small
value.

A sum over all integers n > 1 (or m > 1 in the second sum)
contained in the set X. If the sum is empty, it equals zero.

A sum over all prime numbers p contained in the set X.

A sum over all non-trivial zeros p of the Riemann zeta function
contained in the set X.

A sum over all prime powers p* (k > 1) contained in the set
X.

A product over all prime numbers p contained in the set X. If
the product is empty, it equals 1.

The fractional part of z € R, ie. {z} =2 — |z].
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Tools from Analytic Number Theory






Chapter 1

The Riemann zeta function

The Riemann zeta function plays a central role in analytic number theory. While initially
introduced by Euler, it was Riemann who extended the function to a complex variable and
connected it to the distribution of primes in his revolutionary paper [32]. In that work, he
also introduced the Riemann Hypothesis, one of the most important unsolved problems
in pure mathematics, with profound implications across many areas of mathematics.

In this chapter, we introduce a few basic concepts and results regarding the zeta function
that are necessary for this thesis, and motivate the search for its zeros by explaining the
relation to the distribution of primes. However, the literature surrounding this function
is vast, and we refer the interested reader to [22, 38].

1.1. Definition

Initially, the Riemann zeta function is defined as the Dirichlet series

[e.e]

sy =Y - (1.1)

ns’
n=1

which converges in Cy, where we denote Cy = {z € C : fRe(z) > 0} for any 6 € R.
However, it can be easily seen that the function extends meromorphically to the right
half-plane Cy. One approach to verify this uses a different Dirichlet series

n=1

which converges in Cy. Summing and subtracting two times the even terms gives for

Re(s) > 1
Gs) =Y ni 2% (2%) — (1= 2 (s).

This implies that the zeta function has a meromorphic continuation to C,, the only
possible poles being located at 1 + 2win/log(2) for n € Z. Another way to come to this
conclusion is by using Euler’s summation formula to get

o)== [ ok
3
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if Re(s) > 1. Here, we denote {x} = x — |z| as the fractional part of a real number z.
The right-hand side delivers the meromorphic continuation of {(s) to Cy and has exactly
one pole, namely at s = 1 with residue 1.

A more sophisticated argument (see e.g. [37, Part II, Thm. 3.1]) establishes that ((s) can
be meromorphically extended even further to the entire complex plane. This extension
does not produce any additional singularities besides the simple pole at s = 1.

1.2. The functional equation

The following famous functional equation relates the evaluation of the zeta function in
two values mirrored around the point s = 1/2. It will help us locate zeros in the left
half-plane in the next section, as well as find a symmetry in the location of zeros in the
critical strip. Moreover, it will also be used to estimate the fourth moment of the zeta
function on the critical line PRe(s) = 1/2 in Chapter 4.

Theorem 1.1 (see e.g. [37, Part II, Thm. 3.3]). For every complex number s
that is no positive odd integer, we have

C(s) = 2°7* 'sin <gs) T(1 - s)C(1 — s). (1.2)

Here we introduced the Gamma function I'(s). In the next section, we will see that ((s)
has a zero at every negative even integer, making (1.2) valid for all s € C\ {1}.

We usually denote
. 9ss5—1_: z _
x(s) :=2°7 " sin <2s> I'(1—s). (1.3)

Since poles cancel with zeros at positive even integers, this function is meromorphic on the
whole complex plane, with (simple) poles only in the positive odd integers. The functional
equation then becomes

¢(s) = x(s)¢(1 =) (1.4)
for s € C\ {1}.

In the proof of the fourth moment estimate in Chapter 4, we will substitute the functional
equation into an integral over a vertical line in the complex plane. In order to then change
the path of integration to a different vertical line without creating additional terms due
to the horizontal parts, it will be useful to have an estimate of x(s) in vertical strips.
Such a result will be easily achievable once we have a similar estimate for the Gamma
function. Therefore, we record [37, Part II, Cor. 0.13] in the next theorem. This result
is a consequence of the complex Stirling formula and will itself be applied repeatedly in
Chapters 4 and 5.
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Theorem 1.2. Let 01 < 03 be real numbers. Then, uniformly for o7 < o < g9 and
|t| — oo, we have!

ID(s)| = v2r|t|7 251 (1 +0 (%)) . (1.5)

Corollary 1.3. Let 07 < 05 be fixed real numbers. Then, uniformly for oy < o < 0y
and [t| > 2,2
ol|p|i-0o
Ix(s)| = (2m)7[t[27°.

Proof. We use the previous theorem and the definition of the sine function for [¢| big
enough:

3 4 (51 . 1
Mol < 27t S e i (140 (1) ) < i,

and

M g | 1
Ix(s)| > 2°m°~ #\/Zﬂtb_”e_fw (1 + O (;)) > (2m)7t[277.

We can extend these estimates to |t| > 2 using continuity and the fact that x(s) # 0 in
this domain. ]

1.3. The zeros

One of the most important subjects of study regarding the Riemann zeta function is the
location of its zeros. The zeros in the strip 0 < Re(s) < 1, which is known as the critical
strip, are of particular importance due to their connection to the distribution of primes.

We start off by showing that the zeta function does not have zeros in the closed half-plane
defined by PRe(s) > 1. The functional equation (1.2) then provides a full description of the
zeros in the left half-plane PRe(s) < 0. Namely, the only factor in the functional equation
that can create zeros for o < 0 is sin(7s/2), which does so if and only if s is a non-positive
even integer. However, in s = 0, this zero cancels with the pole of (1 — s). Hence, we
conclude that the only zeros in the closed left half-plane are the negative even integers.
We call these the trivial zeros.

If ¢ > 1, then the Dirichlet series ((s) = Yo7, L converges absolutely. Since the Dirichlet

n=1 ns

"'We usually write s = o + it to denote the real and imaginary part of a complex number s.

In the proof, we adopt Vinogradov’s symbol <, writing f(z) < g(x) to mean f(z) = O(g(z)), i.e.
|f(x)] < C|g(x)] for some absolute constant C' > 0. We further denote f(x) =< g(z) if f(z) < g(x) and
f(x) > g(x).
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coefficients are given by the completely multiplicative sequence a(n) = 1, we may write
the function as the Euler product

<) =11 — (1.6)

p 1_p

Moreover, the infinite product converges absolutely, and none of the factors are zero, so
¢(s) is non-zero if o > 1.

The argument showing that the zeta function has no zeros on the line with real part
1 is more difficult, but still very manageable. We present a very standard proof, starting
with a lemma.

Lemma 1.4 (The 3-4-1 inequality for ((s)). For o > 1 and real ¢, we have

C(0)P1¢ (o + it)[*|¢ (0 + 2it)| > 1.

Proof. We start from the Euler product (1.6). Since |1/p*| < 1 if ¢ > 1, we can use the
usual complex logarithm defined on C \ R~ as follows:

log [¢(s) Zlog 1——' Zﬂf{e (log (1—i)>

Applying the exponential function on both sides and substituting the Taylor series of
log(1 — s) gives

< \—exp(Zme<anm>)_exp(zzcosnﬂog )

p n=l1

Hence, if o0 > 1, it follows that

IC(0)PI¢(o + it)|A[¢ (o + 2it)| = exp (Z Z 3 + 4 cos(nt log(p)) + cos(2nt log(p))) |

npnho
p n=1 P

We finish the proof by noting that
3+ 4cos(f) + cos(20) = 2(1 + cos(#))* > 0
for any real 6. [

Now suppose that {(1 + it) = 0 for some fixed real t # 0 (if ¢ = 0, we have a pole). The
Taylor series in this point provides the estimate

((c+it)=0(c—1), o—1

Moreover, we have ((o + 2it) = O(1), ¢ — 1 by the continuity of the zeta function and
((c) = O(z%), 0 — 1 because of the pole at the point 1. Combining this with the
previous lemma gives

1< [C(0)Plc(o +at)[*[¢(o + 2it)| = O(o — 1), o — 17,
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which is a contradiction. Hence, we can conclude that the zeta function does not have
zeros on the line with real part 1.

We are therefore left with determining the non-trivial zeros, namely the zeros inside
the critical strip. Observing the symmetry of the distribution of zeros in this strip, we
can limit our study even further to 1/2 < fRe(s) < 1. Indeed, the functional equation
(1.2) tells us that a complex number s with 0 < o < 1 is a zero of the zeta function if and
only if 1 — s is a zero. Moreover, we have ((5) = ((s) since ((s) is analytic on a region
symmetric with respect to the real axis. Hence, a complex number s inside the critical
strip is a zero if and only if 5 is. We conclude that the location of the zeros inside the

critical strip is symmetric with respect to both the real line and the line with real part 1/2.

This is, however, where things start to become quite difficult. In fact, determining the
remaining zeros has been an open problem for more than 160 years. The famous Riemann
Hypothesis conjectures that they are all located on the so-called critical line Re(s) = 1/2.
A solution to this problem would have profound implications in analytic number theory,
notably for the distribution of primes. In particular, it would render all results in the
theory of zero-density estimates (and therefore Chapter 5) redundant. The conjecture is
part of Hilbert’s 23 problems for the 20" century and one of the seven Millennium Prize
Problems for the 21 century.

At present, we are not even close to proving a zero-free region of the form PRe(s) > 1—¢ for
some € > 0. The current best zero-free region, according to the ANTEDB (the Analytic
Number Theory Exponent Database) [36, Chapter 13], is recorded in the next theorem.
The result is obtained via the methods of Korobov [25] and Vinogradov [41], and a full
proof is presented in [22, Chapter 6]. This zero-free region is, along with a specific type
of zero-density estimate, the main ingredient in our proof that estimates the number of
primes in short intervals in Chapter 6.

Theorem 1.5 (Korobov-Vinogradov zero-free region). There exist an
absolute constant A > 0 such that ((s) has no zeros in the region determined
by

A

=1 t| > 3.
721 gl loglogipe 123

Another reason to seek an improved zero-free region is that it leads to a better error
term when estimating the prime counting function m(x). This can be seen, for instance,
through a standard argument such as [37, Thm. 4.1]. Here, the idea is to apply a Perron
inversion formula on the Dirichlet series (’(s)/((s) of the von Mangoldt function and to
use the residue theorem to move the path of integration left of the line Re(s) = 1. Here,
we have to avoid zeros of the zeta function to prevent the appearance of additional terms.
The further to the left we go, the better the estimate becomes. In particular, a zero-free
region of the form C;_. would already significantly improve the current best error term
(which is the same as (6.3) below). The following theorem illustrates this deep connection
between the zeros of the zeta function and the distribution of primes.



8 Chapter 1. The Riemann zeta function

Theorem 1.6 ([22, Thm. 12.3]). Fix 1/2 <6 < 1. Then

r(z) = /2 ’ 10;<t)dt + 0@ log(x))

if and only if the half-plane Cy contains no zeros of ((s).

It is known that there are infinitely many non-trivial zeros. This follows, for example,
from the following famous estimate, whose proof relies on the argument principle (see e.g.
[37, Part II, Theorem 3.19]). We usually denote a non-trivial zero of the zeta function by
p = B+iy. Then, let N(T) be the number of non-trivial zeros p = f+iy with 0 < < T,
counted with multiplicity.

Theorem 1.7 (Riemann-von Mangoldt formula). For 7" > 2, we have

N(T) = % log (%) _ % + O(log(T)). (1.7)

In particular, by the symmetry of the non-trivial zeros with respect to the critical line,
we know that there are zeros in the strip 1/2 < fRe(s) < 1. Therefore, in Theorem 1.6,
we have © > 1/2.

If we now fix 0 > 1/2 and only consider the zeros p = f + iy with v > o instead,
there exist much smaller estimates than Theorem 1.7. This is not unexpected, since the
Riemann Hypothesis predicts that there are no zeros here at all. These results are known
as zero-density estimates for the Riemann zeta function, which will be further discussed
in Chapter 5.

1.4. Some estimates

In this section, we summarize a few estimates regarding the zeta function that will prove
to be useful later in this thesis. The first result aims to estimate ((s) in the critical strip
by truncating its partial sums. This will allow us to easily prove the second moment
estimate of the zeta function on the critical line in Chapter 4.

Proposition 1.8 ([22, Theorem 1.8]). Fix 0 < § < 1. Then, uniformly for

0>0,teRandz € [2‘%'6700)\{0}, we have

1 xlfs

((s) = — = +O(z77). (1.8)

ns 1—s

Proof. For 0 > 1 and y > 0, Euler’s summation formula gives

OIS SE N RSNy I T

1—s
n<y n>y
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By analytic continuation, this equation extends to s € Cy \ {1}.

The idea is to now estimate the sum
1
> =
z<n<ly

using partial summation and the theory of exponential sums (see Chapter 3), substitute
this into (1.9) and let y — oo. Define the sequence a(n) by a(n) = 0 if n < z and

a(n) =n""if n > z. For ¢ > 0 and y > x > 0, the summation by parts formula gives
1 —0c Y —o—1 —it —0o —it
Z E:Za(n)n =0 [ u Z n du+y Z n . (1.10)
z<n<ly n<y z r<n<u rz<n<y

We now use Lemma 3.1, proven below, to estimate the exponential sums. In this lemma,

we choose the function f(u) = —(2mr) 'tlog(u). Provided that z > %, we have

' u o yl—it — plit
Z n"t= / v v+ 0(1) = ———— + O(1).
. 11—t
z<n<lu

Plugging this into (1.10) gives

1 Yoy — u—a—l 1—it yl—s

_ = d O —0 O —0o
Zns a/m — ut O %) + 17— +O0(zy ™)

r<nly

1—at

_ 1‘ ( g +1) <y1—5__,x1_5>4+,y_0$

+O0(x7%) 4+ O(zy™?)

1—9t \1-—s 11—t
yl—s xl—s

= — O(x™° O(zy™ 7).
VL 1 0() + Olay ™)

CEDIT DI T Sy [ VR

n<x m<n§y7ﬁ 1—s ys
x ™ o o = {t} {y}
Letting y tend to infinity completes the proof. n

We continue with an elementary estimate of the growth pattern of the zeta function on
vertical lines in the complex plane. Similarly to the estimate of x(s) in Corollary 1.3, this
will be useful for the fourth moment estimate. A crude estimate can already be obtained
from the previous proposition, and will prove polynomial growth in all vertical strips,
which is good enough for most applications in this text.

First note that, for all e > 0, {(s) is bounded in C; . since its defining Dirichlet series (1.1)
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converges absolutely in the closure of this half-plane. Next, we can apply the previous
proposition for § =1/2,1/2 <o <1, and = = [t| > 2 to get

log |¢| if o =1,

» 1 |t|170'
(o +it) < ZF_ "

= [t else.

+O0(|t]77) < {

In order to make the constant in the estimate independent of o, we can replace the
exponent ¢ in the sum by 1/2 to gain ((o + it) < [t|'/? uniformly in Cy/2. Finally, we
obtain a bound for o < 1/2 from the functional equation (1.4) combined with the estimate
of x(s) in Corollary 1.3. In summary, if we fix o9 < 0, we get

t2 if o > 1/2,

+it) K
Slo+it) {W—U it o <1/2,

uniformly for ¢ > oy and |t| > 2.
We now present a more refined but still elementary bound. The estimates for o > 1 and

09 < 0 < 0 can be achieved similarly as before, while the Phragmén-Lindel6f principle
was used to achieve the estimate in 0 < o < 1.

Theorem 1.9 ([22, Thm. 1.9]). Fix € > 0. There exists some t, > 2 such that,
uniformly in o € R and [t]| > ¢,

1 if 0 >1+e¢,

log |t| ifl<o<l1l+e,
t| 2" log|t| if0<o<1,
t|2="log|t| if o <0.

((o+it) <

In order to estimate the Riemann zeta function on vertical strips, one often introduces the
growth exponent function u(c), defined as the infimum of all real numbers 6 such that

Clo+it) < |t|?,  t— o0,

Theorem 1.9 ensures that p(o) < oo holds everywhere and shows that (o) < 0 for o > 1.
Moreover, if ¢ is sufficiently large, say o > oy, then

o0

1
¢(s)] > 1 ;E > 0.
Hence, u(o) = 0 for o > 0y. In addition, it is well known (see e.g. [37, Part II, Section 1.6])
that p is a convex, non-increasing function, so (o) = 0 if 0 > 1. The functional equation
(1.4), together with the estimate of x(s) in Corollary 1.3, then shows that p(c) =1/2—0¢
for 0 < 0. The symmetry imposed by the functional equation with respect to the line
Re(s) = 1/2 suggests that the value p(1/2) plays an important role. Therefore, it has
been studied extensively, and its upper bound has been lowered numerous times in the
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past century, see [36, Table 6.1]. The current record is given in the theorem below. In
particular, the fact that (1/2) < 1/6 will be exploited a few times throughout this thesis.

Theorem 1.10 (Bourgain [7]).

u(1/2) < 13/84.

It is conjectured that p(1/2) = 0, a statement known as Lindel6f’s hypothesis. In that
case, the value of p(o) is determined on the whole real line by the convexity of u, namely

4o = {o if o >1/2,

1
53— 0 else.

This conjecture is itself implied by the Riemann Hypothesis, see e.g. [22, Section 1.9].

While establishing zero-density estimates, we will make use of moment estimates on the
critical line to easily bound the total number of so-called class-II zeros. However, we
will not deal with moments directly, but instead need an equivalent estimate for sums
of powers of the zeta function evaluated in well-spaced values, established in Subsection
4.4.2. To prove this equivalence, it will be useful to estimate one value of the zeta function
to a power by a small moment integral of the same power. Therefore, we mention the
following lemma due to Ivi¢ [22, Lem. 7.1]. However, he only stated this result for integer
powers, so we generalize it for any real exponent A > 1 as a corollary, but sacrifice an
extra logarithmic factor in the process.

