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Abstract

Industry requires more complex processes and logistics every day, sparking the rise of
multi-agent systems. Here, multiple robots, vehicles, or machines operate in the same
environment. This stimulates the need for multi-agent motion planning techniques
that coordinate and plan the motion of these agents in an efficient and safe manner.

Therefore, this thesis presents a novel model predictive control (MPC)-based motion
planning method for holonomic multi-agent systems, by combining a decentralised
formulation of the alternating direction method of multipliers (ADMM) with a
centralised formulation of control barrier functions (CBFs). The method is developed
with an eye on, but not limited to, industrial magnetic levitation platforms such as
the Beckhoff XPlanar system.

The classic centralised MPC approach is shown to scale with ~ O(N?9), which
renders the method intractable with an increasing number of agents. While decen-
tralised ADMM significantly reduces the time complexity, it cannot guarantee safety,
i.e. there is a risk of collision. Therefore, the method is complemented with an extra
optimisation problem that incorporates CBFs. The result is a safe method that
scales with ~ O(N'®2). This safety guarantee allows us to fix the number of ADMM
iterations, admitting trade-off between performance and computational efficiency.

To further improve real-time performance, this work provides a C++ implementa-
tion of the hybrid method, which exploits the decentralised ADMM structure by
multithreading the code. This reduces the computational time for 5 and 10 agents
with 90.1% and 60.5% respectively. The hybrid method is then qualitatively and
quantitatively compared with the centralised MPC method. Finally, a practical proof
of concept is presented by implementing and testing the algorithms on the XPlanar
system.
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Chapter 1

Introduction

Complex and large-scale processes often rely on multi-agent systems. Here, multiple
agents, such as machines, robots, and vehicles, operate in the same environment of
the process, possibly working together. An important aspect of these operations is
safety, which means that agents should not collide with each other. The growing
trend in automatisation has spread to this area, sparking the need for multi-agent
motion planning algorithms. The purpose of the latter is to plan and coordinate
the motion of all agents in an efficient and safe manner. Important applications
include autonomous driving and ground vehicles [32], autonomous surface vessels
[36], drone or UAV (Unmanned Aerial Vehicle) swarms [21], and transportation of
goods in industrial production lines. This thesis focusses on the latter, with an eye
on the Beckhoff XPlanar [(] as a transport system (Fig. 1.1).

FIGURE 1.1: The Beckhoff XPlanar setup in the robotics lab. This industrial
machine is used to transport goods in production lines.



1. INTRODUCTION

FiGURE 1.2: Multi-agent motion planning on a non-convex arena. The trajectories
of the agents must be planned towards their target without collisions.

1.1 Motivation and goals

Transportation of goods in the industry is often coordinated by pre-defined tracks
with traffic rules. These are popular due to their inherent safety, robustness, and
simplicity. However, they usually lack flexibility and are susceptible to traffic jams,
which can significantly increase transit times and delay production. Consequently,
there is much research devoted to these issues.

This thesis aims to develop, implement and test multi-agent motion planning algo-
rithms focussing on the XPlanar system, but not necessarily limited to this specific
application. The goal of these algorithms is to simultaneously generate trajectories for
all agents that drive each of them to their target or destination in the most optimal
way possible, without crashing into each other, as depicted in Fig. 1.2. Additionally,
the motion planners should be maximally flexible by providing the possibility to
replan in real-time, to ensure that they can be used in continuous operation with
consecutively changing targets.

1.2 Literature study

There exist many motion planning techniques in literature, each with their own
advantages and disadvantages. There are discrete planners such as rapidly-exploring
random tree (RRT) [19], which searches the space by randomly expanding to neigh-
bouring directions, and A* [16], which searches for the shortest path on a graph.
However, the XPlanar can move and position goods anywhere on its arena with very
high accuracy (< 5um). As this flexibility should be exploited, continuous space
methods are preferred. A popular continuous method is the potential field method
[18]. This method models the targets as potential fields that attract the agent, while

2



1.2. Literature study

obstacles repel them. However, this method suffers from deadlocks and local minima
where agents can get stuck. There is also a growing trend of learning techniques in
robotics. Due to their favourable scalability, they have been applied to multi-agent
motion planning, especially when the number of agents is very high. However, due
to the lack of sufficient formal proofs in this area, they often have to be coupled with
existing motion planning techniques [24], [11].