Lemma 1.11. Let & > 1 be a fixed integer. Then, uniformly for 7" > 2 and
T/2 <t < 2T,

log?(T)

1C(1/2 +it)|* < log(T) (1 +/

—log?(T)

|<(1/2+z't+w)|ke—'vldv> :

Corollary 1.12. Let A > 1 be a fixed real number. Then, uniformly for 7" > 2
and T/2 <t < 2T,

log?(T)

—log*(T)

1C(1/2 +it)|* < log!(T) (1 +/ 1C(1/2 + it + iv)|Ae|“|dv> :

Proof. We apply the lemma to the positive integer k for which £ < A < k + 1 and use
Jensen’s inequality, where we divide by 2log*(T) to gain a probability measure in the
integral. This yields

C(1/2 +it)|*

BN

. log?(T)
< log®(T) 1+/ 1C(1/2 + it + iv)|Fe~"ldv

—log?(T)
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<log*(T) -2

< 4log*(T) (

log?(T)
< log*(T) | 1+ /

EolRS

log?(T)
1+ [ 2log*(T) /
—log?(T)

1+ (zlogZ(T))Z‘—l/

—1log?(T)

log?(T)

—log?(T)

, 1k —|o] dv "
IC(1/2 + it +iv)|"e —QIOgZ(T)

C(1/2 + it + w)|Ae—’2lvdv>

|C(1/2+it+iv)|Ae_”|dv> . O



Chapter 2

Mean value theorems for Dirichlet
polynomials

While proving zero-density estimates, the contribution of the class-I zeros admits a natural
bound involving Dirichlet polynomials. This is not surprising, as these functions pop up
frequently in analytic number theory, including in this thesis. Namely, they serve as finite
approximations of Dirichlet series, which include the zeta function and many L-functions,
and are therefore easier to handle. Consequently, obtaining good bounds often reduces to
estimating Dirichlet polynomials.

Recall that a Dirichlet polynomial is a function of the type

Y a
P (S) = _n’
nS
n=1
where aq,...,ay are complex numbers and s € C is a complex variable. This chapter is

concerned with estimating the second moment

T
| paora,
0

> IPG)P

r<R

and the related sum

over well-spaced values t1, ..., tr. Both are known as the mean value theorem for Dirichlet
polynomials and they are respectively referred to as the integral and discrete variants.

The integral version is essential in proving moment estimates for the Riemann zeta
function on the critical line. In fact, it will provide the main term for both the second and
fourth moments. The discrete form will be useful in zero-density estimates to bound a
number of well-spaced class-I zeros. In the interval 1/2 < ¢ < 3/4, this turns out to give
sharper results than the Halasz-Montgomery inequality, which is used in the remaining
interval 3/4 < o < 1. The discrete form is also used to obtain a result regarding large
values of the zeta function in Section 3.3.

The proof of the integral form of the mean value theorem will crucially rely on a certain
Hilbert-type inequality. Therefore, we first establish this result.

13
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2.1. A Hilbert-type inequality

We begin with a proof of two inequalities, which are both known as a type of Hilbert
inequality. Each inequality will be used in the proof of the integral variant of the mean
value theorem for Dirichlet polynomials, while the first inequality is also used to prove the
second one. A proof of both results can be found in [22, Section 5.2], but for the second
inequality, we use a different argument that gives a better constant. Moreover, it allows
for an easier generalization once a more general inequality than (2.1) is available.

Proposition 2.1. Suppose that aq,...,an,by,...,by are complex numbers and
q1, - - -, qn distinct integers, then the following two inequalities hold:
Yo I xS Jal (2.1)
n#m<N In = dm n<N
- 1/2 1/2
Yo o <o (Z |an|2> (Z |bn|2) . (2.2)
n#Em<N In = qm n<N n<N

Proof. For (2.1), we shorten notation by introducing

o Qo
nEm<N dn — qm
Remark that £ = —F, since the roles of n and m swap in the numerator by taking a

complex conjugation and in the denominator by taking the additive inverse. Hence, E is
purely imaginary. In case F/i > 0, we make the following calculation:

§ an€27TZQnJ?
<N

1 ry
<) )]
0 0 n<
:/ / <Z an€27TZQn-'E> (Z a/m627riq"t$> dl'dy
0 0 n<N m<N

1 y ' 1 ry
= Z an@/ / eQm(qn’q’”)”da:dy—l— Z an@/ / ldzdy
0o Jo o Jo

n#m<N n<N

2

dxdy

1 1 )
=B LYl (23)

211
n<N

and therefore P
- < 2
Bl==<m) ladf”
n<N

In case E/i < 0, we perform the same computation, but with ‘Zn < Ap €T 2 replaced

by ’Zn< N Ap€2TianT ? in the beginning. This gives the same result upon noting that
|E| = —E/i. Hence, the first inequality is proven.
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The second inequality follows from some linear algebra in the Hilbert space CV equipped
with the standard inner product (.,.). First, define the matrix T by setting
ﬂj = ]-/<QJ - Qz) if 4 7é] and ﬂz = 0, so that

anb
“ = (Ta,b).
nEm<N dn — Gm
Note that the transpose T = —T, i.e. T is a Skew-symmetric matrix. Therefore, the

map (a,b) — (Ta,b) is a Skew-Hermitian form, meaning that (a,b) — (Ta,b) is a
Hermitian form. Therefore, we may employ the polarization formula, where we denote
||z|[2 = i(Tx,x). We also use (2.1) in the form | ||z||2| < «||z||* and the parallelogram
law:

ZZik||a+ikb||%
k=0

IN

1 _ .

e+l + [fla = bllz| + [la + bliz] + | la — ]|z )
™ . .

< Z([la+ bl +[la = bI[* + [la + | + [|a — ib][*)

= 7(llall* + [[]]*)

Replacing (a,b) by (Aa, A7'b) and selecting A\? = ||b||/||a|| yields the desired result. [

Remark 2.2. By letting N — oo in this proposition, the same inequalities hold for
sequences of complex numbers (a,)nen, (bn)nen, and a sequence of pairwise distinct
integers (¢n)nen, provided that the series > > |a,| and > 7 |b,| converge. This last
condition ensures that the infinite sum on the left-hand side converges absolutely.

The first inequality can be generalized to real numbers ¢, given a lower bound on ¢, — ¢,
for n # m [40, Thm. 16], where the constant in the inequality depends on this lower
bound. For a weighted version of (2.1), see [8, Corollary 2]. For both inequalities, a
similar variant of (2.2) can be obtained with an analogous proof. The study of Hilbert-
type inequalities is a mathematical subject in its own right. For a modern summary, we
refer the interested reader to [3].

2.2. The mean value theorem for Dirichlet polynomials
(integral form)
We are now ready to prove the main theorem of this chapter. We follow the argument in

[22, Thm. 5.2], and the constant is made explicit by the author. The proof is divided into
several steps. The first step sets the stage and quickly realizes that it suffices to prove

the estimate
Ay Qo 2
E og ) < E nla,|”.

n#EmIN (n) o 1Og(m n<N
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This looks very similar to the Hilbert inequality (2.1), and we follow with an argument
similar to (2.3). This leaves us to bound the sum

27m(10g n)—log(m))y

nGm dy.
5, o o

n#m<N

We consider a dyadic subdivision of the interval [1, N] into I = (27%N,2'"*N] and
estimate each sum over (n,m) € I}, x I; individually for all k£, > 1. We consider the cases
|k — 1] > 2 and |k — | < 1 separately in the second and third steps, respectively, where
the latter case relies on Hilbert’s inequality. We finish by collecting all estimates together
in the final step.

Theorem 2.3. Let ay,...,ay be complex numbers and 7" > 0, then
T 2
/ Zannit dt:TZ lan|* + O (Z n|an|2> . (2.4)
0 n<N n<N n<N

In case we have a sequence of complex numbers (a,),eny such that the series
00 00 2
Yoveilan| and > | nla,|* converge, then

T 2 [e’e} e’}
/ dt =T |ay*+ O (Zn\anF). (2.5)
0 n=1

n=1
In both cases, the constant in the O-term is absolute. In fact, the constant 2440 is
good enough.

Proof. ‘ Step I: Set-up ‘ We first work out the left-hand side in the finite case:

2
/T Z a,nt| dt = /T (Z annit> (Z amm”> dt
0 n<N 0 n<N m<N
= Zanan/ 1dt + Z anam/ (n/m)™dt

n<N n#EmIN
— (m)T—1
=T |a,*+ A G - ' (2.6)
7%13\7 ny;z\f i(log(n) — log(m))

Hence, for the finite case, it suffices to prove the estimate

n#EmIN n<N

Indeed, once this estimate is established, it can be applied in (2.6) directly, and a second
time with a, replaced by a,n'"

Once this is proven, we immediately obtain the infinite case as well: The estimate

T
/ > aun” dt—TZlan\ <<Zn|an\
0

n<N n<N
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follows, and now we simply let N — oco. The conditions ensure that all series converge,
and for the integral we use the dominated convergence theorem, where we dominate the

integrand using the trivial inequality
2 o 2
< (S i)
n=1

> o
The last term is a finite constant and therefore integrable over [0, 7.

n<N

For simplicity of notation, write

G= 2 o) —logir)

n#EmN

Similarly as in the beginning of the previous proof, G = —G, so G is purely imaginary.
In the remainder of this argument, we will assume that G /i > 0. The case where G/i < 0

is analogous, but with |}, _y a,e? 5™ |2 replaced by |Y, <y ane QW“Og(”)z‘Q in the
starting point of the next derivation. We compute

1 ry
<[]
0 0
/ / ( 27ri log(n)m> (Z W) d:L‘dy
n<N m<N
/ / a, e 2mi(log(n)—log(m)) xdxdy+ Z anan/ / 1dxdy

n#EmIN n<N

2
dxdy

2milog(n)z
n

e2mi(log(n)—log(m))y _ |

2
/ Z "m27rzlog() log(m)) dy+5 Zlan|

n#EmN n<N
27rz(log( )—log(m))y
a/n m + |an|2
/0 n;é%;N 2mi(log(n) — log(m)) 27” Z

Plug in G/i = |G| (in case G/i < 0, we have G/i = —|G|) to find

Gl<m )y laal +

n<N

e2mi (log(n)—log(m))y '

AnCm, dy
. 7&;@ / log(n) — log(m)

e2mi (log(n)—log(m))y

<ty e+ )| DD / Ty og(n) — Tog(m) dy| (2.7)

n<N kJI>1 |(n,m) € I, x I;
n#m

where we split the sum using the disjoint intervals I; = (277N, 27 N]. The remainder
of the proof consists of estimating each term in the final sum. We distinguish the cases
|k =1 >2and |k -1 <1.
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Step II: The terms where |k — 1| > 2

For this case, we will use the following preliminary

inequality for (m,n) € I, x I;. Since |k — [| > 2, we have

| log (1) —log(m)| = log(2~ ™59 N) —log(2! I ) =

(k1] -1)log(2) > [k~ 1252,

Combining this with the Cauchy-Schwarz inequality yields a bound for a single term in

627rz'(log;(n)—10g(m)) —1

(2.7):
Z / 27rz(log n)—log(m))y d
AnCm Y
nfein log(n) — log(m)
>
< | |log(n) — log(m)|

2m(log(n) — log(m))

IN

l [
™ 2 (log(n) — log(m))?

(nvm)elkXIl
< - S lanan]
a,a

< 3 2 nlm

mlog”(2)|k — | (nm)eToxT;

1/2 1/2
4

< > el > el
= 2 o 2 n m

7T10g (2)|k l| (nym)ElLx I, (nym)elxI;

mlog®(2)|k — |2

= ! (#N N L)V (#N N L)Y? (Z

IN

1/2
w) (z
mel

A 1/2 1/2
ol=I \TV1/2(9l—k pTy1/2 2 P
ﬂogze)‘k_lp( PN (S e ) (Y Janl

nely

1/2
— k 2 —1 2
- e <§ 27 Na,| ) <§ 27 N ap)| )

nely

mel;

. 1/2 1/2
< e |2 .
S o)k~ 1P (Z nfa| ) <m§m‘“ | )

nely

Summing over all (k,[) with |k —1[| > 2 and applying the Cauchy-Schwarz inequality again

gives the estimate we require:

27rz (log(

n)—log(m))y

3 / o

(n, m)GIkXIZ
1
|k =12

= l|>2

8
= mlog?(2) Z

|k—1[>2

2

nely

~ 7wlog®(2)

|k—l|22 TLEIk

— log(m)

1/2
2 1
n|an| ) (\k—

8 |
2 > T > nlanf?

dy

1/2 1/2
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1/2 1/2
1 - 1

< o3 ZZMWVZ | (22 2 mlenl® X

ﬂlog |k —1 |k —1]

k=1 nely, li—k|>2 I=1 mel, k—1|>2
8 2

=—|=-2 nla,|?.

7log®(2) (3 );V janl

Step III: The terms where |k — (| < 1 |For these terms, we will use another preliminary
inequality. First note that by studying the derivative of f(x) =log(1 + z) — x/3, we see
that this function is non-decreasing in [0, 2] and non-increasing in [2,3]. Since f(0) =
and f(3) > 0, we conclude that log(1 + z) > /3 for z € [0, 3].

Suppose that (n,m) € I}, x I; with n > m. Note that 4m > 4-27'N > 21"kN > n_and
therefore (n —m)/m < 3. Using the fact that |k — [| < 1, the previous two observations
yield

|2°7" N log(n)]—[2° %N log(m) |

> 25_kN(log(n) “log(m)) —1=2""*Nlog(1+ "y 1
m

> o5k T s gk BT s sk Ty
3m 3. 211N 3. 02k
8
:§(n—m)—1
>n—m. (2.8)

If m > n, then we similarly obtain the inequality |25"*Nlog(m)| — |25"*Nlog(n)| >
25"k N (log(m) — log(n)) — 1 > m — n.

We are now ready to bound the final terms in (2.7), for which it is enough to estimate
the integrands:

D

(n,m) € I, x I log(n) - log(m)

an627ri log(n)yam€2m’ log(m)y

n#m
— 25 k:N Z an627ri log(n)ym
2 3 FNlogln) — 2N log(m)
n#m
< 25 k‘N Z an€2ﬂ'i log(n)ym
- (n,m) € I, X I L25_kN ]‘Og<n)J - L25_kN10g(m)J
n#m
Uy oy |
+27EN Y |

[[25FN log(n)] — (25N log(m)] [[25*N log(n) — 25 N log(m)]

(n,m) € I}, x I
n#m

to bound the first term, we will use Hilbert’s inequality (2.2) with ¢, = [2°7*Nlog(n)],
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which are pairwise different by (2.8). If k # [, we have to relabel the coefficients a,. We
define

m

, apeX ey if n e [, y ame?™losmy if ;e ),
a, = =
0 ifn el 0 ifm e I,

and apply Hilbert’s inequality, where we extend the sum over all n,m € I, U I}, leading
to the following estimate for the first term:

1/2 1/2
P

nely mel]

1/2 1/2
< 213/27'[' <2kN Z ’an’2> <2ZN Z |am|2>

nely mel;

1/2 1/2
< 21327 <Z n|an|2> (Z m]am|2> :

nely mel;

If £ = [, then we can use the first inequality in Proposition 2.1 to obtain the same estimate,
but where a factor 2 is removed.

For the second term, we use our preliminary bound (2.8) and the Cauchy-Schwarz inequality
to estimate it by

95—k 7 Z ||

— )2
(n,m) € I, x I} (n m)
n#m
1/2 1/2
< 2kN 3 el 3 am*
- (n—m)? (n—m)?
o) gl oSy
1/2 1/2
1 1
_ o5k 2 2
=27"N ZWZW Z|am‘2m
nely m € I; mel; n € Iy,
m#n n#m
211/2 2 1/2 1/2
< 27EN Y ay 27N Jam|?
nely mel;
1/2 1/2
911/2,2
< 3 Z nla,|? Z M|y, |? :
ne[k mEIl

Summing over all (k,l) with |k — ] < 1, splitting the cases where k = [ and k # I,
and using the Cauchy-Schwarz inequality in the latter case finally yields

27rz (log(n)—log(m))y ‘

2 /%%m ~Tog(m)

(nm)GIkXIl

|k <1
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213/2 9 1/2 12
< 2SSt 297 (znw) S ol
k=1 nely k=1 nely melyq
213/2 2 12 [ o V2
< 20 S st 29 (S i) (33
’I’Z<N k ].TLGIk k=1 mGIk+1
Q17/2,2
< 7T Zn\an\z.
n<N

Step IV: Conclusion ‘ By combining the estimates for both cases of (k,[), we conclude

that 2 17/2,2
8 s 2 T
Gl < _° (I _y > nlag|.
"—(”+m%%m(3 )* 3 ) x|

n<N

In Step I of the proof, it is seen that the constant in the theorem is twice the one obtained
here. By estimating 3 < 7 < 3.15, v/2 < 1.42 and 1/log?*(2) < 4, a direct computation
shows that it is smaller than 2440. O

Remark 2.4. By replacing a,, with a,n'’® for some T € R in the above theorem, we see
that the theorem still holds when we integrate over [Ty, Ty 4+ T'] instead of [0, T'].

2.3. The mean value theorem for Dirichlet polynomials
(discrete form)

As a consequence of the integral variant of the mean value theorem for Dirichlet
polynomials, we can prove its discrete variant. Instead of integrating, we now evaluate
the integrand in a finite number of well-spaced values for ¢ and estimate the sum. The
idea of the proof is to use the well-spaced condition to bound the sum by an integral to
which we can apply the previous theorem. We follow the proof in [22, Thm. 5.3].

Theorem 2.5. There exists an absolute constant C' > 0 such that the following
holds. Suppose 1 < t; < --- < tg < T are real numbers such that |¢t, — t5| > 1 for

r# s < R. Let ay,...,ay be arbitrary complex numbers. Then
2
Z Z ayn't| <C (T Z lan)? + Z n|an|2> log(N +1). (2.9)
r<R |n<N n<N n<N

Proof. Suppose F € C'[0,1] and define f(z) = F(z + t, — 1/2). Fix some x € [0,1].
Integration by parts shows

= [ s [ o) - )

:/Olf(t)dt+/owtf’(t)dt+/;(t—1)f’(t)dt.
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ra1< [ irwla+ g [ i

tr+1/2 1 [tetl/2
Pl [T IRl [Pl
t

tr—1/2 —1/2

In particular,

or equivalently

We apply this inequality to the function F'(t) = (Zn <N ann“)Q. By the spacing condition
imposed on the ¢,, this yields

S am™| = |F()

r<R [n<N r<R
t7-+1/2 tr+1/2
gz/ (t)|dt + = Z/ |F'(t)|dt
<R Vtr—1/2 tr—1/2

T+1 1 T+1
g/ |F(t)|dt + —/ |F'(t)|dt.
0 2 0

To bound the first term, Theorem 2.3 can be applied directly to obtain
T+1
/ FOl<T Y a2+ S nlaf?
0 n<N n<N

The second term requires a bit more work. We directly calculate the derivative, apply
the Cauchy—Schwarz inequality, and then use Theorem 2.3, yielding

1 T+1
5/ |F'(t)|dt

( T+1
1/2 1/2
(T D lanl+ ) nlanl2> (T > lanlog*(n) + > nlan? 10g2(ﬂ)>

n<N n<N n<N n<N

Z apn'log(n)| dt
n<N
P 1/2 . | ) 1/2
n'| dt / Zann” log(n)| dt
0 n<N

< (T S lanl*+ ) n|an|2> log(NN). O

n<N n<N

We conclude with two remarks on this theorem.

Remark 2.6. Similarly to Remark 2.4, the same theorem will hold if we consider any
Tho e Rand Ty +1 < t; < -+ < tr < Ty + T instead. This can be seen by writing
ann’ = a,n' . pt=1) and applying the theorem to a,n'™ instead of a, and t, — T}
instead of t,. As an alternative, we can also follow the same proof, but use Remark 2.4

when we apply Theorem 2.3.
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Remark 2.7. Asin Theorem 2.3, this result also has a variant with infinite sums. Namely,
we have

2

Z Zann_m < TZ |an|? log?(n 4 1) + Zn|an|210g2(n +1)
r<R [n=1 n=1 n=1

provided that

D lanl <00 and Y nlay|*log*(n+1) < oc.
n=1 n=1

The proof is the same, except that we ignore the last line and let N — oo in the end.






Chapter 3

Exponential sums

One of the most important and difficult parts of analytic number theory is the estimation
of so-called exponential sums. These sums take the form

S e(f(n)). (3.1)

a<n<b
where f is a real-valued function satisfying certain smoothness conditions and e(z) = €27,
The trivial estimate < b—a of (3.1), which does not take into account any cancellation of
the terms, is usually insufficient for applications. Therefore, more sophisticated methods
are needed. In particular, it is interesting to consider estimates involving exponential
integrals, as their cancellation is easier to deal with. This is the theme of the first section
in this chapter, which serves to collect a few preliminary results.

In the context of exponential sums, special attention is given to (one-dimensional) exponent
pairs (k, A). Roughly speaking, these produce estimates of the form

> elf(n) < A°B,

B<n<2B

provided that
AB"F < |fW(z)| < ABY™F  (k=1,...,m).

This idea essentially goes back to Van der Corput’s method from the 1920s, which brought
significant advancements in several classical problems of analytic number theory.

One of these applications, which is an essential ingredient in this thesis, concerns the
theory of large values of the Riemann zeta function. This subject is closely related to
bounding moments of the zeta function and therefore helps in obtaining zero-density
estimates. We conclude this chapter with a brief discussion of this topic.

3.1. Preliminary lemmas
We begin by presenting a few preliminary results that directly estimate exponential sums,

which will be useful later. In particular, we prove the following lemma, which was already
used in Chapter 1 to estimate the zeta function in the critical strip (see Proposition 1.8).

25
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It will also be applied to obtain our first crude zero-density estimate in Chapter 5. The
proof follows [22, Lemma 1.2], where the constant is computed by the author.

Lemma 3.1. Suppose f : [a,b] — R is a continuously differentiable function with
monotonic derivative. Assume that sup,<,<,|f'(z)| < < 1. Then

10

< —.
—1-96

S e(f(n) - / o(f(2))dz

a<n<b

(3.2)

Proof. We will assume that [b] — [a] > 3. In the other case, we trivially have (3.2) by
the bound |e(f(z))| < 1. Let n be an integer in the interval a < n < b — 1. Define the
function ¢, () =e(f(n+x)) for 0 <z < 1 and

@AWZBUW»+?ﬂn+UX

and extend it periodically to the real line with period 1. This allows us to write the
function as a Fourier series of the form

N
©n(z) = lim ©on(k)e(kx),

N—oo

k=—N
where .
Fl0) = [ elrn+a)is
0
and, if k£ # 0,

Galk) = / on(z)e(—kz)da

In particular,

e(f(n)) +e(f(n+1)
2
= gpn(O)
= lim ) Za(k)

_/Ule(f(n—i—x dz + hm Z /f n+z)e(f(n+ ) — kr)dw
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:/nn+1 (f(z) dx+Nh§;O_Z / F(x)e(f(x) — kx)de.

Summing this expression over the integers n with a <n < b — 1 yields

b
e(f(n)) = ))dx + lim — kx)dx 4+ O(1), (3.3
X elso) | etrtan ﬁwwz A; (0) - ka)dz + O(1), (33

lc;éO

where the constant in the O-term is 3.

For k # 0, write

[b] |b] /
[ Faelf@) ke = o [ T o(p(a) — ka)yda

al+1 2mi la]+1 f( )
and note that f'(x)/(f'(x) — k) is a monotonic function because f’ and
g:[—0,0] > R: 2 x/(x— k) are. Therefore, we can apply the second mean value

theorem for real integrals, to the real and imaginary part separately. For the real part,
this asserts that there exists some & € (|a] + 1, [b]) such that

o) v
| ey e @) — ke

G R SNV (O B
Fa) % )., ) = ka)dr

< ?
~ k=9

where the second to last inequality follows from the fact that |g(z)| is maximal in z = +£4.
Similarly, we estimate the imaginary part by the same bound. In particular, we have

N Lb] > T
lim Z %/L f(@)e(f(x) — kr)dz| < 2;%

N—oo

__ al+1
k0
8/T  8~= 1
<2y
M it
< 8/m + 47r/3‘
- 1—9
Estimating 3.14 < 7 < 3.15 shows that the numerator is at most 7. Plugging the result
into (3.3) proves the lemma. O

We also mention the following two lemmas without proof. The interested reader may
consult [22, Lemmas 2.2 and 2.4] for the arguments. We include them as they will be
used in the next section to prove that (1/2,1/2) is an exponent pair.
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Lemma 3.2. Let f : [a,b] — R be a twice differentiable function. Suppose
that there exists some m > 0 such that f”(x) > m everywhere or f"(z) < —m

everywhere. Then
b
/ @) dy §8m_1/2.

Lemma 3.3. Suppose f[a,b] — R is a twice continuously differentiable function
such that f”(z) < 0 for all = € [a,b], and denote o = f'(b) and 8 = f’(a). Then,
for any n with 0 < n < 1, we have

b
S ef)= 3 / e(f(x) — mz)dz + O (log(f — a +2))

a<n<b a—n—1<m<p+n+1

where the constant in the O-term is absolute.

3.2. Exponent pairs

In the following definition, we introduce the notion of exponent pairs. This is a concept
that arises naturally in many problems in analytic number theory, in such a way that new
exponent pairs immediately improve certain results. In particular, they play an important
role in the study of large values of the Riemann zeta function, see e.g. Theorem 3.8 below.
This subject is closely connected to moment estimates, which is why exponent pairs also
appear in the theory of zero-density estimates. In fact, Section 5.5 below will obtain an
estimate that still depends on the choice of an exponent pair, which allows us to optimize
its choice over the set of newly discovered exponent pairs in [39]. Other applications
include bounds for the order of the Riemann zeta functions on the critical strip (as in
Theorem 1.10) and estimates for the error term in the Dirichlet divisor problem (see e.g.
[39, Sections 2.4 and 5.4)).

To define exponent pairs, we follow [22, pp. 72-73]. The conditions imposed on f make
the theory quite restrictive, but still allow us to study a large class of functions that occur
in many important applications.
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Definition 3.4 (Exponent pair). We call a pair of real numbers (x,\) with
0<k<1/2< )X <Tlandk+A <1anexponent pair if the following condition holds:

There exists an integer N > 1 and real numbers C' > 1, D > 0 such that if
we are given

e 1<h<B,
o A>1/2
e an N-times continuously differentiable function f : [B, B + h] — R with
ABY™"/C < |f™(x)| < CAB™" (3.4)
forallz € [B,B+hlandn=1,..., N,
then
< DA"B*. (3.5)

Yo elf(n)

B<n<B+h

J

The set of exponent pairs is convex. Indeed, suppose that (ki, A1) and (kg, \y) are
exponent pairs and 0 < ¢ < 1. In Definition 3.4, take N to be the maximum out of

the values used in both exponent pairs, and C' the minimum. Denote the sum in (3.5) by
S. Then
|S| _ ‘S|t’5|17t < Atli1+(17t)ngBt)\1+(lft))\2

proving that t(k1, A1) + (1 — t)(k2, A2) is an exponent pair as well. Also remark that,
trivially, (0, 1) is an exponent pair. The machinery from the previous section allows us to
easily obtain another exponent pair in the next proposition, which will directly be used
to derive one of the zero-density estimates in Chapter 5.

Proposition 3.5. The pair (1/2,1/2) is an exponent pair.

Proof. Again, let S denote the sum in (3.5). Note that the sign of f” is constant since it
is continuous and non-zero by the lower bound AB~! <« |f”(z)|. By taking the complex
conjugate of S, we may replace f with —f, so we can assume that f”(z) < 0 holds on
[B, B + h]. In Definition 3.4, take N =2 and any C > 1.

We apply Lemma 3.3 to S with n = 1/2:

S < / z) —nx)dr + log(f — a + 2).

a— 3/2<n<ﬂ+3/2
Each integral can be estimated by Lemma 3.2 with m > AB~%:

/ —nz)dr < (8 —a+4)A7/2BY?
a— 3/2<n<ﬁ+3/2 a

<(F B+ (B+h)| +4HA~2B2
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< Al/zBl/Q,

where we used that |f'(z)] < A.

To estimate the logarithmic term, we require a preliminary inequality. Namely, we use
the Taylor series of the exponential function to deduce, for z > 0,

(x1/2)2 12

<2 < 2e”

so log(z) < log(2) + z'/2. Note that by the conditions on f and since A > 1/2, there is
some absolute constant C' > 0 such that g — a + 2 < CA. Therefore, using additionally
that B > 1, we have

log(8 — a +2) <log(C) + log(A)
< (V21og(C) + V2log(2) + 1) A2 B2, O

In the recent paper [39], Trudgian and Yang summarized the entire set of known exponent
pairs at that time. This is the set that we will consider in Chapter 5 when optimizing an
exponent pair to improve current zero-density estimates. To describe this set, we consider

the functions |
T Y
A = -
(z,9) (2:1:—1—2’ 2x+2+2)’

1 1
B(z,y) = (9—57534'5)-

It is known (see e.g. [22, Lemmas 2.8 and 2.9]) that if (k,\) is an exponent pair, so are
A(k,A) and B(r, ). The latter statement reflects the symmetry of the set of exponent
pairs with respect to the line y = x + 1/2. In particular, these statements allow us
to quickly obtain the exponent pair (2/7,4/7) = B(A(A(1/2,1/2))), which will be used

multiple times in this thesis.

Generally, exponent pairs are considered better the further they lie towards the lower-left
region of the triangle with vertices (0,1/2), (0,1), and (1/2,1/2). The best exponent pairs
of [39] can be summarized in a sequence ((z,,Yn))nez as follows, where € > 0 can attain
any sufficiently small value. First, set

(@0.70) 13,5 . aTe2 35731
x =|—+4e—+c¢ x = € 5
0, Yo 81 ©'34 ’ L 38463 ' 51284 ’

o0.22) 18 593 @ 10) 2779 | 58699
X = —_— E, — E X = e £
22 109 " ° 706 ’ 3,93 38033 ' ' 76066 ’

o) = 5 7955
Y1) =\ 10238 T © 10238 ‘

Bourgain [7, Thm. 6] proved the first exponent pair using the Bombieri-Iwaniec method
[4, 5]. The others were proven by Trudgian and Yang [39, Lemma 1.1]. It follows from
the previous paragraph that

(xn7 yn) = A(xn—éb yn—4)



3.3. Application to large values of the Riemann zeta function 31

is also an exponent pair for n = 5,6,7,8. Next, for any n > 9, Heath-Brown [18] showed

that
2 3n— 14

(Tns Yn) = ((n— 5)2(n—2) 1- (n—4)(n—5)(n—2) +8>

is an exponent pair. Finally, due to symmetry, we have the exponent pairs

(J:na yn) = B($—na y—n)

for n < —1.

The exponent pairs corresponding to —20 < n < 20 are plotted in Figure 3.1. Together
with (0,1) and (1/2,1/2), their convex hull forms a set of known exponent pairs, symmetric
with respect to the line y = x 4+ 1/2. In this picture, we ignored the small value ¢ > 0,
so we may only consider exponent pairs in the interior of this polygon, along with the
line connecting (0,1) and (1/2,1/2). Recall that from Definition 3.4, we only consider
pairs (k, A) within the triangle with vertices (0,1/2), (0,1), and (1/2,1/2). The exponent
pair conjecture asserts that all elements of this triangle’s interior are exponent pairs.
Since ((1/2 + it) <uae [t|FT71/2+ for any exponent pair (k,)\) and & > 0 (see e.g.
[39, Section 5.4]), this would instantly imply the Lindel6f hypothesis.

0.9
0.8
A
(®2,12)
0.7
(:I:la yl)
(z0,1
0.6 3—113}—1)
(2-2,y-2)
0.5 - : g :
0 0.1 0.2 0.3 0.4 0.5

K

Figure 3.1: Known exponent pairs from [39] (in blue) and the line y = z + 1/2 (in green).

3.3. Application to large values of the Riemann zeta
function

In this section, we consider two parameters 7' > 2 and V' > 0 and real numbers
0<t; <...<tp <T (R >1) with the well-spaced condition |t, — ts| > 1 for r # s. In
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addition, we assume that they satisfy
C(1/2 + it,)| > V.

This last condition motivates the name “large values”. The goal is to estimate R by an
expression involving only T and V. Estimates of the form R < f(T)V =" are equivalent to
moment estimates for the Riemann-zeta function on the critical line, see e.g.
(22, pp. 201].

The following proposition provides a first estimate that will be used in one of our moment
estimates of Chapter 4. It relies on a type of approximate functional equation of the zeta
function, stated as a theorem below. Here, we introduce the k-fold divisor function

di(n) == #{(n1,...,np) €N : n=ny...m}. (3.6)

Remark that d;(n) = 1 is a constant function and dy(n) is the ordinary divisor function,
often denoted by d(n), which counts the number of positive divisors of n. The divisor
functions will play a more important role in the next chapter, and appear in Chapter 5
as well. Also recall the notation s = o + it and the definition of x(s) in (1.3).

Theorem 3.6 (Reflection Principle, [22, Thm. 4.4]). Prepare the following
parameters:

e Fix C' > 0 and an integer k > 1.
e Iix 0 < o < 1 and define d,, = 1 if & > o and zero otherwise.
e Denote h = log?(T") and suppose 1 <Y < T¢ and M > (37)*Y 1.

There exists some Ty > 2 such that uniformly in 7> Ty, 0 < o < land h?2 <t < T,
we have

Ck(3> _ Z dk(n)e—(n/Y)hn—s +5a,axk(3) Z dk(n)ns_l

n<2Y n<M
1 a—o+ih? N w dw

_ dy(n)nP ! Y“T<1 —>— 1
2T J o oin2 (s +w) (;/1 k(n)n ) + h/ w +o(1),

where the error term tends to zero if 7' — oo, independently of other parameters.

Proposition 3.7 ([22, Equation (8.26)]).

R < TV ~*log®(T) (3.7)

Proof. We first reduce the problem to proving (3.7) when 7/2 < t. < T for
r=1,...,R and T is sufficiently large, say T' > T > 2. Once this is proven, apply it for
T,T/2,...T/2"T) where k(T) is the smallest non-negative integer such that 7'/25™) > T;.
We sum the results to find
k(T)
R<2Ty+ 14 5V log®(T/2") < 2Ty + 1 4+ TV 4 1og®(T)

n=0
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Note that, since 4¢(1/2) < 1/6 by Theorem 1.10, we have V < |¢(1/2+it,)| < t+/* < T4,
so 1 < TV~*log®(T). In particular, we have (3.7).

Apply the previous theorem to k =2, Y =37, M = 3T, a = 3/4, and s = 1/2 + it,.
This yields

C —|— zt Z d(n ~(n/3T)" ) ~1/2itr | 2 (1/2 +it,) Z d(n)n71/2+itr

n<6T n<3T
1,32
I A Tttt wy dw
L i, o) aryer (14 ) 4
ot |0 X (3 +ite+w) | Y dn)n (37) +3)
1 n<3T
+o(1).

Denote the j-th term on the right-hand side by Fj(r) for j = 1,2,3,4. Squaring both
sides, summing over r, and using the Cauchy-Schwarz inequality yields

RV* <> (¢ (1/2 +it,)[!

r<R
4
<Y S IEEP+Y D F(r)][Fy(r)
r<R j=1 r<R k#j
4 1/2 1/2
<D DAEMP+Y <Z \Fk(T)P) <Z \E(T)P) -
j=17r<R k#j \r<R r<R

Hence, it suffices to prove that Y- _ . |Fj(r)]* < Tlog®(T) for j =1,2,3,4.

In the case of 7 = 4, we trivially find

Y |FrP < R<T.

r<R

For j = 1,2, we apply the mean value theorem for Dirichlet polynomials (see
Theorem 2.5) as follows:

—2(n/3T
Sinor < (1Y 5 o ) < Tl

r<R n<6T n<6T

Y |IBRE)P < (T Z ) 4 > d(n )log (T) < Tlog*(T).

r<R n<3T n<3T

Here, we used the elementary inequality e* < 1, the estimates of the sums _ _ d*(n)n®
in Lemma 4.3 below, and the estimate of x(s) in Corollary 1.3. Finally, if j = 3, we make
the following deductions, whose individual steps are justified below:

G

r<R

T1/4

d(n
Z (1/3 itp+iv

n<3T

1/2
T-1/2 |v] vl 1
<) / 1+< ) ] e?h—ﬁ_i_w’dv

r<R -
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(o)
d

<<T‘1/2h22/h2 3 d(n) it,+iv
h2

2 v
r<RY ™ n<3T n1/4 ‘éll—l_,“}l
< T PloghT) | T i) + > d*(n)n'’? | log(T)

g i g

n<3T n<3T
(e (3))

. d
/_Oo v2 + % !