Instead, this thesis makes use of optimal control techniques and model predic-
tive control (MPC). MPC allows to plan in real-time while naturally complying with
constraints, which is important for avoiding collisions, actuation limits, and staying
within a specified arena. This also ensures the possibility to include kinodynamic
constraints for trajectory planning, which is supported by the XPlanar. Due to its
inherent optimality, the resulting trajectories are very efficient, leading to reduced
transit times.

When using MPC, the most optimal trajectories would be obtained by solving
one central optimisation problem for all the agents. However, the computational
time for this problem often scales very badly with the number of agents, ruining the
possibility for real-time motion planning. Moreover, since this strategy requires a
central processing unit, it is often practically infeasible for on-board applications,
e.g. when every agent has its own processing unit. In multi-agent systems, this
issue is often addressed by the use of distributed optimisation methods [25], [29]
which include distributed first-order methods (DFO), distributed sequential convex
programming (DSCP), and the alternating direction method of multipliers (ADMM).
Here, the optimisation problem is decoupled and the sub-problems are distributed
over the agents, with the possibility for parallel computations.

ADMM [3], [15] holds the possibility to distribute heavily constrained (convex)
optimisation problems. Distributed ADMM communicates the local variables of each
sub-problem through a global variable or central collector, to inform the agents of
each other’s actions [10], [29], [28]. Decentralised ADMM takes it a step further
and removes the central collector. Here, local variables are communicated directly
between the sub-problems [32], [31], [20].

Even in distributed or decentralised algorithms, computation time can still scale
poorly. The collision avoidance constraints are a large contributor to these problem
due to their inherent non-convexity. Consequently, many have tried to reformulate
these collision avoidance constraints. They have been linearised [26] and approx-
imated by convex sets [10], [20], which usually introduces a lot of conservatism
because it restricts the free space in which agents can plan. Other methods reduce
conservatism by using hyperplanes [32], or even by obtaining an exact convex rep-
resentation of the space [39]. However, they require extra optimisation variables,
increasing the problem size.

Another strategy to limit scalability is to introduce neighbourhoods. The idea
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is that an agent does not need to take every other agent into account when planning,
e.g. if they are far away or moving to an opposite direction. Thus, an agent defines its
neighbourhood by only considering the nearest neighbours, or those that are a threat
to its safety. This way, the problem size and scaling can effectively be saturated.
The most popular way to determine an agent’s neighbours is by including those in
a constant radius around it [26]. In the search for more representative strategies,
schemes that also take into account the velocity of the agents and other criteria were
developed [9], or even based on future collision detections [21].

Another important aspect in multi-agent motion planning, and in the industry
in general, is safety. When the original motion planner is not inherently safe for
any reason, e.g. critical constraints that cannot always be satisfied, control barrier
functions (CBFs) [3] can provide a safety guarantee for systems with a relative degree
of one. It does so by solving a computationally efficient quadratic program that
modifies the trajectory in a minimally invasive way while satisfying a safety constraint.
These techniques have therefore been applied to collision avoidance constraints in
multi-agent systems [7], [35], where they can also be decentralised. More recently,
this concept was generalised to high-order control barrier functions (HOCBF) [37],
which apply to systems of any relative degree.

As ADMM is a method that solves convex optimisation problems, it cannot guarantee
convergence when applied to non-convex problems. In this case, the method may be
unsafe and CBFs could offer a solution. This idea was also very recently explored in
[17], where first-order discrete-time CBFs are directly incorporated into the ADMM
scheme. However, this thesis focusses on computing trajectories for systems such
as the XPlanar, which run on a central computer and whose trajectory dynamics
have a relative degree of 2. Therefore, unlike [17], we aim to exploit this architecture
by developing a method that complements ADMM by adding a separate centralised
step to the algorithm that uses continuous-time HOCBFs.

1.3 Overview and contributions

The above literature study shows the state-of-the-art of MPC based motion planning
and other relevant optimisation techniques, along with its specific challenges. It
is the starting point on which this work is built. This section presents a detailed
overview of the thesis and its contributions.