< Tlog¥(T).
The successive steps are justified by the following results:

e Apply Stirling’s formula in Theorem 1.2 and Corollary 1.3. For the Gamma function,
we can extend the estimate to entire the strip {1 < Jm(s) < 5/4} with the bound
|F(S)| < (mza—l + 1)1/26—7r|t|/2'

e Appeal to Jensen’s inequality for convex functions (or the Cauchy-Schwarz
inequality).

e Put the sum into the integral and exploit the mean value theorem for Dirichlet
polynomials.

e Again use Lemma 4.3 below. In the integral, we estimate the numerator by a
constant. O

The following important theorem shows us how exponent pairs appear in this context.
Namely, it is a key result in zero-density estimates since it implies a bound for the
contribution of the class-II zeros. Moreover, we will exploit this fact to break current
records for zero-density estimates. The proof relies on deeper results concerning the
Riemann zeta function and is beyond the scope of this thesis. We therefore refer to
(22, Thm. 8.2].

Theorem 3.8. Fix an exponent pair (x,A). Then

142k42)

R < TV S10g3(T) + T% V20 (log(T))

3+6k+4N
K

In particular, we apply this theorem to the exponent pairs (2/7,4/7) and (1/2,1/2) in
a separate corollary that will be useful later. Part (i) will be used in a mixed moment
estimate in our method that improves current zero-density estimates in Chapter 5. On
the other hand, part (ii) will enable us to prove the current best bounds for moments of
the zeta function on the critical line with exponents 4 < A < 12.
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Corollary 3.9.

(i)
R < TV Clog® T + T3V 10g*2(T),

(ii)
R < T*V"1og"(T). (3.8)

Proof. The first estimate follows immediately from Theorem 3.8 with the exponent pair
(2/7,4/7). For the second estimate, use the exponent pair (1/2,1/2) to find

R < TV =%1og®(T) + (TV ®log®(T))>.

Again by Theorem 1.10, we have V' < [((1/2 +it,)| < t/8 < 76 In particular, since

R # 0, we have 1 < TV ~=%10g®(T), so

R < (TV=Clog®(T))% O






Part 11

Theory of the Riemann Zeta
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Chapter 4

Moment estimates on the critical line

After the preparatory work of the previous chapters, we begin to take a deeper dive into
the theory of the Riemann zeta function in this chapter. In particular, we will cover power
moments of the zeta function on the critical line fRe(s) = 1/2. These are expressions of
the form

/OT 1C(1/2 + it)|Adt (4.1)

as a function of T" > 0, where A > 0 is a fixed real exponent. Theory of moments on
other vertical lines exists as well, see e.g. [22, Chapter 8|.

These moments naturally pop up in zero-density estimates when bounding a number of
well-spaced class-11 zeros. More specifically, a factor that appears here is a sum over well-
spaced values of t evaluated in the integrand of (4.1). Estimating such sums is equivalent
to estimating moments, as explained in Subsection 4.4.2 below. Obtaining good estimates
for (4.1) therefore provides an easy bound for the contribution of the class-II zeros.

We begin by proving asymptotic formulas for the second and fourth moments with error
terms. To date, these remain the only moments with a proven asymptotic formula.
Afterwards, we briefly present the conjectured generalization to even powers. The chapter
ends with a discussion of the more difficult real power moments. In this last section, we
prove an almost optimal estimate for 0 < A < 4 and the current best upper bound for
4 < A<LI12

4.1. The second moment

As a warm-up, we begin with the proof of the second moment estimate. The result follows
quite easily once we substitute the estimate of the zeta function in the critical strip (1.8)
into the integral

/T 1C(1/2 + it) 2t

T/2

and use the mean value theorem for Dirichlet polynomials. Then, we replace T by
T/2,T/22,... and add all the results.

39
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Theorem 4.1 ([22, Thm. 1.11]). For T > 2,

/T C(1/2 + it)|2dt = Tlog(T) + O(T).

Proof. In Proposition 1.8, we choose 0p =0 =1/2, 2 =T > 2 and T/2 <t < T. This
gives us

. 1 T2 1 1 1

n<T n<T

Therefore, by working out the square and using the triangle and Cauchy-Schwarz inequality,
we get

2

T 2
dt+/ O(T™2)| dt

T/2

o NE .
dt (/ ‘T‘ﬁ
T/2

N

T T
/|g(1/2+z't)|2dt:/ Z#

T/2 T/2 |t

T
L0 /
T/2 | <r

1

2 2
)

1
Z nl/2+it

The second term is trivially < 1.

For the first term, we apply the mean value theorem for Dirichlet polynomials. We
also use the Euler summation formula to estimate the sum Y _ L. This yields

n<x n
2 2 2
T T T/2
1 1 it 1 it
[ | = [ | e [ | a
T/2 n<T 0 n<T 0 n<T

Iy ieo(x)

n<T n<T

= %Tlog(T) +O(T).

In summary, we have
r 1
/ 1C(1/2 4 it)Pdt = T log(T) + O(T)
/2 2
for T' > 2.

Now, for T" > 2, let k(T') be the integer such that WLT) <2< W% Then, the
following computation finishes the proof:

k(T) /2"

/|(1/2+zt|dt Z/

0 /2n+1

T/2k(T)
C(1/2 +it)|*dt + / C(1/2 +it)[*dt
0
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k(T)—1 . ,
_ 1T T T .
a ; 5 om 08 (zn) 0 <; 2n> +0 (/ C(1/2 + it)] dt)
= 522—nlog <2—n) 3 Z Q—nlog (2_> +0(T)

n=0 n=k(T)

T~ log(T) T - log(2) o

2n:O 2n 2; AL +0 ;2 0g 9 +O( )
=Tlog(T)+ O (T) -

Early in the 20" century, Hardy and Littlewood [14] were the first to prove an asymptotic
formula for the second moment. Their interest in estimating these moments was initially
due to the connection to the Lindelof hypothesis. A few years later, Littlewood improved
this significantly to

/ (/2 1 if) Pt = Tlog(T) + (2 — 1 — log(2m))T + E(T)

with v denoting the Euler-Mascheroni constant and F(T) <. T4+, Not long after this,
the better estimate E(T) <. T2 was shown by Ingham [20]. In 1949, Atkinson proved
an explicit formula for this error term E(T"), which is discussed in [22, Chapter 15].

4.2. The fourth moment

In the method we use to prove the fourth moment estimate, it will be crucial to have
estimates for the sums

Z d*(n)n® and Z d*(n)n®,

n<lz n>x

where a > —1 in the first sum and a < —1 in the second sum. In particular, the special
case a = —1 is responsible for the main term. To achieve this, it suffices to handle
the sum where a = 0. Every other case then follows from an easy partial summation
argument. We will first determine the Dirichlet series of d*(n) using the method described
in [22, Section 1.7]. This allows us to write this arithmetic function as a Dirichlet
convolution, to which we can apply the convolution method.

Lemma 4.2. If ¢ > 1, we have

—?(n) _ CU(s)
; ns  ((2s)

Proof. 1If Re(s) = o > 1, we have

(") <~ (k+1) 4log”(p*) 4 glog’(n)
2 P > SZlozf(?)p’“’Slogf(?)z o S

ko
p
pF pF pk n=1
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and since d?(n) is multiplicative, this Dirichlet series converges absolutely in s.
To prove the identity, we invoke the Euler product for ¢ > 1:

SONE I 5 1+p
¢(2s) 1 (L-p)* I (1—p)*

p p

The next step is to replace the denominator by its Taylor series. Since for |z| < 1, the
e L NT K ; .
series ;— = >~ 2" converges absolutely, the product series converges too:

1 m

(1—2)3 - Zamz ’
n=0
where .
m m—ki

(m+2)(m+1)
=) > >

ki1i+ko+ks=m k1=0 ko=0

¢(2s) — 2
_ H (Z:O (m+ 2)2(m + 1)p_m5 N Z:O (mzl)mp_ms>
= H Z(m +1)%p ™

In the last equality, we used the fact that d(n), and therefore its square, is multiplicative,
so we may write its Dirichlet series as an Euler product as well. O]

Lemma 4.3. For x > 2,

1 1+a 3 14+a 2 : _
ZdQ(n)na _ ﬂi(aJrl)ff 1Og (ZE) :— O&(x log (1’)) lf a > 17 (42>
et 7z log"(z) + O(log”(z)) if a =—1.
In case a < —1, we have for x > 2,
—1
D dmn" = < 3w 1og(x) + Ou(e " log* () (4.3)

n>x
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Proof. First, define the arithmetic functions

0 else.

dy(n) = (d*d)(n), f(n) = {M\/ﬁ) if n is a square,

with the Dirichlet convolution. In the case of d4(n), this agrees with the definition of
dy(n) in (3.6). The previous lemma tells us that ¢*(s)/{(2s), which is the Dirichlet series
of dy* f, is also the Dirichlet series of d?. Therefore, since an arithmetic function uniquely
defines its Dirichlet series, d? = d4 * f.

Next, we apply the convolution method to d = 1 %1, dy = d*d, and d* = dy * f.
In between, we also use partial summation:

Zd(n) = Z Z 1= Z <% + O(l)) = xlog(z) + O(x),

n<z k<z n<z/k k<x

-5 st (M () <0 (21w (2)))

1, pk) 1 (k) log(k?)

— Ezvlog (x) = 2351 (x) Z 12
h<VE h<VE
k)log*(k?) 1 k) log® (k>
 Latoge) 3 1 )kzg( )_6 T i )kzg( )
k<\z k<Vx

Lo ( 'Y rfgf)r)

— 3o | 40 ( 30 | | 0 Grog) 0 s B
k>\/x k<{x

_ %xlogg(a:) + O(xlog (). (4.4)

We finish with an application of the summation by parts formula. O
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The estimates appearing in this proof can be significantly improved with the Dirichlet
hyperbola method. When applied to »_ _ d(n), this argument gives an estimate with

error term O(z2), as explained in [38, Section 12.1]. For > n<e d4(n), this method reduces

us to the error term O(z1 log(z)). The same convolution argument for > < d¥(n), but
with a more careful treatment of all terms, gives the same error term. Then, we can easily,
but with a more technical partial summation argument, improve the estimates in (4.2)
and (4.3). However, the current statement will be enough for us to prove the following
fourth moment estimate.

The proof will happen in four steps. The first step reduces the problem to estimating
the integral f;ﬂ |C(1/2 + it)|*dt, similarly as when proving the second moment estimate.
E

The next step derives an equation that helps us write |((1/2+it)|* as a sum of six terms.

Here, the starting point will be the identity
1 c+1i00
et =— [(s)x™*ds, (4.5)

- 27

which holds for all ¢,z > 0. This equation follows from applying the Mellin inversion
formula (see e.g. [2, Section 8.2]) to I'(s), which is the Mellin transform of the function
e~ * by definition. The expression is surprisingly useful, as it will also serve as the entry
point in the zero-detection method explained in Chapter 5. Moreover, the proof of the
reflection principle (see Theorem 3.6) begins with this formula as well. In the third step,
we square this equation, expand it, plug the result into the integral, and estimate the
main term. The final step bounds all other terms.

Theorem 4.4. For T' > 2,

/OT 1C(1/2 4 it)|*dt = iTlog‘l(T) + O(T 1og*(T)). (4.6)

272

Proof. ‘Step I: Preliminary reduction‘ It suffices to prove that, for T sufficiently
large,

T
1
/ C(1/2 + it)|'dt = - Tlogh(T) + O(Tlog*(T)).
Indeed, suppose that this holds for T > Ty, where Ty > 2 is a fixed real number. Take
k(T) € N such that 57 < Tp < gry—. Then

T
/ 1C(1/2 + it)[*dt
0
E(T)—1

/2" T/2+(T)
=) / |§(1/2+it)\4dt+/ C(1/2 + it)|*dt
nep JT/27t1 0

k(T)—1

1 T T oo T To .
= > RQ—nlog4 (2—n> +0 <Z2—nlog3(T)> +0 </0 ‘C<1/2+Zt)’4dt)

1 /T T I — T T
= —log* (=) | - — —log* [ — Tlog?(T
7T2 —~ (2n 0g (2")) 47T2 k(T)<2n 0g <2n)>+0( Og( ))



4.2. The fourth moment 45

- L5 () vo (5 (B (5))) ot

n=0 n=0

1 4 3
= 2—7T2Tlog (T)+ O (Tlog’(T)) ,
where, to obtain the fourth equality, we expanded the  product
log*(T/2") = (log(T) — log(2"))* in the first sum and absorbed everything, except for
the leading term, into the error term O(T log*(T)). Lastly, by continuity in 7', this result
holds for all 7" > 2.

‘Step II: Set—up‘ We begin with a computation, whose individual steps are justified
below. For convenience, we will assume that T is sufficiently large throughout the
remainder of the proof. Let s =1/2+ it and T/2 <t < T, then

> 1 2400
> () oy _ — / C%(s 4 w)(w) T dw
—~ n’ 2T Jo_ino
1 —3/4+zoo
= (*(s) + 0T — (s 4+ w)I(w) T dw
271' —3/4—ioco
1 3/4+1oo o d(n)
O( — I'w)T"d
= (s) + Fami Ly X0 LT
1 —3/4+zoo d(n)
O.( — ['(w)T"d
= () + mi g X D T @
1 1/44ic0 d
()Y — (s +w) lf”_) I(w)T"dw
27m 1/4—ioo nl—s-w
n<T n<T
1 3/4+ilog?(T) d
= C2(s) + O(T™%) + — / XCls+w) ) IE:L_)wF(w)T“’dw
2mi 3/4—ilog?(T) ot
1 1/4+ilog?(T) d
—X2() —n T o s+w)z IEZ)wF(w)TUde.
n<T 1/4—ilog?(T) nSTn

We now explain each equality in order:

e Substitute (4.5) with ¢ = 2, apply the dominated convergence theorem, and use the
fact that (?(s) is the Dirichlet series of d(n). With the estimates of the Gamma
function and the Riemann zeta function in Theorems 1.2 and 1.9, we obtain an
integrable dominating function.

o Write the integral as a limit lim,_,«, |. 2+Za ?(s+w)'(w)T"dw and apply the residue

theorem to the closed integration path that connects the points 2 + ia, —3/4 + ia,
—3/4 —ia and 2 — ia with linear segments. Utilize the estimates for the Gamma
function and the Riemann zeta function again to show that the integrals over the
horizontal parts tend to 0 if a — oo.

The only poles to consider are w = 0 and w = 1 — s, with respective residues
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¢*(s) and

(1 —s)
T(1—s)T" {2y +log(T) + —— ] .
(=97 (2 +1ou(r) + =)
We can estimate the latter residue by O.(T¢) for every ¢ > 0. To see this, use
Stirling’s formula in Theorem 1.2 with 7'/2 < ¢t < T to bound the first factor. To
bound the digamma function, apply the identity

F’(z)_o z—i— e xdx
() ~ sl — o 2/0 (22 + 22) (7@ — 1)

from [42, Example 12.3.7]. The only difficulty here lies in estimating the integral
for z =1 —s = 1/2 —it. However, when studying |z? + 2%|? as a function of ¢, after
some easy calculations we see that it is minimal in t* = 22 — 1/4 if x > 1/2, and
in ¢ = 0 otherwise. This yields |22 + 2%| > z and |z? + 22| > 2% + 1/4 respectively.
Therefore, we may bound the integral by a constant independent of ¢. Conclude
that

(1 —s)

) < log(t) < log(T).

e Substitute the functional equation (1.4) and write ¢(*(1 — s — w) as its Dirichlet
series.

e Split the sum in the integral, and for the integral over the finite sum, change the
path of integration from Re(w) = —3/4 to Re(w) = 1/4. This is done similarly as
to obtain the second equality, but the path of integration is now clockwise. The only
pole is in w = 0 and, unlike before, we also use the estimate for x(s) in Corollary
1.3 to bound the integrals over the horizontal parts.

e Restrict the integral to the part where |Jm(w)| < log*(T) and use Corollary 1.3 and
Theorem 1.2 to estimate the tails by O.(T~°), for any ¢ > 0.

We now multiply this computation with Xfl(% + it), noting that, using the functional
equation (1.4),

(5 +it)  SA=G—it) Ty i e
iy i sy d =< (IEER)c a2 = a2z - i

By the estimate of x(s) in Corollary 1.3, this multiplication does not affect the error term
O.(T~¢). The resulting equation is

6

C(L/2+ i) =D Ju(1/2+it) + Oc(T ™) (4.7)

k=1

for all ¢ > 0, where we introduced the functions

Ris) =) 3
Rfs) = x(5) 3 A,
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i d(n)e T
Ifs) =) 3 AT
n>T
_ d(n)(e T —1
I(s) =y 3 e =D,
n<T n
1 —3/4+ilog?(T) d(n)
J5(s :——,Xls/ Y2(s +w ['(w)T"dw,
) = =g ) [ ) X W)
1 1/4+ilog?(T) d(n)
Jg(s :——,Xls/ (s +w I'w)T"dw,
=g O [ ) T

which are all analytic in 0 < fRe(s) < 3/4 (for Js(s) and Js(s), see e.g.
[33, Chapter 2, Thm. 5.4]). Note here that .J;(s) cancels with part of J,(s) when summed
together.

‘Step III: The main term‘ We first show that Ji(1/2 + it) < TY%log(T), so when
multiplied with the error term O.(T¢), we get an error term O(1) for each k if we choose
¢ > 0 big enough.

Use the estimate of y(s) in Corollary 1.3, the bounds e™® < 1/22? and e™" < 1, and
partial summation to show that J,(1/2 + it) < T?1log(T) for k = 1,2,3,4. To estimate
J5(1/2 4 it) and Jg(1/2 + it), use Corollary 1.3 and partial summation together with
Stirling’s formula in Theorem 1.2:

-1 log?(T) ) .
J5(1/2 +it) < (/ +/ ) (|t+UP%T*Z10g(T)|v|*§e*§\vlT*%> dv
“ry 1

—log
1
+/ It + 0> 3T 3 log(T)|T(=3/4 + iv)|T~ 3 dv
-1
< T2 log (7).

Bounding Js(1/2 + it) is analogous.

Before we insert (4.7) into the moment integral, use the functional equation (1.4) to
see that

(/2 —it) _
C(1/2 +it)

and therefore J;(1/2 +it) = Jy(1/2 + it). Now, fixing a sufficiently large ¢, squaring and
integrating (4.7) gives

x(1/2+it) = x(1/2 —it) = (1/2 +t), (4.8)

/T 1C(1)2 + it)|'dt

T/2

= 2/T |J1(1/2 + it)|?dt + O (

T/2

/T (JE(1/2 4 it) + J3(1/2 + z’t))dtD

T/2

+0 (Z/ | Je(1/2 + it)]| dt) +0< > |Jk 1/2+zt)\|Jl(1/2+zt)\dt>

3<k<i<6” T/
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+0<Z

For the first term, we use the fact that |x(1/2 + it)] = 1 from (4.8), the mean value
theorem for Dirichlet polynomials, and the estimates for Y. __d*(n)n~® in Lemma 4.3:

n<x
T T d(n) ‘ 2 T/2 d(n) ' 2
2/ |J(1/2—|—z’t)|2dt:2/ ——n* dt—2/ —Zn

:TZ@+O (Zd%))

n<T n<T

T/2

/T (J1(1/2 + it) + Jo(1/2 + it)) Ju(1/2 + z’t)dtD +0(1). (4.9)

dt

1 4 3

‘ Step IV: Estimating the remaining terms ‘ Using the same methods as for the first

term, while also using the estimate for y(s) in Corollary 1.3, e™* < 1/2? for z > 1 and
1 —e® <z for all z € R, we estimate in the range 0 < o < 3/4:

r 2 201 on/T dQ(n) o2n/T
/ | Js(o +it)|*dt < T2~ TZ n% e~/ +ZF6_H/

T/2 n>T

2 2
< T20+QZM +T20+IZ d (n) <, TlOg (T)

n20+2 2 +1
n>T n>T

and

T d2
/ | Ju(o +it)Pdt < T* <TZ o (e —1)2 4 Z %(e—"/T - 1)2>

T/2 n<T n<T

< T20-2 Z dza 2 T2a 3 Z

n<T n<T

(7).

In the case of J5(s) and Js(s) however, we need to employ the generalized Minkowski
integral inequality (see e.g. [15, Thm. 202]) before we can appeal to Theorem 2.3. Before
this, we first use Corollary 1.3, again for 0 < o < 3/4. This yields

T
/ Js(o + it)Pdt

T/2
T log?(T) 5
< / T2o‘—1 / TE —20
T/2 —log?(T)
s log?(T) T
S T§ —20 / /
—log?(T) T/2

d(n)
Z n7/4—o—it—iv

n>T

2
|r(—3/4+w)|T—idv> dt
2 3 2
2
d
Zn7/4—(an—)it—iv [T(=3/4+v)[*dt | dv

n>T
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log?(T) d(n) d(n) \°
5_9g ' n i
< T2 /_ ID(=3/4 + iv)| (T D et s |

2
log™(T") n>T n>T

o0

<, T3 % ((T%—S logg(T)); /

< Tlog*(T),

|F(—3/4+iv)|dv)

[e.e]

where we used the estimate of I'(s) in Theorem 1.2 to see that the last integral is finite.
Deducing the estimate for Jg(s) is identical, but we assume that 1/4 < o < 3/4 to avoid
the case a = —1 in Lemma 4.3.

We conclude that we have obtained the correct estimate for the third term on the right-
hand side of (4.9). As a consequence, we immediately obtain the same desired estimate
for the fourth term by using the Cauchy-Schwarz inequality.

For the second term, we write
T 1 [LY2HT
/ J2(1/2 + it)dt — -,/ J2(s)ds
T/2 v J1j24iT/2

and change the path of integration to avoid the case a = —1 in Lemma 4.3. Employing
the usual estimation techniques yields

T 1 1/4+4T/2 1/4+iT 1/2+iT
JE(1/2 +it)dt = - / Ji(s)ds + / Ji(s)ds + / Ji(s)ds
1

T/2 ¢ /2+iT/2 1/4+4T/2 1/4+44T

12 T20—1 d(”) 2d g T—% d(n) i
< 1/4 Z no o+ /2 an/4+it

n<T n<T

12 20-172-20 152 (T -1 d*(n) 22 1/2
< | T log(T)do + T TY 5+ dnn

/4 n<T n<T
< Tlog*(T).

dt

To estimate the sum in the first integral, we used the estimate > _ d(n) < zlog(x) that
we achieved in the beginning of the proof of Lemma 4.3, together with partial summation.
The same estimate for fTT/2 J2(1/2 + it)dt can similarly be achieved.

For the final term to be estimated in (4.9), we again change the path of integration, this

time to a line segment with real part 3/8. We also use the Cauchy-Schwarz inequality in
every integral:

/T Ji(1/2 4 it) Ju(1/2 + it)dt

T/2
< (/3:2 | Ty (0 + iT/2)|2da> (/3/1: | T (o + iT/2)|2dcr>
+ (/ﬁ; | J1(3/8 +it)|2dt>2 (/sz | J,(3/8 +z't)|2dt)2

N
D=
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1/2 2 1/2 2
+ / |J)(o +iT)|*do / |Ji(0 +iT) P do
3/8 3/8

with [ = 1,2 and k = 3,4, 5,6. It remains to estimate all of these integrals by T'log®(T).

The estimate of the vertical and horizontal parts with J; is entirely the same as in the
estimate of fz?/2 J2(1/2+it)dt. The estimate of the vertical part of Jj, is already covered in

the estimates for the integrals fTT/2 |Jx(o + it)|?dt above. The estimates of the horizontal

parts of J3 and J, are also the same as for J;, but where we also use the bounds e™ < 1/z?
and |e™* — 1| < 2 respectively.

Therefore, the final estimate that we require concerns the horizontal parts of J; and
Jg. This is easily checked:

1/2
/ y(o +iT)Pdo
3

/8
1/2 log?(T) d 2
<</3 720! (/ TE‘Z"Zn7§f_)a|F(—3/4+iv)|T‘idv) do

/8 —log?(T) n>T

1/2
< / 732 (T”*3/4 log(T))2 do < Tlog*(T),
3/8

and the estimate for Jg or the horizontal part at height 7/2 is the same. O

This theorem is a classical result due to Ingham [20] from 1926. In 1977, Heath-Brown
[16] improved the asymptotic estimate significantly to

272

T 1 3
/ C(1/2 + it)[*dt = == Tlog"(T) + Y axTlog* *(T) + O(T5+),
0 k=0

where ag, . . ., ag are real numbers. This is, as far as the author’s knowledge goes, the best
estimate to date.

4.3. Even power moments

Estimating the second and fourth moments is part of a more general study, namely that
of even power moments

1.(T) = / C(1/2 4 it) P,

where k is a positive integer. In particular, these moments seem to be the most accessible
to prove asymptotic formulas for. This is due to the identity

IC(1/2 +it)|** = ¢F(1/2 4+ it)CR(1/2 +it) = ¢F(1/2 +dt)¢F(1/2 — it),

which was exploited in the proof of both moment estimates above.
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In the previous two theorems, we have already shown that

1
I(T) ~ Tlog(T) and IQ(T)NﬁTlog‘l(T).

T
However, no unconditional asymptotic formulas have yet been proven for k£ > 3. Under
certain conjectures, it has been shown in [28] and [29] that, respectively,

L(T) ~asTlog”(T)  and  I(T) ~ asT log™(T),

e (Tl (WO S5 )

m=0

where

For the eighth moment, one of these underlying assumptions is the Riemann Hypothesis.

These four asymptotic formulas are consistent with a larger conjecture by Keating and
Snaith [24] in 1998. Based on a random matrix model, they predicted that

T
/ 1C(1/2 + it)|**dt ~ a, T log"" (T). (4.10)
0

Indeed, it is trivial to calculate that a; = 1, and using the computations in the proof of
Lemma 4.2, we find for k£ = 2 that

1 N\N*& 1 1 1

= 1—-= )™= — 1-=|=—.

"D ( p) 2 (m+ 1% 12 ( pQ) 2m?
p m:0 P

An even stronger conjecture (see e.g. [10, Section 1.3]) suggests that there exists a
polynomial Py(z) of degree k? such that

/T [C(1/2 +it)|*"dt = T Py(log(T)) + O(T"/*+*)

for any € > 0.

4.4. Real power moments

From now on, we will consider moments of an arbitrary fixed power A > 0. In particular,
we will study estimates of the form

T
/ 1C(1/2 +dt)[Adt < TM. (4.11)
0

These integrals appear naturally in the zero-detection method of Chapter 5, namely when
estimating the number of well-spaced class-I1 zeros. Therefore, it is particularly interesting
to study how small the exponent M can be such that (4.11) holds. Accordingly, we define
M (A) to be the infimum of all such M € R. One aims to evaluate this function in every
A > 0. This was carried out independently by the author in the range 0 < A < 4.
For larger values of A, the problem remains open, but upper bounds are proven (see
[39, Section 2.1] for the current best results). After obtaining an equivalent estimate to
(4.11), we will prove the current best bound in the interval 4 < A < 12. We end this
section by discussing the conjectured value of M(A), and its equivalence with the Lindel6f
hypothesis.



52 Chapter 4. Moment estimates on the critical line

4.4.1. The value of M(A) for exponents 0 < A <4

Using Holder’s inequality, we find that for all fixed B > A > 0 and € > 0,
1

T T 5 T -4 ) i
/ C(1/2 + it)|Adt < (/ 1C(1/2 + it)|Bdt) (/ 1dt) <« THEMB+e)+1-F
0 0 0

and hence

M(A) < %M(B) +1- % (4.12)

Trivially, M(0) = 1, and from the estimates of the second and fourth moments, we know
that M (2) = M(4) = 1.

First, we remark that M(A) > 1 for all A > 0. In [17], Heath-Brown showed that
the lower bound

T
/ C(1/2 + it)|Adt > T log”*/*(T) (4.13)
0

holds for all rational A > 0, proving M (A) > 1 in this case. Note that this is the lower
bound that we expect from (4.10) if A is an even integer. By selecting any real number
B > 0 and some positive rational number A < B in (4.12), we see that M (B) > 1 for all
real, non-negative B. It is proven that, under the Riemann Hypothesis, the lower bound
(4.13) holds for any real exponent A > 0 [31].

The Riemann Hypothesis also provides Soundararajan’s [34] upper bound
T
/ C(1/2 +it)|Adt <. Tlog"/**(T)
0

for A > 2, which is nearly as good as what we expect from (4.10). In addition, the
right bound has already been proven under the Riemann Hypothesis in the interval
0<A<24/11, see [17, 30].

In order to obtain an unconditional upper bound, we can apply the definition of the
growth exponent p(c), which implies the estimate (1/2+it) <. [t[*/2+¢. This provides
us with the trivial bound

T
/ C(1/2 + it)|Adt <. T HAR/D+Ae
0
which implies the linear bound M (A) <1+ Ap(1/2). By Theorem 1.10, we can plug in
1(1/2) = 13/84.

Now, taking B = 4 in (4.12) shows us that M(A) = 1 for 0 < A < 4. This is not
unique to the value B = 4. In fact, for any B > 0 with M (B) = 1, the same argument
shows that M(A) =1 for 0 < A< B.

4.4.2. An equivalent estimate

An important motivation for studying moment estimates is the equivalence with estimates

for the sum
> IC(L/2+it,)|*,

r<R
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where t1,...,tg € [T,2T] satisfy the spacing condition |t, — t5| > log®(T) if r # s.
Here, C' > 0 is a fixed constant. This type of sum naturally arises in the popular zero
detection method discussed in Chapter 5, and motivates the study of moment estimates
in this context. Moreover, it will help us prove an upper bound for M(A) in the range

4 < A < 12. We explain this equivalence with two propositions, based on the introduction
of [22, Chapter §].

Proposition 4.5. Let A, M,C > 0. Suppose that there is some Ty > 2 such that
for T > Ty and ty, ..., tg € [T,2T] with |t, — t,| > log®(T) if r # s, we have

> [C(1/2 +it)|* < TV, (4.14)

r<R

Then M(A) < M.

Proof. Form =1,...,[Tlog® T, let I, = 2T —mlog®(T), 2T — (m—1) log® (T)]N[T, 2T
and take t,, € I,, such that [((1/2 + it,,)| is maximal. Then, for any ¢ > 0, we find

/2T\C(1/2+it)]Adt

T

< 210g(T) S a2+t Y 1C(1/2 + ity

2m< [T log® T 2m~+1< [T log® T
M
<<6 T +€’

since both sums satisfy the conditions from the proposition. Therefore,

T 2Ty T/2m
/ C(1/2 + it)|[Adt < / (/2 +it) [ dt+ > / C(1/2 + it)|Adt
0 0 T/2n+1>T, /2"“
" * TM+e
<6 T + Z (2M+a)n
n=0
<<5 TM+8.
Hence, M(A) < M + ¢ for all € > 0 and we can conclude. O

Proposition 4.6. Let A > 0 and fix any C' > 0 and € > 0. Then, for 7" > 2 and
ti, ... tg € [T,2T] with |t, — t,| > log®(T) if r # s, we have

S UIC(1/2 + it )|t < TV

r<R

Proof. ‘ CaseI: A>1 ‘We use (1.12) to estimate each term by an integral over a relatively
small interval. This yields

/2 + it < T <R+Z/

r<R r<R log

log?(T)

C(1/2 +it, —|—w)|Adv> :
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Note that by the spacing condition on the t,, we have R < T'log™¢(T)+1. This condition
also helps us control the overlap in the intervals over which we integrate in the sum. If
C > 2, there are no more than two other ¢; whose interval overlaps with that of ¢,. Else,
there are no more than 2|2log®~“(T)|. Consequently,

og*(T)
> 1¢C(1/2 +it)|* < T2 (Tlog‘C<T)+(log(T))ma"{“’Q‘C} / o |<(1/2+z't)|“‘dt)

<R T—log?(T)

< TMAD+e,

\Case I: 0< A< 1\ Use Holder’s inequality, the case A = 1 shown above, and the
fact that M (1) =1 = M(A). Also estimate R as in the previous case. This implies

A
DI/ + i)t < (Z C(1/2 + it )|> RI-A  TAM)+e/A)+1-A _ pM(A)+e

r<R r<R

| Case III: A = (| This is trivial once we estimate R as above, since M(0) = 1. O

Remark 4.7. We can extend this proposition to the same statement, but where we
consider t1,...,tg € [0,7] instead. Indeed, let k(7") denote the minimal integer such that
27k(M=1T < 2. Then, applying Proposition 4.6 to T/2,T/4,...,T/2*T) and summing
the results yields the desired estimate, as we can bound the values in all ¢, € [0,2] by a
constant and M(A) > 1.

We conclude from these two propositions that once A, C' > 0 are fixed, M (A) is also the
infimum of all M > 1 such that

> oIg/2+it,)|* < TV

r<R

for T>2and ty,... tg € [T,2T] with |t, — t,| > log®(T) if r # s.

4.4.3. The current record for exponents 4 < A <12

In the following theorem, we prove the best known upper bound for M(A) to date in the
interval 4 < A < 12. The bound for A = 12 will be used to obtain one of the zero-density
estimates in Chapter 5. We follow the proof of [22, Thm. 8.3], which relies on a third
estimate equivalent to (4.11), explained in [22, pp. 201].

Theorem 4.8. For 4 < A < 12, we have

M(A) < 14+ =
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Proof. We use the equivalent formulation of moment estimates established in the previous
section. Fix C'> 0,4 < A <12, and € > 0. Since |((1/2 + it)| < [t|'3/34*¢ (see Theorem
1.10) and 13/84 < 1/6, there exists some Ty > 2 such that [((1/2 +it)| < (¢/2)Y/6 if
t > Ty. Now take Ty < T < t; < ... <tp < 2T with |t, — t,| > log®(T) if r # s.

We consider a dyadic subdivision of the interval [1,7%/]. Regroup the terms in (4.14)
depending on the value of the integer k for which we have 27*=1TY6 < |¢(o +it,)| <
27FT1/6. Denote the set of such r < R by Ry. Since |((1/2 +it,)| < (t,/2)Y/¢ < TS for
all » < R, this yields

Soca2+it)t < > 2+t >0 Y /2 + i)

r<h r<R k>0 reRy
‘C(1/2+it,~)|§1 2k‘<T1/6
<R+ Y 2HTR. (4.15)
k>0
2k<T1/6

We continue by bounding |Rg| using our results on large values of the Riemann zeta
function. Set a = (12 — A)/8 and note that 0 < a < 1. Then, apply (3.7) and (3.8) with
V = 27k1T1/6 {0 see

11—«

|Ri.| = |Re|®|Ri|"™™ < (TV *10g®(T))" (T°V~"?10g'*(T))
_ T2—av—(12—8a) (log(T))16—8a < T(4+A)/8+5 . 2A(k’+1)T—A/6.

We substitute this estimate into (4.15) and use the well-spaced condition to get

Z\C(l/2+itr)]A<<T+ Z QAT(4+A)/8+e

r<R k>0
2k <T1/6

L T + 24T A/BE 00 (T)
< TW+A)/8+2

Hence, Proposition 4.5 provides the inequality M(A) < (4+A)/8=1+(A—-4)/8. O

4.4.4. The conjectured value of M(A) and its relation to the
Lindelof hypothesis

It has been conjectured that M(A) = 1 for all A > 0. In fact, this is equivalent to the
Lindel6f hypothesis, which asserts that ((1/2 +it) <. |t|* for all € > 0. The implication
from the Lindel6f hypothesis to M (A) = 1 can be trivially achieved by substituting this
estimate into the moment integral. For the converse implication, we use Corollary 1.12,
which estimates |¢(1/2 + it)]* by a moment integral. Suppose that M(A) = 1 for all
A > 0. Fix any A > 1, then the corollary and our assumption imply

T—log?(T)

T+log?(T)
1C(1/2 +4T)|* < log!(T) (1 +/ o ]§(1/2+it)|Adt> < T
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Therefore, |¢(1/2 +iT)| < T4, so choosing A > 2/¢ yields the Lindeldf hypothesis.

It is interesting to remark that proving the Lindelof hypothesis only required M (A4,) = 1
for a sequence of positive real numbers (A,),en with A, — oo. Consequently, this
condition is enough to establish M(A) = 1 for all A > 0. This can also be seen by plugging
in B = A, into (4.12), which shows that M(A) = 1 for all A < A,. In particular, the
conjectured asymptotic formulas for the even power moments in (4.10) imply this.