Preliminaries This chapter introduces all concepts and mathematics that are used
for the motion planning algorithms. It starts with the basics of optimal control and

MPC. Based on [25] and [12], we discuss how to formulate and solve optimal control
problems (OCPs), and how they may be used in MPC. Then, ADMM is discussed,
closely following [3]. To build sufficient understanding and provide motivation for

4



1.3. Overview and contributions

this method, dual ascent and dual decomposition are discussed. Then, ADMM
is introduced as an augmented Lagrangian generalisation of dual ascent. Lastly,
methods to distribute and eventually decentralise ADMM are discussed. Finally,
CBFs and HOCBFs are introduced based on [3], [11], and [37], focussing on how they
can guarantee safety and how they can be incorporated in an optimisation problem.

Centralised motion planning This chapter explores centralised optimisation
techniques as a possible strategy for multi-agent motion planning on the XPlanar, as
it is technically feasible since this system has one central computer. Specifically, it
looks at the so-called free-time problem to establish a benchmark for time-optimality.
Then, a centralised MPC scheme is developed as a first actual motion planning
algorithm. Here, agents are approximated as circles to avoid discontinuities in the
collision avoidance constraints. Rather than trying to “convexify” them, the latter
are formulated by simply imposing a minimum Euclidean distance between all agents,
to avoid further conservatism. After implementing the strategies in Python, their
tunings are established. As formally shown in Chapter 6, the centralised techniques
do not scale well and show little promise for real-time applications, except in small-
scale systems.

Decentralised and hybrid methods To cope with the unfavourable scalability of
the centralised methods, this chapter decentralises the problem using ADMM. How-
ever, the problem is inherently non-convex due to the collision avoidance constraints,
while ADMM is only guaranteed to converge for convex problems [3]. Moreover, to
use this strategy in real-time applications, only a limited number of iterations is
performed per time step, with the idea that it eventually converges over the time
steps [32]. Consequently, the method cannot guarantee safety.

Instead of reformulating the collision avoidance constraints, a hybrid method is
proposed that complements the original strategy with an extra quadratic program
that uses a HOCBF, which guarantees safety with little extra computational cost.
Taking advantage of the central architecture of the XPlanar and the fact that this
quadratic program is computationally efficient, this extra step is performed in a
centralised fashion.

Both methods are once again implemented in Python, although still as a sequential
scheme. As shown in Chapter 6, the hybrid method is promising for real-time
applications in medium-scale systems. Lastly, this chapter aims to couple the hybrid
method with a neighbour selection scheme to limit the scalability, with the intention
of going to large-scale systems. It is observed that ADMM is not well suited to be
coupled with such schemes whenever an agent’s neighbourhood changes frequently.
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Practical implementation This chapter discusses the XPlanar and the integra-
tion of the algorithms on this system. After a brief discussion on its hardware and
software, the necessary steps are taken to perform offline motion planning on the
system.

First, the algorithms must be paired with boundary constraints such that they
do not fly off the arena. The constraints for convex arenas are discussed. Motion
planning in more general non-convex arenas is significantly more challenging. To this
end, a multi-corridor strategy, where the agents navigate between convex sub-arenas,
is presented as a possible extension. Then, to link the frequency of the motion
planner with that of the XPlanar, the trajectories are interpolated. Next, a buffer
communication protocol is explained, which the XPlanar uses to properly coordinate
the timing between receiving and applying trajectory samples.

This chapter also discusses the steps necessary to prepare the hybrid method for
real-time motion planning. This includes translating the code to C++ and developing
a multithreading scheme for parallel computation. When running the multithreaded
algorithm on the XPlanar, it turned out that its computer was way slower compared
to the laptop on which simulations were performed. Therefore, instead of performing
the calculations on the Beckhoff XPlanar industrial PC, a scheme is proposed to
perform the calculations on another computer (or multiple computers) and then
forward them to the Beckhoff industrial PC. However, this scheme has not yet been
implemented.