Chapter 5

Zero-density estimates

With the tools developed in earlier chapters, we are now ready for the main topic of this
thesis. Define N(o,T') as the number of non-trivial zeros p =  + iy of the Riemann zeta
function in the rectangle given by ¢ < g < 1 and |y| < T, counted with multiplicity.
The goal of zero-density estimates is to estimate this number. By the Riemann-von
Mangoldt formula (1.7) and the symmetry of the non-trivial zeros with respect to the line
Re(s) = 1/2, we have T'log(T') < N(o,T) < T'log(T) if o < 1/2. Therefore, we restrict
our attention to the range 1/2 < o < 1.

We consider two types of zero-density estimates, which we will dub crude and refined
estimates. A crude estimate is of the form

N(o,T) <. TA1-o)+e, (5.1)

for any € > 0, where A(0) is a function of o. On the other hand, a refined estimate is a
bound of the form
N(o,T) < T4 10gB(T), (5.2)

where the crude factor T¢ is replaced by the more refined factor log?(T') for some B > 0.

In particular, we give special attention to an estimate of the form
N(O‘, T) < TC(l*U)‘FE

in the whole interval 1/2 < ¢ < 1, where ¢ > 0 is a fixed constant. In this chapter, we
obtain this estimate for ¢ = 12/5. Such a result is one of the two key results in the proof
that derives estimates for primes in short intervals in the next chapter. In particular,
proving the constant ¢ = 2 yields an estimate for this problem of comparable sharpness
to the one implied by the Riemann Hypothesis. This statement is referred to as a density
hypothesis, which is known to hold in ¢ > 25/32 = 0.78125 [6].

We begin by describing the zero-detection method, which is the standard method by
now, but still offers great flexibility. This will happen in two parts. In the first part,
we distinguish two types of non-trivial zeros, called the class-I and class-II zeros. The
problem then reduces to estimating the number of zeros in both classes. Before we
complete the full method, we pause to first establish a refined zero-density estimate.
Such estimates require a more careful analysis that is not offered by the remainder of

o7
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the method, which is primarily suited to obtain crude estimates. The second part will
complete the zero-detection method, after which it will be applied to obtain several crude
zero-density estimates. This includes a new result that improves the current best zero-
density estimates (see [36, Table 11.1]) in an interval of length 0.009.

Throughout this chapter, the constant in our estimates will only depend on e, which
can attain any sufficiently small positive value. The exact value of ¢ is allowed to increase
throughout our methods, but only by a constant factor. Finally, we always assume 7' to
be sufficiently large for the deductions we make, which may depend on the value of ¢.

5.1. The zero-detection method, Part I

We first introduce two parameter functions X = X (0,7) and Y = Y (0,T'), whose values
will be chosen later depending on ¢ and 7'. This allows us to choose the optimal functions
at a later stage. We impose the conditions 7° < X <Y < T¢. Here, we have fixed a
sufficiently large value C' > 0.

We begin by deriving an equation that will allow us to classify the non-trivial zeros
into two classes. The starting point is the Mellin inversion formula (4.5) once more. We
apply this for z = n/Y and ¢ = 2 to obtain

1 24100
e Y = —/ F(w)Y“n "dw. (5.3)
2

271

—100

We introduce the sequence
a(n) = > u(d),

dln,d<X

which is the Dirichlet convolution of the sequences 1 and p(n)lp xj(n), where p is the
Mobius function and 14 is the indicator function of the set A. The latter sequence has
Dirichlet series Mx(s) = > .y p(n)n=*%, so the Dirichlet series of a(n) is ((s)Mx(s),
absolutely converging for ¢ > 1. Recall the identity

1 forn=1,
> uld) =
s 0 forn>1,
see e.g. [37, Thm. 2.8, which implies that a(n) = 0 if 1 < n < X. Finally, it will
also be useful to note that |a(n)| < d(n) < n°. This is a well-known estimate, see e.g.
22, Equation (1.70)].

Suppose now that p = [ + 47 is a non-trivial zero of the Riemann zeta function with
o < pand |y| <T. Using (5.3) and the Dominated Convergence Theorem with Stirling’s
formula in Theorem 1.2, we get

e VY ¢ Z a(n)n Pe Y = Z a(n)n=Pe ™Y
n=1

n>X
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1 241300
Py Clp+w)Mx(p+ w)Y*T'(w)dw.

~ 2mi 2—ico

Next, we move the line of integration to fRe(s) = 1/2 — f. We can bound the horizontal
parts with the estimates for the Gamma function and the zeta function in Theorem 1.2
and Theorem 1.9 respectively, implying that they tend to zero. Note that the pole of
['(w) in w = 0 is canceled by the zero of ((p + w), so the only pole we come across is in
w=1-—p. Agam applying Theorem 1.2, it is easily seen that this residue is O(e —log?( 7))
if |y| > log?(T). In this case, we therefore get

e’l/y—l—Zann P

n>X
1 [l/2—Btico B
2_7TZ s C(p+w)Mx(p+w)Y“T( )dw+0( og*( ))
1/2—pB—100

1 [log?(T) 1 1 1 g 1

S C<—+m+z‘v)Mx<—+m+z‘v)Y2f”wF(——ﬁHv)dv
27 J g2y - \2 2 2
+O(e~ 8" M), (5.4)

where we applied the estimates for the Gamma function and zeta function once more.

We now estimate the tail of the infinite sum. Here we introduce the function

a=a(0,T) = [10g1(2> log (Yk’f; (Y)ﬂ < log(V),

such that 2°7'X < Ylog?(Y) < 2*X. This will allow us to easily use a dyadic subdivision
of the interval (X,2°X] D (X, Y log?(Y)] later. We estimate

Z a(n)n PV < Z nsPe /Y §/ e Yt
Y log?(Y)-1

n>2X n>Y log?(Y)

< Ve 082 (Y) o~ log¥(T)

1 1
Y - — =1 — .
e +O(Y> +O(T5>

We conclude by plugging these into our equation (5.4) to deduce

1
—p,—n/Y
1+0 <_T€> + E a(n)n""e

X<n<29X

1 [log*(T) 1 1 L 1
- C(—+w+w>Mx <—+i7+w>Y25*“’F<——B+iv>dv
o o\ 2 2 2

Finally, we estimate

—log%(T

if [y] > log*(T).
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This equation is useful because it asserts that, if 7" is large enough, one of the following
three conditions must hold for any zero counted in N(o,T):

y| < log*(T), (5.5)
—p,—n/Y 1
Z a(n)n™"e > 3 (5.6)
X<n<2aX
1 logz(T) 1 1 . ' 1 1
2—/ ¢ <§ +i7+iv) My <§ +z’7+iv) y z B+ (5 . 54—@'1}) dw| > =
T J —10g%(T) 3

~—~

5.7)
The number of zeros for which (5.5) holds is O(log®(T))) by the Riemann-von Mangoldt
formula (1.7). The zeros satisfying (5.6) and (5.7), but not (5.5), are respectively called
class-I and class-II zeros.

Because it will later be useful to only consider zeros whose imaginary parts are sufficiently
separated, we construct a well-spaced set R of class-I zeros as follows. We start with an
empty set Ry and add a new class-1 zero in every step. In the first step, we add the class-I
zero p, for which v > log?(T) is minimal. For this purpose, we may assume that such a
zero exists for T sufficiently large, since otherwise we trivially have N(o,T) = 0 for all
T > 0. For any n > 2, the n-th step consists of picking the class-1 zero p, with minimal
Y > Vo1 + 510g2(T). We end once there are no such zeros anymore with v, < T'. This
way, we obtain a set Ry of class-I zeros for which |y —+/| > 5log®(T) if p # p' € Ry.

Since we do not account for all class-I zeros, we require an additional factor besides
|R1| to estimate the number of these zeros. The Riemann-von Mangoldt formula (1.7)
implies that

N(A +5log*(T)) — N(A) < Alog (1 + 51%@) +log*(T)

if log®(T) < A < T. In case log’(T) < A < 6log*(T), we obtain N(A + 2log*(T)) —
N(A) < log?(T). If instead 6log*(T) < A < T, we have the same bound by using the
estimate log(1 + z) < z for |z| < 5/6, which follows from the Taylor series of log(1 + s)
in s = 0. In particular, the total number of class-I zeros is < |R;|log®(T).

We follow the same procedure for the class-II zeros to construct a similarly well-spaced
set Ry, such that the number of these zeros is < |Ry|log?(T). In summary, we have now
established the bound

N(o,T) < (14 |Ry| + | Ra|) log?(T). (5.8)

It thus remains to estimate |R;| and |Ry].

This ends the explanation of the zero-detection method for sharp estimates of the form
(5.2). The method continues for crude estimates of the form (5.1), and this will be
discussed in section 5.3.
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5.2. A sharp estimate for 1/2 <o <3/4

With the zero-detection method from the previous section, we are now ready to prove a
first zero-density estimate. This section is dedicated to proving the following theorem,
whose crude variant was first shown by A.E. Ingham in 1940 [21]. We follow the proof in
22, pp. 276].

Theorem 5.1. Uniformly for 1/2 < ¢ <3/4 and T > 2, we have

N(o,T) < T?55 log"(T). (5.9)

Proof. We start by bounding |R;|. To this end, recall that the inequality (5.6) holds for
all zeros p in R;. Since a < log(Y), a dyadic subdivision of the sum and an application
of the pigeonhole principle imply that there exists a non-negative integer m < o — 1 such
that

1
§ j —Pen/Y 5.10
a(n)n""e > Tog(Y) (5.10)
2m X <np<2mtlx

for > |Ry|/log(Y) of those zeros. We denote M = 2™X and remark that X < M <
271X < Ylog*(Y).

Let A be the set of all zeros for which (5.10) holds. We continue by summing this
estimate over all zeros p € A. Next, we square both sides and use the Cauchy-Schwarz
inequality in order to apply the discrete form of the mean value theorem for Dirichlet
polynomials in Theorem 2.5. We find

El
og?(v) < (Z

2

Z a(n)n_pe_"/y> §|A|Z Z a(n)n=Pe Y

pEA | M<n<2M pEA | M<n<l2M
This enables us to invoke Theorem 2.5, establishing
| R
A 5.11
log(Y) <4l (5.11)
2
< log?(Y) Z Z a(n)n =P~ /Y
pEA |M<n<2M
< log*(T) (T Z la(n)|*n~ e /Y 4 Z n\a(n)|2n2ﬁe2n/y) log(M)
M<n<2M M<n<2M

< log(T) (T Yo dPm T+ ) dz(n)n1_2”> e 2M/Y (5.12)

M<n<2M M<n<2M

We now wish to apply a similar estimate as in Lemma 4.3. However, we cannot directly
apply this lemma, since the coefficient would depend on ¢, and is not bounded in
1/2 < o0 < 1. Therefore, we present a different partial summation argument starting
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from (4.4). In the partial summation formula, we use the sequence d?*(n)1(;,)(n) and the
function f(z) = x*, where a can be any real number. The constant in the estimate will
be independent of both z and a. We find

Z d*(n)n® = z° Z d*(n) —/ ' ( Z d2(n)> at® 'dt

r<n<2c r<n<2c rz<n<t
2x
< Y d(n) (:c“+/ |at“_1|dt>
r<n<2z z

< (14292 log? (x).

Plugging this into (5.12) yields
|R| < 10g7(T) (TMl_Q" + M?—QO’) o2M/Y

By studying the derivative of the function f(z) = 2>727¢=2%/Y defined for z > 0, we see
that its maximum is reached in x = (1 — 0)Y. Therefore

|Ry| < log"(T) (TX'=% 4+ Y2727 .

Hence, we are now left to choose the optimal functions for X and Y. However, we will
first bound |Ry|, as its estimate may also include X and Y.

For every zero p in Ry, take t, € [y — log®(T),y + log®(T)] such that
1C(1/2 4 it,)Mx(1/2 +it,)| is maximal. This allows us to infer from (5.7) that

IC(1/2 + it ) Mx (1/2 +it,)|[ Y277 > 1, (5.13)
where we used Stirling’s formula (1.5) to bound the integral over the Gamma function by
an absolute constant. Note that, once T is sufficiently large, we have 0 < ¢, < 27" and

It, — ty| > log®(2T) for t, # t,.

We raise (5.13) to the power 4/3 and sum over all zeros counted in Ry, followed by
an application of Holder’s inequality. This yields

|[Ro < YEH2Y Q5 + ity)[V2| M (5 + it,) [

PER2
1/3 2/3
<<y<2—4o>/3<z|<<§+z'tp>|4> (ZIMX@%)'Q) |
pER> PER>

For the first sum, we use the fourth moment estimate (4.6) in combination with Proposition
4.6 in the form given by Remark 4.7. In fact, a more careful consideration of the proof of
Proposition 4.6 for A = 4, using the sharper bound in Lemma 1.11, reveals that we can
estimate this sum as < T'log”(T). In order to estimate the second sum, we again make
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use of Theorem 2.5, followed by Euler’s summation formula, and we impose the condition
X < Tlog(T). This yields

2/3
|R,y| < Y349/3(T1og? T)Y/3 <T dont ) 1) log?3(T)

n<X n<X

< YEHIBT0g3(T).

We now have an estimate for both |R;| and |Ry|. Substituting these into (5.8) gives
N(O’, T) < (YQ—ZU + TXI—ZU + Ty(2—40')/3) logw(T).

We are left with finding the optimal functions X and Y that minimizes expression. Since
the exponent of Y in the first and third term are positive and negative respectively, we will
find the optimal Y when both terms are equal. This gives Y = T+% . The exponent of
X is negative, so we need to choose X as large as possible, given the imposed conditions,
ie. X <min{Tlog(T),Y}. Due to the other two terms, a logarithmic factor for X will
be insignificant, so we pick X =7T. Then T* < X =T <Y < T3/2 hence all conditions
on X and Y are met. When filling in X and Y, the final estimate becomes (5.9). O

Remark 5.2. The above proof shows that the estimate actually holds in the bigger
interval 1/2 < o < 1. However, we only consider a smaller interval, since a better bound
will be proven in section 5.4 for 3/4 < o < 1. Together, they will provide an estimate
similar to the density hypothesis, but for the constant 12/5 instead of 2.

At present, this is still, up to a logarithmic factor, the best known zero-density estimate
in 1/2 < o < 7/10 according to the ANTEDB [36, Table 11.1]. Improving it around
o = 7/10 would immediately lower the best known constant ¢ = 30/13 in the estimate
N(o,T) < T1=9%¢ yniformly over 1/2 < o < 1.

5.3. The zero-detection method, Part 11

In this section, we continue the zero-detection method explained in section 5.1. From this
point onward, we allow factors of the form 7%, so only crude estimates can be achieved.
By the end of this section, the estimate for the class-1I zeros will essentially be completed
(given that we have moment estimates), while the class-1 zeros still require additional
work.

5.3.1. The class-1 zeros

As in the beginning of the proof of Theorem 5.1, we find some M € [X,Y log?(Y)) such
that
1

) (5.14)

Z a(n)nle” Y| >
M<n<2M

holds for > |R;|/log(Y) of the well-spaced class-I zeros. Denote Ry C Ry for the subset
of zeros for which (5.14) holds. Consider now the integer k for which M* < Y?log(Y) <
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M**1 and note that 2 < k < Qloggéﬁj(y)) < 4501(1(;%%) < 1if T (and therefore Y') is large

enough. The lower bound implies Y*/310g®3(Y) < M* < Y?log*(Y). Raise (5.14) to the
power k to find

Z a(n)n™?| >

k )
Mk <n<2k Mk log™(Y')
where ny 4ty
a(n) = Z a(m)---alnp)e” v L dg(n) K nf,
M<ny,..., nE<2M
ni--Np=n

see e.g. [22, Equation (1.70)].

Pick any subset B C R;. Our aim is now to estimate |R| in order to apply Huxley’s
subdivision trick later. However, we need to carefully consider which parameters depend
on our choice of R. Moreover, the constant in the estimate must remain independent of R.

Since k < 1, A dyadic subdivision shows that there is some N = N(R) € [M*, 2FM¥),
depending on R, such that

1
k
log"(Y')

Z a'(n)n="

N<n<2N

>

for > |R| elements of R. Summing over these elements and using partial summation
yields

R < log"(v) Y

p

<logh"(v)>

pER

2N
< log"(Y) ((2]\7)_5 +/ |Bu"7 du) max

N N<v<2N

Z a(n)n="|.

N<n<v

Z a'(n)yn="

N<n<2N

(2N)~# Z a(n)n™" + . BuP1 Z d (n)n~"" du

N<n<2N N<n<u

Z a'(n)n="

N<n<v

pPER

< log (VN mag,
=v= PER

Take v € [N,2N] such that the above sum is maximal, then define a”(n) = d'(n) if
N < n <wvand a’(n) = 0 elsewhere. Consequently,

Z a’(n)n""].

N<n<2N

IRl < N277 )"

pPER

Define b(n) = a”(n)/(2N)*/?; this sequence also depends on R. Use the fact that
a"(n) < n¥/3 to see that |b(n)| < 1 for sufficiently large 7. We conclude with

Z b(n)n~"

N<n<2N

|R| < Ns—az

PER

. (5.15)
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Here, N and b(n) still depend on R, and the implicit constant may depend on the value
of .

This is where the general zero-detection method ends for the class-I zeros. At this point,
we will apply the Haldsz-Montgomery inequality (see Lemma 5.3 below) in sections 5.4
and 5.5. However, we will do so in two different ways, which is why we end the discussion
here.

5.3.2. The class-11I zeros

To estimate |Ry|, we recall (5.7), which holds for every zero p in Ry. This time, we estimate
Mx(1/2 + iy + iv) < X2 with Euler's summation formula and pick
t, € [y —1og*(T),~ + log*(T)] such that |¢(1/2 + it,)| is maximal. Note that again,
once T is sufficiently large, we have 0 < ¢, < 2T and |t, — t,| > log®(2T) for t, # t,.
Similarly to before, the estimate (5.7) gives us

X2y s=o|c(1/2 +it,)| > 1
for every p € Rs.