Resuts and discussion This chapter contains a simulation-based comparative
analysis of all algorithms, as well as experimental tests on the XPlanar. First, all
algorithms are quantitively compared on performance, safety, and scalability. Then,
the real-time capability is checked to see the maximum number of agents for which the
trajectories can be planned in real-time. It is shown that the resulting algorithm is
fast enough for real-time computations up to 13 agents. Finally, the motion planning
algorithms are tested in a practical setting by pre-computing the trajectories and
applying them to the XPlanar. It turns out that the trajectories which the motion
planners compute are well suited for the system and its applications. These tests
were also performed for first-year students in the context of a “demo-day”.

Conclusion In this final chapter of the thesis, the main results are repeated and
critically discussed. Several possibilities for future research are also given to comple-
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ment the thesis.

In summary, the main contributions of this thesis are:

e A novel hybrid multi-agent motion planner which combines decentralised
ADMM with centralised HOCBFs, along with a multithreaded C++ imple-
mentation which is fast enough for real-time motion planning in medium-scale
systems.

e A heuristic approach to perform motion planning in rectangular non-convex
arenas, such as the XPlanar configuration in the experimental setup.

e A qualitative discussion and quantitative comparison between centralised and
decentralised methods for multi-agent motion planning, based on performance,
safety, and scalability.

e A proof of concept for offline multi-agent motion planning on the XPlanar.






Chapter 2

Preliminaries

The motion planning algorithms presented in this thesis make heavy use of optimisa-
tion and control techniques. Therefore, this section introduces the basic mathematical
results from these domains, limited to the extent needed to understand the rest of the
thesis. First, it discusses optimal control problems and how they can be incorporated
into a model predictive control scheme. Then, the alternating direction method of
multipliers (ADMM) is presented as a strategy to solve multi-agent optimisation
problems in a distributed manner. To provide this link with sufficient understanding,
the method is introduced in a stepwise manner with gradually increasing complexity.
Finally, the theory behind control barrier functions (CBF’s) is discussed, with an
eye on why they can guarantee safety and how to use them.

2.1 Optimal control

Optimal control is a powerful technique for generating trajectories for a dynamical
system. This section provides an overview on how to formulate and solve these typical
problems. A special version, the so-called free-time problem, is also introduced. The
discussions in this section closely follow [25] and [12].

2.1.1 Formulation

The idea is to solve an appropriate optimisation problem to obtain a series of control
inputs u(¢) that ensure the states of the system x(t) follow an optimal trajectory.
This specific type of problem is called an optimal control problem (OCP) and has
the following general form [12]:
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T
i Toe(0)) [0, u(t), 0 dh 45 (x(Ty) (2.1a)
s.t. x(0) =xp (2.1b)
x(t) = F(x(t), u(t), 1 (2.1¢)
g(x(t), u(t), 1) = 0 (2.1d)
h(x(t), u(t), 1) > 0 (2.1¢)

With J, Jo, J¢, F, g, h twice continuously differentiable. The objective (Equation 2.1a)
is an integral over time of some function J of the state vector x(t) € R"*, the input
vector u(t) € R™ and time ¢. It also includes an initial and terminal cost Jy and Jy.
This function decides what should be minimised and thus depends on the application.
It becomes more concrete in Chapter 3. The integral runs from 0 to Ty, where T’
denotes the control horizon, also called the prediction horizon. It constitutes how far
in the future the OCP predicts and computes the motion.

To determine the evolution of a dynamical system, one is usually given an ini-
tial condition (unless finding the initial condition is part of the problem). In that
case, this condition must also be incorporated as a constraint in the OCP (Equa-
tion 2.1b). The dynamic constraints (Equation 2.1¢) ensure that the solution of
the OCP is physical, meaning that it satisfies the governing kinematic or dynamic
equations. The evolution of the system can usually be described by a set of first
order differential equations, represented by x(¢) = F(x(t), u(t),t). Lastly, the OCP
can have stagewise equality 2.1d and/or inequality 2.1e constraints (that have to
hold over the whole trajectory). These are usually related to physical limits of the
system or boundaries constituted by the environment. Constraints that only hold
at the end of the trajectory are also sometimes necessary, these are called terminal
constraints and are used in Section 2.1.4.

2.1.2 Transcription

Since the states and inputs are functions of time, OCP 2.1 is infinite-dimensional.
The process of converting the OCP to a form that can be solved is called transcription.
There are many transcription methods, but this thesis only makes use of the direct
multiple shooting method due to its relevance for large scale systems. This is a
method that aims to discretise the OCP, resulting in the following finite-dimensional
problem [12]:

10
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Nhor—1
Jin JoO) 4 S0 bt ulk] ) V) (220
’ k=0
s.t. x[0] =xo (2.2b)
x[k + 1] = Fa(x[k], ulk], k) (2.2¢)
g(x[k],ulk], k) =0 (2.2d)
h(x[k], ulk], k) >0 Yk € {0, ..., Npor — 1} (2.2¢)

Where the subscript (-)4 denotes the discrete equivalent of the function. The method
constructs a control grid, which divides the time horizon in a finite number of time
steps At. The function u(¢) is then approximated by a finite series of values u[k],
which represent the values of the control signal on the subsequent control grid points.
In between, a zero order hold condition is assumed. The number of grid points is
denoted by Npo-. Thus, k runs from 0 to Ny, — 1. It also determines the resolution
of the grid:

_ Iy
N; hor

At (2.3)

The larger Ny, the more accurate the discretisation. However, it also determines
the number of decision variables and thus the computation time for the solver. The
objective function and dynamic constraints are discretised using a numerical integra-
tor. In this thesis, the runge-kutta-4 method is used.

When the OCP is transcribed using the multiple shooting method (as in OCP 2.2),
every state and input on every grid point becomes a decision variable. It is possible
to eliminate the states by plugging in the dynamic constraints (Equation 2.2¢) ev-
erywhere. This strategy is called the single shooting method. It would significantly
reduce the number of decision variables, but the expressions for the objective and
remaining constraints become much more complicated and expensive to evaluate.
Overall, the multiple shooting method is generally still preferred for large-scale
systems, because the variables, and thus also possible non-linearities, are spread over
a larger number of more manageable expressions. The problem size is larger, but
sparse. As an example, Fig. 2.1 shows the structure of the hessian of a typical OCP
for the single and multiple shooting method. This sparsity pattern of the latter can
be exploited by the solver.

2.1.3 Solving

Once the objective and all the constraints are determined for a specific problem,
the OCP along with all its expressions has to be cast in a standard form that
the employed solver can recognise. However, this step can be bypassed by using
(open-source) software toolkits such as CasADi [1] and Rockit [14] (layer built on

11
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FIGURE 2.1: The Hessian of the Lagrangian for an OCP using the single and multiple
shooting method. The black squares denote nonzero elements in the matrices. The
OCP used in this comparison comes from an implementation of OCP 3.6 for 2 agents.
It is clear that, compared with the single shooting method, the multiple shooting
method has more decision variables, but entails a sparsity pattern in its Hessian
which can be exploited. These figures are generated using Rockit [14].

top of CasADi, specifically for optimal control). They allow for fast and intuitive
implementation of optimisation problems and OCPs, and the ability to call built-in
solvers. Rockit also automatically takes care of the transcription. Because of these
(and more) features, the tools are extensively used in this thesis.

The last step is actually solving the problem. To this end, an appropriate solver
needs to be chosen. This thesis employs the following ones:

o IPOPT [34]: This is a very robust, general purpose nonlinear program solver
that can handle large scale problems. It uses a primal-dual interior-point
method and filter techniques for line search. It is the standard solver in
CasADi. It can be used for many types of optimisation problems, making it
very flexible. Consequently, it is quite slow compared to specialised solvers.

o FATROP [33]: This is a very fast nonlinear optimal control solver, inspired by
IPOPT. It trades generality for speed by exploiting the typical structure of an
OCP.

o gqpOASES [13]: This is a reliable quadratic program solver that uses an active

set method. It is well suited for model predictive control schemes.

12
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The above solvers are all open source and interfaced with CasADi. Each has
advantages and disadvantages. Thus, it is important to select a solver that is tailored
for the specified application.