Now we have two options. The first option is to raise both sides by a fixed real power
A > 0 to be chosen later, sum over all zeros in Ry, and use our moment estimates via
Proposition 4.6 in the form stated in Remark 4.7. The second option is to fix an exponent
pair (k, A), which will be determined later, and use the theory of large values via Theorem
3.8 with V = Y°"2X~2. In both cases, the smallest estimate for |Ry| is reached when X
is as small as possible, and since the bound (5.15) for the class-I zeros does not depend
on X, we can afford to pick such a value. Therefore, we already fix X = T=. We find

|Ro| < TY A2 N "¢ (1/2 +it,)|* < TM Aoy A0/270) (5.16)
pPER2
and
K+ 14+2k4+2A
|Ry| < T° (TY3‘6" T O ) . (5.17)

It remains to choose the power A or the exponent pair (k, A), which is something to be
optimized once we have a bound for R;.

5.4. A crude estimate for 3/4 <o <1

With the full zero-detection method from the previous section at hand, we now proceed
to prove crude zero-density estimates. A first result is given in the theorem below, which
is the main focus of this section. This result was established by M. N. Huxley in 1972
[19]. We will follow the argument in [22, Thm. 11.1].

As mentioned before, the first step will be to apply the Halasz-Montgomery inequality.
For the convenience of the reader, this result is mentioned below. A proof can be found
in [27, Lemma 1.7].



66 Chapter 5. Zero-density estimates

Lemma 5.3 (Haldsz-Montgomery inequality). Suppose &, ¢1,..., ¢, are
elements of a complex vector space with inner product (., .). Then

m 1/2
S it <tel | 3 Koo
k=

1 1<k,I<m

Theorem 5.4. Fix any € > 0. Then, uniformly in 3/4 <o < 1and T > 1, we
have -~
N(o,T) < T?3-17°, (5.18)

Proof. The main difficulty is to estimate the contribution of the class-1 zeros. For this,
we continue with (5.15) and apply the previous lemma to £(n) = b(n) and ¢,(n) = n',
defined for N < n < 2N. Note that ||¢]|*> < N, so we find

The latter sum is an exponential sum, which means that we can employ the theory of

|R|> < T°N'"% <|R|N + )
N<n<2N
Chapter 3.

p#pP'ER

We now choose R to be the zeros of R, with imaginary parts in an arbitrary subinterval
of [T, T] with length not exceeding Ty € [1,27]. The goal is to bound |R| and sum up
the contributions of < T'/Ty intervals to estimate |R;|. Here, T} is a parameter that will
be chosen later.

We distinguish two cases. In case |y —/| < N, we use Lemma 3.1 with f(x) = 72_—7:/ log(x)
and § = (27)~!. This yields

2N
Yoo <1+ / A <1 ———
Nen<aN N |7 -7 ’
In the other case, i.e. when |y — /| > N, we make use of the exponent pair (1/2,1/2)

(see Proposition 3.5). In Definition 3.4, which introduced exponent pairs, let f(z) be the
same function as before and take A = |y —+/|/N > 1 and B =h = N. We find

oo o (=21
Z = « < ~ ) N1/2 < T01/2
N<n<2N

In both cases, we have

Yo« —+ T,
N<n<2N v =7l
SO
1
|RP < T°N'" ([RIN + T,*|RP+N Y —— . (5.19)
Rt il
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The only variable here that still depends on our choice of R is N. However, since
MF < N < 2°M and k < 1, we have N(R;) < N(R) < N(R;). Therefore, the

above estimate still holds if we replace N(R) with N(R;). From now on in this proof,
whenever we mention N, we mean N(Ry).

Since |y —4'| > 5log*(T) if p # p/, we can estimate the latter sum by

1 2 1
S <> S -~ <Rl
pPER p'c€R |fy N '7/| PER 510g <T) n<T n

o'#p

We also aim to move the second term in the right-hand side of (5.19) to the left-hand
side, but for this, we require its coefficient T°N 1_%TOI /% to be bounded by an arbitrary
small constant. Therefore, we impose the condition Ty < N*°~2T~*¢. Note here that, as
we assume o > 3/4, we indeed have NAo—27—4e > y4/37—4¢ > 1 Given this condition on
Ty, we get

|R| < TEN*~%,

We now utilize Huxley’s subdivision trick. We divide the interval [-T, 7] into < T'/T
subintervals of length at most Tj. Then, the above deduction shows that

~ T
IR < |Ry|log(Y) < TENQ_Q"T.
0
In order to minimize this estimate, we would like to take T} as large as possible. Given the
above conditions on Tp, our best option is to choose Ty = min{27, N4 =274} Trying
both choices and summing the results gives us

|Ry| <« T5(N?7% 4 TN*67) « T5(Y44o 4 Ty (16-240)/3),
since we assume o > 3/4 > 2/3.

This concludes the estimate of |R;|. To bound |Rs|, we simply plug A = 12 into (5.16)
and use Theorem 4.8. We substitute both estimates into (5.8) to get

N(O’, T) < T° (Y4_4U + TY(16_24‘7)/3 + T2Y6_120>‘

We now aim to fill in Y = T and optimize B(c). For this purpose, note that the
exponents of Y is positive in the first term and non-positive in the other two terms (since
o > 3/4). Hence, we will find the optimal B(c) either by setting the first two terms equal
to each other, or the first and the third term, and looking which estimates we get in which
intervals of 0. The result of these calculations is that B(o) = 3/(120 — 4) gives the best
estimate for all o € [2/3,1]. Note that for this exponent, X = T° < T3/8 <Y < T%2 5o
the conditions on Y are met. Inserting this exponent gives (5.20). ]

Remark 5.5. The above proof shows that the estimate actually holds in the larger interval
2/3 < o < 1. However, the estimate of Theorem 5.1 is stronger in 2/3 < o < 3/4.
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By now, this zero-density estimate has been broken over the whole interval 3/4 < o < 1.
See [36, Table 11.1] for the current records.

Together with our first estimate in Theorem 5.1, the above bound gives us the constant
exponent A(c) = 12/5 in (5.1), uniformly in 1/2 < ¢ < 1. In particular, we have the
following statement.

Theorem 5.6. Fix any € > 0. Then, uniformly in 1/2 < o <1 and T > 1, we
have Y
N(o,T) < Ts-o)te (5.20)

Proof. This follows from the previous two zero-density estimates and the fact that

3 12
<=z
2—0 7 O
in1/2 <o <3/4 and
3 12
<=
3Jo—175
in3/4<o<1. O

Note that in the proof, both exponents were maximal in ¢ = 3/4. Hence, in order
to improve the constant 12/5, one needs to improve zero-density estimates around this
point. Such an improvement was recently established by L. Guth and J. Maynard [13],
obtaining the smaller constant 30/13. It is conjectured that the same estimate holds
with the constant 2, which is known as the density hypothesis. In many applications of
zero-density estimates, this conjecture provides essentially the same degree of sharpness
as the Riemann Hypothesis, despite being a substantially weaker statement. An example
of this will be explored in the next chapter.

5.5. Breaking a world record around ¢ =9/10

In this section, we prove a new zero-density estimate that improves the current best bound
around the point ¢ = 9/10. In particular, we show the following result, which is a new
record in the entire stated interval (see [36, Table 11.1] for the previous best results).

Theorem 5.7. Fix any € > 0. Then we have

64257(1—0)

N(0,T) < Tsieio—a0ms +e, (5.21)
uniformly in 0.8916... = 82388 < 5 < 3BT — 0.9010... and T > 1.

Our method is essentially due to Ivié [22, Thm. 11.2], but we also take inspiration from
[9]. Our contribution lies in the optimization of the exponent pair used in (5.17). This is
made possible by more recently established exponent pairs summarized in [39].
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5.5.1. 1Ivié’s method to bound the contribution of the class-I
Zeros

Again, the difficulty lies in the estimation of |R;|. We continue with (5.15) and use the
Haldsz-Montgomery inequality in Lemma 5.3. This time we pick

fn) = — )

(6721\1 — e*%)l/Q

if N <n <2N and zero otherwise, and

pp(n) = (38 —e ™) ~0
for all positive integers n. Both are elements of the Hilbert space [*(N). Since the function
f(z) = e2n — ¥ is increasing on [N,2N], we have 0 < e7'/2 —e¢™! < e —e™ < 2.
Therefore,
[b(n)|”
lEIP= Y, ——= <N
N<n<2n €27

Hence, the Haldsz-Montgomery inequality gives us

[R]> < N'"727725 3" |H(y — o), (5.22)
p.p'ER
where .
H(t)=) (e —e¥ )n "
n=1
for any real t. To bound the terms in (5.22) where p = p/, note
H(O) = Y (e — ) < / eTdr < N,
n=1 0
Therefore, we get
IR[? < N1+ <|R|N + Y JHG - v’)|> . (5.23)
p#P'ER

To estimate the remaining sum, we once again employ the Mellin inversion formula (4.5)
for e7*. This yields

00 2+i00
Ht) = (5% — % )n it = QLm [ inra(@N) - N,
n=1 —teo

We change the path of integration to the line Pe(s) = 1/2, where we pass one pole at
w = 1 — it with residue O(Ne™ ), according to Stirling’s formula (1.5). We obtain

1 1/2+4i00

H(t) = — C(w + it)D(w)((2N)* — N*) dw + O(Ne .

2mi 1/2—ico
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Next, we truncate the integral at |[Jm(w)| = log?(T). The contribution of the tails is
O(NV2e="518%(T)) = O(e~18*(T) /), again by Stirling’s formula (1.5) (also recall here
that N < M* < Y? < T73%). Summing the result and multiplying by N gives

NZ (v — 7‘<< N2Zeh*/|+‘R|2—log(T)

p#p'ER p#p'ER
log? T
+ N3N / C(1/2 + iy — iy +iv)| |T(1/2 + iv)|dv
ptp/eR ” 108" T

< ’R|2 —log?(T)
N D max IC(1/2 + iy — i +iv)|, (5.24)

JER peR — log?(T")<v<log?(T)

where we used the fact that |y — /| > 5log(T) if p # o' € R to estimate the first term
by the second.

Similarly to the proof of Theorem 5.4, we now choose R to be the zeros of R; with
imaginary parts in any subinterval of [-T,7] with length not exceeding
Ty € [log*(T),2T]. Fix o/ € R and for every p € R, take v, € [—log*(T),log*(T)]
such that |¢ (1/2 + iy — i7"+ iv,)| is maximal, and denote 7, = v — 7' + v,. Note that
|7,| < 2T} and, by the spacing condition on elements in Ry, we have |7,, — 7,,| > log*(T)
if py # p2. We now split the above sum according to whether the summands are bigger
or smaller than TO2 / 13, and use Holder’s inequality to obtain

> max 1C(1/2 + iy — iy 4 iv)|

R log?(T")<v<log?(T)

< Y a2+ + Y 6(1/2+ir,)|

pER pER
|C|>T2/ld ‘C|<T2/13

1/6 1/19

<SIRPOL Y0 @2+t F RV (/24 i)

PER PER
[ cl<T/?

(5.25)

Now we can apply the theory of large values of the Riemann zeta function to obtain
a mixed moment estimate. To estimate the first sum, note that since p(1/2) < 1/6 by
Theorem 1.10, we have |((1/241i7,)| < T¢ for all p € R if T is sufficiently large. Applying
Corollary 3.9(i) yields

d o+l < Y > C(1/2 + i7,)|°

PER 1<2Z<T1/78 PER
|C|>T2/13 == ="0 2ZTO2/13§K|<2H—1T02/13

Ty Tg’ 49/2 I4+12/13\6
> + log!*/2(Ty) (21 7/")
1/78

c112/13 1o138/13
1<21<T}) 2°T4 29Ty
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<<Tglog49/2(T) Z 1
1<t </ ™

< Ty log® (T).

For the second term, we take a similar approach, where we use the inequality |R| < Tj
that follows because the zeros in R are well-spaced, to see that

o2+ <> a2+ + Y > c/2+ i)

PER PER 1<2l<T2/13 PER
|C|<T2/13 |cI<1 T2/13 72/13

19
26l+6TD 2191+19Tg 1o T2/13
/2 0
< |R| + § : <T12/13 - 38/13 log™*(To) 91
2/13

1<21<T] 0 0
<To+THlog"(Ty) > 1
1<2t<T/ 13
< T3 log®(T).

We conclude from (5.24) and the above discussion that for our choice of R, we have

N Y H(G = o) < [RPe 0 4 N RIT(|RPPTY + | RIST).
p#p'ER

Plugging this into (5.23) gives
|R|2 < T¢ (|R‘N2720 + |R|2eflog2(T) + N%72U|R|11/6T01/6 + N%72U’R|37/19T5/19) .
Once T is large enough, we can move the second term to the left-hand side and obtain

IR]> < T* <|R|N2‘2” + N3-20|gI/el/6 | N%—20|R|37/19T§/19) . (5.26)

We now consider three cases, one for each term on the right-hand side.
e If the first term is the largest one, then |R|*> < T¢|R|N?7%7 so |R| < T°N?*7%7.

e If the second term is the largest one, then |R|* < TEN%_2‘7|R|11/6T01/6, SO
|R| < T¢N°~127T,,.

o If the third term is the largest one, then |R]? < TEN327|RPT/OTHY g
|R| < TEN 'z —3873,

In any case, we have

IR| < T* (szza + N9, N%77380‘T63) .
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The parameter N here still depends on which interval we choose of R (and therefore also
on Ty). However, we can resolve this similarly as in the proof of Theorem 5.4. Recall from
subsection 5.3.1 that M* < N(R) < 2*M* and k < 1, so N(R;) < N(R) < N(R,).
In the remainder of this section, N will always denote N (]%1), and the previous sentence
shows that (5.26) still holds this way.

We finally apply Huxley’s subdivision trick. As before, we divide the interval [T, T
into < T'/T, subintervals of length at most 7j. Summing the contributions over all
subintervals gives

5 T
‘le < ‘le 10g<Y) < TTE <N2720' + N97120TO + N%7380T03>
0
=T (N PETT 4 N T+ N %‘38"TT02> .

Only two terms involve Tj, and the corresponding exponents of T have opposite signs.
Therefore, in order to optimize our choice of T}, we set both terms equal and calculate the
resulting value of Ty, which gives Ty = N S However, we imposed the condition that
log?(T) < T, < 2T. The first inequality can easily be seen to hold once
o > 3/4 > 53/72. We can afford this decision since we are trying to find a zero-density
estimate around o = 9/10. The 7s;ecc;yd inequality cannot easily be guaranteed, which

is why we choose Ty = min{7, N~ s }. If the minimum is 7', we have under the new
condition o < 11/12 that

IR| < T¢ <N2720' 1 N9-120 4 N%7380T3>

840 o 2
S e <N220 I N65 684 T—|— N%fg&r <N72 - 53> T)
< Te <N2_20 X N65—6840T> '

On the other hand, if the minimum is N ol , we similarly have (again under the condition
o < 11/12) that

65—840

|R| < T°N & T <T*° (NQ—ZU 4 N65—684UT> ‘

We conclude that the same estimate is reached in both cases.

In order to make the exponent in the second term on the right-hand side non-positive
(which is the case around o = 9/10), we assume the slightly stronger condition o > 65/84.
Since Y43 < M* < N < 2FM* <« Y?log*(Y), we conclude with

|R1| < Te <Y4—40’ + Y130791680 T) ‘ (527)

5.5.2. Optimizing the exponent pair

For our final zero-density estimate, we combine (5.27) with (5.17) into (5.8), where the
exponent pair (k, \) remains to be chosen. This yields

130—1680

N(O'; T) < T° (Y4_4U +TY 9 + TY3—60’ +T

Kt 14+2k+2)

Sy (1m20) B (5.28)
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in 65/84 < o < 11/12. In [22, Thm. 11.2], Ivi¢ chose the exponent pair (2/7,4/7), giving
N(o,T) < Te(Y* 4 TY 5 4 Ty 360 4 73y 5 (1-20)), (5.29)
As before, we set Y = T5() and optimize B(c) by setting the first term (with non-
negative exponent for V') equal to one of the other terms (with non-positive exponent for
Y). It turns out that, in an interval around o = 9/10, the estimate becomes optimal by
comparing the first term with the last. This results in the choice Y =T o1 , which gives
the estimate
24(1—0)
N(o,T) < T30s-11 ¢ (5.30)
in % < ¢ < 1+. This new lower bound on o ensures that the second term in (5.29) is
smaller than the right-hand side of (5.30).

Since Ivi¢ established this result, new exponent pairs have been found. Our job is now
to find the optimal currently proven exponent pair (k, A) to make the estimate (5.28) as
small as possible. We choose among the recent exponent pairs described in Section 3.2.

Again, we substitute Y = T2 into (5.28) and equate the first and last terms. This
gives the proposed exponent

K+ A
B(o) = ) 5.31
) = i+ (5:31)
The exponent of T" in both terms then becomes
4(k+AN)(1—o0) (5.32)

26— 1—=2\4+ (2+4)\)o

In order to make our calculations more manageable, we fix the value ¢ = 9/10 (which is
contained in the interval of possible improvement). This gives the function

K+ A
R

that we need to minimize by choosing an optimal exponent pair (k, A).

To gain further insight, we plot the lines corresponding to f(x,A) = ¢ for various values
of ¢ over Figure 3.1, which displays the exponent pairs under consideration. The result is
shown in Figure 5.1 for 81 evenly spaced values ¢ € [0.12,0.17]. As we move further down
or to the left, the values of ¢ decrease.

A visual argument clearly shows that the smallest value for ¢ is reached at the boundary
of the convex hull of these exponent pairs, and thus in one of the vertices. From the
figure, we expect the minimum to be reached in (z_9,y_2), (x_3,y_3), or (x_4,y_4).

To determine the best exponent pair, we use the Python code of Listing A.1 in the
appendix. This algorithm generates the exponent pairs (z,,y,) for |n| < 20, evaluates
f(r, A) in each of these pairs, and selects all minimizers. The only result is the exponent
pair

: ) (loss 43591
x_ _ =
3)Y-3 38033 ' ' 76066 ’

which we will use in the remainder of this section.

(5.33)
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K

Figure 5.1: Level curves of f(k,A) (in red), together with the exponent pairs of
Figure 3.1 (in blue). The previously used exponent pair (2/7,4/7) is highlighted in green.

5.5.3. Final calculations

We use Y = T5) in (5.29) for the exponent pair (z_3,y_3), with B(c) as in (5.31). Note
here that TP1) <Y < TBU/2) and B(1/2), B(1) > 0, so the condition X =T° <Y < T¢
is satisfied for C' = B(1/2). We can calculate the exponent of the first and last terms
with (5.32). This yields

7(1—0) 1209361—13094520 70855—590460

N(O’, T) < T¢ <T816é1224i7<730479 + T 6:(816245—30479) | T T-(816245—30479) ) (5_34)

Out of these three terms, the first one will be the largest in the interval
0.8916... = 2388 < 5 < 808 — 0.9403..., which contains 0 = 9/10. This means
that, in this interval, substituting the value for Y that we get from equating the first and

last terms in (5.28) gives an optimal estimate. In conclusion, we have

64257(1—0)
N(0,T) < Tste210-50175 (5.35)
in the interval 0.8916... = $2358 < o < 15 = 0.9166 .. ..

We end this section by looking in which interval of ¢ this improves the current best
zero-density estimates. Around o = 9/10, these records (see e.g. [36, Table 11.1]) include
(5.30) in 0.8885...=279/314 < 0 < 9/10 [22, 9] and

3(

N(o,T) < T2 (5.36)

in 9/10 < o <31/34 = 0.9117... [35, Thm. 50]. By comparing exponents, we find that
(5.35) refines these estimates in 0.8916... = ggggig <o < % = 0.9010.. ., leading to
the formulation of Theorem 5.7.




Chapter 6

Applications to primes in short
intervals

As an application of zero-density estimates, we now present a short chapter on the theory
of primes in short intervals. In this setting, a short interval refers to an interval of the
form (z,x 4 y], where 0 < y < z. The goal is to obtain a good estimate for the number
of primes in such an interval. This number can be quantified with the prime counting
function as 7(x +y) — m(x).

However, it is usually easier to work with the closely related Chebyshev function, defined
as

Y(x) =Y log(p),

pk<x

where the sum runs over all prime powers not exceeding = (with & > 1). The connection
between both functions becomes apparent through partial summation, as illustrated in
the proof of Corollary 6.3 below. In particular, the Chebyshev function has an explicit
formula, of which the approximate variant is given by the following theorem. This will be
the starting point for the proof of the main theorem in this chapter. Its proof relies on
Perron’s formula.

Theorem 6.1 (see e.g. [37, Thm. 4.6]) Uniformly for x > 2 and 2 < T < z,
we have

vy =r- Y T+ 0 (o),

[v|I<T

where the sum runs over non-trivial zeros of ((s), counted with multiplicity.

One therefore aims to estimate the function

U(x +y) —d(x).

We first discuss the estimate that the prime number theorem provides, after which zero-
density estimates will be applied to gain a significant improvement. We end with a
corollary that bounds gaps between consecutive primes.

75
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6.1. An estimate via the prime number theorem

One of the many equivalent formulations of the prime number theorem is an estimate of
the form

Y(x) =z + O(E(x)), (6.1)

where E(x) is an increasing function. A central problem in analytic number theory is to
improve this error term. If we plug in z + y and x into this formula and subtract both
results, we obtain

bz +y) —¢(x) =y + O(E(2x)). (6.2)
This estimate is mostly useful in the range F(2z) < y < z, as otherwise the error term
dominates.

Currently, the best known error term in (6.1) is given by

o 1)3/5
E(z) = xexp (—AW) (6.3)

for some A > 0. This can be proven via the explicit formula of ¥ (x) and the current
best zero-free region of the zeta function given in Theorem 1.5 (see e.g. [22, Thm. 12.2]).
Another method, based on Perron’s formula, can be found in [37, Thm. 4.1]. In both
methods, a stronger zero-free region immediately implies a stronger error term.

Substituting the function E(x) into (6.2) yields

(log )3/°
x4y —Yx)=y+0|(zexp| " A—"———-] ], 6.4
blat9) = v(w) =+ 0 (wexp (A SED L, (6.4
where a smaller value for A was chosen. Since the error term is >, x'7¢, this statement
is relatively weak compared to the main theorem in the next section, which does not rely
on the prime number theorem.

We end this section by remarking that the Riemann Hypothesis does give a good estimate.
In particular, it implies that the error term E(z) = x'/?log®(x) holds in (6.1), and
therefore also in (6.4). This can be achieved using Theorem 1.6 combined with a partial
summation argument.

6.2. A stronger result using zero-density estimates

We now turn to the main theorem of this chapter, which establishes a much better estimate
than (6.4). We use the Hoheisel-Ingham method, as described in [23], which exploits two
main results of the zeta function. First, we will consider any fixed ¢ > 2 such that

N(o,T) <. T*U=0+ (6.5)

holds uniformly in 1/2 < ¢ < 1. An estimate of this form was achieved in Theorem 5.6
for ¢ = 12/5. Note that within any range of the form 1/2 < o < gy < 1, this is equivalent
to the estimate

N(0,T) Lgpe T,
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In the range 09 < 0 < 1, we use the different bound
N(o,T) €5 TU 1og?(T),

where B > 0. Such an estimate holds, for example, for oy = 152/155 and B = 16, see
[22, Thm. 11.3]. Together, these two results yield

N(o,T) <. Tr1=) 10gB(T), (6.6)

where we fixed the parameters B and oy.

The second main result that we use is the zero-free region in Theorem 1.5. However,
we do not need the current best zero-free region to obtain a good estimate. In fact, one
can follow the same proof with Littlewood’s zero-free region [26] in order to obtain the
same result, but with a slightly worse error term and a different value of 6.

Theorem 6.2. Fix ¢ > 2 and B > 0 such that (6.6) holds, A > 0 as in
Theorem 1.5, and ¢ > 0. Define § = 1 — (¢ + 2¢/A)™ and § = (1 — 6)'/3.

Then P
1 1
V(z+y) —d(x) =y+ 0 |yexp [—5 <%> D (6.7)

holds uniformly for z > 3 and 2% < y < .

Proof. Since ¢ (x) is a step function and the remaining terms in (6.7) are continuous, we
may assume that z is sufficiently large. Next, we apply Theorem 6.1 to x + y and =,
choosing T' = z'~%+<" in both cases. Here, we have fixed some & > 0, which we assume
to be sufficiently small throughout this proof. Subtracting both results and dividing by y
yields

bty —l@) - (x+y)f —a’ p—y
. 1 gT — +O< ) .

This formulation allows us to use Lagrange’s mean value theorem for all terms in the sum,
but one needs to consider the real and imaginary parts separately. We find a,b € (z,x+y)
such that
(v +y)f —a’
Y

1/2

= Re(pa’ ) +i Im(pb ") < (lpa” !> + |01 ?) 77 < |pla” 1,

Therefore,

Yt ) V) e S
Y
[v|<T

so it suffices to adequately estimate the sum.

In order to incorporate zero-density estimates, we introduce a Riemann—Stieltjes integral
and use integration by parts to obtain

» a2ttt = / 2 'd(=N(a, T))

1
0
Iv|<T
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1
=2"'N(0,7) —i—log(x)/ * 'N(a, T)do
0

1 1
<2 'N(0,T) + 5 log(z)x 2N (0,T) + log(x)/ 7 'N(a,T)do, (6.8)

1/2

where we split the integral into two intervals and trivially estimated the first part. An
application of the Riemann-von Mangoldt formula (1.7) yields a sufficient estimate for
the first two terms. Namely, since 6 > 1/2, we have

1 /
27'N(0,T) + 5 log(z)x™Y2N (0,T) < log(z)z~Y*Tog(T) < z/* ¥ log*(z) < 27

Denote n = A/((log T)**(loglogT)*/?). Using the zero-free region in Theorem 1.5, we
have N(a,T) = 0if & > 1 —n. Therefore, we ignore this part of the integral in (6.8), and
substitute the zero-density estimate (6.6). This leads to

1 1-n
log(:v)/ xo‘_lN(a,T)da<<log(m)/ g tere)1=0) 1668 (T) day
1/2 1/2
1/2 ,
< 1og(T) log(z) / (T4 /2)*da
n
< log? (T)(T* )",

It remains to substitute the values of n and 6 and compute

r__1 A logT \1/3
cte 1’9)(logT)2/3(loglogT)1/3 < 6_‘6(10;1g5gT)

(Tc—i-s’/x)n _ T(

Finally, by substituting 7' = '+, we find
o; 1/3 og T 1/3
logB(T)e_E(lo;fgogT) < e_5<lolgi)gm) ]

Note that in this theorem, the values of A and B are irrelevant, since we may choose an
arbitrary € > 0. In fact, we can conclude that for any § > 1 — 1/c, there exists some
d > 0 such that (6.7) holds in the region defined by = > 3 and 2% <y < z. The value
for ¢ obtained in Theorem 5.6 allows us to choose any 6 > 7/12. However, due to the
recent improvement of the constant ¢ by Guth and Maynard [13], this can be lowered to
0 > 17/30. This is, as far as the author’s knowledge goes, the best result to date.

The density hypothesis, which claims that the estimate (6.5) holds for the constant ¢ = 2,
implies that (6.7) holds in the region > 3 and x'/2*¢ < y < z (where the constant
of the O-term may depend on ). This domain is almost as good as the one implied by
the Riemann Hypothesis in the previous section. However, the error term implied by this
conjecture is independent of y, and therefore cannot be matched by the density hypothesis.
In order to break the barrier at § = 1/2, if possible, a more advanced argument will be
needed.
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We end this section by transferring the above result to the prime counting function,
but at the cost of a slightly weaker error term.

Corollary 6.3. For any fixed £ > 0, we have

—rz) = —2 :
m(x +y) (x) log(z) +0 (10g2(x))

holds uniformly for x > 3 and Z17/30+e < y <.

Proof. We begin by defining the function

I(x) =) log(p),

which is related to the Chebyshev function by the estimate

Y(z) —d(z) =Y log(p) < Y log(x) < Valog(x).

k< n<yz
k2

In particular, the above discussion implies that there exists a 6 > 0 such that

Iz +y) —9(z) = Yz +y) —¥(z) + O(Vzlog(z)) = y + O (y<>/) (6.9)

holds uniformly for z > 3 and z'7/39+¢ < y < 2. Moreover, the prime number theorem in
the form (6.1) with the error term (6.3) implies ¥(z) = O(z).

The next step is to apply partial summation, giving
m(x +y)—m(x)

1
- K};ﬂ/ log(x) - log(x)
@ty I ()
)

- . LAY
log(x +y) log(x tlog?(t)

Yz +y) —I(x) . 1 1 RO
B log(z) T ty) (log(x +9) log(l’)> +/x tlog?(t)

For the first term, we substitute (6.9), after which it remains to estimate the other two
terms by y/log?(z). In the second term, we apply Lagrange’s mean value theorem to find
some ¢ € (x,x + y) such that

1 1
log(x +y) log(x)

9z +y) ( ) = U+ y)do:%c) =0 <@> '

Lastly, the third term can be estimated by

T+y 1
/ﬂ 5—dt < g . ]
» log”(t) 7~ log”(x)
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6.3. A consequence for gaps between primes

Denote the n-th prime by p,. An easy consequence of Corollary 6.3 is an estimate for the
gaps between consecutive primes.

Theorem 6.4. For any fixed € > 0, we have

Pnt1 — Pn K p,ll7/30+5 < nl7/30+2¢

Proof. Denote 6 = 17/30 + . We apply Corollary 6.3 to x = p, and y = 2. This yields

v

log (pn)

Hence, if n is sufficiently large, there must be a prime in the interval (p,,p, + p%]. In
particular, it contains the (n + 1)-th prime, so

(o +05) — 7(pn) > >1, n— o

Pn+1 — Pn < pfl

To obtain the second estimate, recall that by the prime number theorem, 7(x) ~ x/log(x).
This can, for example, be obtained from (6.1) with the error term (6.3) by partial
summation. In particular, substituting x = p, gives n > p,/log(p,), so n'* > p,
for any fixed ¢’ > 0. Therefore,

pi7/3o+s < p(HeNA7/30+e) o 17/30+2¢

if ¢’ is small enough. ]

This is, however, not the best proven estimate. The current record is held by Baker,
Harman and Pintz [1], who proved

Pn+1 — Pn < p%525'

The density hypothesis implies the bound p,.1 — p, < p}/ 2+E, with the same proof as

before, while the Riemann Hypothesis implies the bound p,,1 — p, < p}/ 2 log(p,). The
latter estimate needs a slightly more adapted argument. The Riemann Hypothesis implies
the error term F(z) = 2'/?log®(x) in (6.1), and therefore

m(z) = /; logl(t)dt + O(z'?1og(z))

with a partial summation argument. Then, analogously as how we obtained (6.4), we
have

m(z+y) —n(x) = /r ’ dt + O(z'/?log(z))

for > 3 and z'/?log(z) <y < z.

log(t)
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With a probabilistic model for primes, Cramér [11] conjectured the much stronger bound
Pni1 — Pn K logQ(pn) in 1937. As a lower bound, Ford, Green, Konyagin, Maynard and
Tao showed in 2018 [12] that

(log pn)(loglog py)(log log log log p,,)
log log log p,,

DPnt1 — Pn >

for infinitely many n. This result earned them Erdés’ prize of $10,000, the largest he ever
offered for a solution to a mathematical problem.






Conclusion

After introducing the necessary tools from analytic number theory, part II of this thesis
can be summarized into three main topics. First, we studied moment estimates for the
Riemann zeta function on the critical line, proving an asymptotic formula for the second
and fourth moment. Moreover, we proved essentially optimal estimates for exponents
0 < A < 4, and the current best bounds in 4 < A < 12. Secondly, we introduced
the zero detection method used in zero-density estimates and applied it to prove the
current best bounds in the interval 1/2 < ¢ < 7/10. In addition, we succeeded in our
goal to improve current zero-density estimates, breaking a world record in the interval
0.8916... < 0 < 0.9010.... Lastly, we illustrated the importance of this work by proving
an estimate for the number of primes in a short interval, which provided a much better
result than the best known error term in the prime number theorem.

It should be noted that the method in Section 5.5 offers more flexibility than was exploited
in this thesis, presenting the opportunity to break more world records. First of all, the
choice of ¢ = 9/10 is quite arbitrary, and one could easily try substituting different values
and applying the same strategy. However, as we saw with the value o = 9/10, an optimal
estimate will be reached in one of “the current best known exponent pairs”, meaning one
of the vertices in the infinite polygon of Figure 3.1. Therefore, it would be more useful to
consider which of these exponent pairs provide an optimal estimate in which intervals for
0. Another option is to also consider the intervals where the other terms of (5.28) take
over. For example, in (5.34), the second term will be the largest one if o < 0.8916...
and, once we ignore the other terms, the resulting estimate still improves upon Ivié’s
estimate (5.30) in a small interval of o. Finally, the mixed moment estimate that was
used to bound (5.25) relied on the exponent pair (2/7,4/7) via Theorem 3.8, and one
may continue the argument without picking a specific exponent pair in order to optimize
it later as well.

We would also like to stress that the exponent pairs that we considered in Section 3.2
are not the most recent anymore. In 2025, new exponent pairs have been found, see
[35, Thm. 20] and [36, Thm. 5.23]. Therefore, we may apply the same ideas with these
newer exponent pairs to possibly refine our result further. Furthermore, to extend the
interval of validity in Theorem 5.7, one can incorporate Bourgain’s dichotomy technique
6], as in [9].
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Appendix

Listing A.1: Python code used to determine the optimal exponent pair

Subsection 5.5.2.

from fractions import Fraction

# The function f (kappa,lambda), i.
sigma = 9/10.

def f(k,1)
return (k+1)/(2+5xk+4x*1)

# The function A(kappa,lambda).
def A(k,1)

e.

the exponent to be minimized in

return [k/(2*k + 2) , 1/(2%xk + 2) + Fraction(1,2)]

# The function B(kappa,lambda).
def B(k,1)

return [1 - Fraction(1,2) , k + Fraction(1,2)]

every exponent pair, we save its x-coordinate,

its index n.
def generate_exp_pairs (m)

# The first few exponent pairs for n =
, Fraction (55, 84), 0] , [Fraction

generates = [[Fraction (13, 84)
(4742, 38463), Fraction (35731,

76066) , 3] , [Fraction(715, 10238),

# The exponent pairs for n >=
for j in range(5 , m+1):

51284) ,

5.

7 # This function generates the exponent pairs (x_n,y_n) for |[n|
its y-coordinate and

0,1,2,3,4.

<= m.

1] , [Fraction (18, 199),
Fraction (593, 796), 2] , [Fraction (2779, 38033), Fraction (58699,

if j <= 8 : # The exponent pairs for n = 5,6,7,8.
new_pair = A(generates[j-4][0]

new_pair.append(j)

, generates[j-4]1[1])

else : # The exponent pairs for n >= 9.
new_pair = [Fraction( 2 ,
Fraction( 3*(j-4) - 2 , (j-5)*(j-4)*(j-2) ) , jl

generates . append (new_pair)

# The exponent pairs for n <=
for j in range(1l,m+1)

=il

((j-5)**x2) *x (j-2) ) , 1

new_pair = B(generates[2*j-1][0] ,

new_pair.append(-j)

85

generates [2*xj-1][1])

Fraction (7955, 10238), 4]]

n

For
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generates.insert (0,new_pair)

return generates

# We generate the exponent pairs for |n| <= 20 and save the ones for
which f (kappa,lambda) is minimal.
3 the_pairs = generate_exp_pairs (20)

5 current_best = []

r for pair in the_pairs
if len(current_best) == 0
current_best.append (pair)
elif f(pair[0] , pair[1]) < f(current_best[0][0] , current_best
o1c11)

current_best = [pair]
elif f(pair[0] , pair[1]) == f(current_best [0][0] , current_best
[01[11)

current_best.append(pair)

7 # We print some data about all optimal choices.
print ("The following exponent pairs are optimal:")
print (" ")
for choice in current_best

k = choice [0]

1 = choice[1]

index = choice [2]

print ("Index:", index)

print ("Exponent pair:", [k,1])

print ("Numerically:", [float(k), float(l)])

pI‘iIlt (u ||)

print (" ")

print (" ")

print ("In these points, the minimal value of f(kappa,lambda) becomes:",
f(current_best [0][0], current_best[0][1]))

print ("Numerically:", float(f(current_best[0][0], current_best[0][1])))
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