2.1.4 Free-time problem

The free-time problem is a special type of OCP where the time horizon is a decision
variable as well. This section discusses the case where the objective directly minimises

the transit time of the motion, as in [22]. The OCP is formulated as follows [12]:
min T (2.4a)
x(7)u(r),T

s.t. x(0) =x0, x(1) = xy (2.4b)

x(1) =TF(x(7),u(r),7T) (2.4c)

g(x(r),u(r),7T) =0 (2.4d)

h(x(7),u(r),7T) > 0 (2.4e)

vr e [0,1] (2.4f)

The objective function is simply 7T, which denotes the total transit time. The de-
cision variables are the state vector x, the input vector u and the transit time T itself.

The states and inputs are still functions of time. However, OCP 2.4 uses non-
dimensionalised time, denoted by 7. This trick must be used, as the transit time
T, which also serves as the time horizon in this problem, is unknown. This makes
it impossible to know on beforehand where to evaluate the variables for possible
terminal conditions. More importantly, it would be impossible to discretise the
problem. For a given number of discretisation points Ny, the time resolution dt
would be unknown. Thus, by defining

T=— (2.5)

the initial and final conditions are always evaluated at 7 = 0 and 7 = 1. Furthermore,

the time resolution is now given by dr = N, h_oi

In the dynamic constraints 2.4c, an extra factor of 7" pops up because the derivative
is also non-dimensionalised. The rest of the constraints are the same as in OCP 2.1.

2.2 Model predictive control

The field of model predictive control (MPC), both theory and design, is very com-
prehensive. It produces controllers that handle unstable, non-linear and constrained

13
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systems. However, in this thesis, MPC is not used to design an actual controller but
rather as a tool for motion planning. Therefore, this section only briefly introduces
the concept of MPC, without going into much detail about the underlying theory.
For further reading, see [25], on which this section is based.

Solving an OCP is an inherently open-loop strategy. To obtain the optimal tra-
jectory, the problem is solved once offline. MPC, which is the closed-loop version,
recomputes the OCP in every time step. The general MPC strategy is summarised
in the following actions, which have to be executed in every time step:

e Measure the current state of the system and use this as initial condition x¢ in
Constraint 2.1b.

¢ Solve OCP 2.1.

o Only extract the input at ¢ = 0 (u[0]) from the solution and apply it to the
System.

e Update the horizon of the OCP: e.g. after the first time step, the horizon runs
from t = At to t = Ty + At, instead of from ¢ = 0 to t = T. In practice, one
can just assume a local time reference for the OCP, which makes sure that the
mathematical representation of the horizon stays the same.

Here, the OCP’s are solved in real-time and this process can continue indefinitely as
long as the computation can be done within each time step. This strategy allows the
use of the same OCP for each trajectory within a certain application, apart from
some parameters such as the initial condition or certain targets in the objective, but
the structure does not change. Furthermore, the time horizon no longer needs to
cover the entire trajectory. However, the choice of T is still important. The larger
the horizon, the more optimal the resulting trajectory. If the OCP is able to look
further into the future, it anticipates and takes into account more events. Then, the
inputs are adapted accordingly, and the trajectory becomes more efficient. Lastly,
this strategy allows for feedback between the subsequent steps. In fact, it inherently
uses state feedback for its initial condition, but it is also possible to update other
parameters to react to unexpected events (e.g. unexpected obstacles or changes in
target positions).

2.3 ADMM

The alternating direction method of multipliers (ADMM) is widely used for dis-
tributed optimisation, making it suitable for large scale systems. There are many
ways to derive, formulate, and interpret the method, and there are many variations

14
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[38]. After some definitions, this section first introduces dual ascent, dual decomposi-
tion and their relevance for multi-agent systems. To deal with the shortcomings of
dual ascent, the general augmented Lagrangian interpretation of ADMM is discussed.
Finally, two special versions are introduced, restoring the link with multi-agent
systems. The first three subsections closely follow [8]. The last subsection is based
on [32].

2.3.1 Dual ascent and dual decomposition

Following [3], dual ascent and dual decomposition are discussed first. Dual ascent
is a method that aims to solve the dual problem of a linear equality constrained
problem:

min  f(z)
v (2.6)
st. Az =0>
With z € R™ as the decision vector. The Lagrangian is [3]:
L(z,\) = f(z) + T (Az —b) (2.7)
Consequently, the dual function is [3]:
q(A) = iI%f Lz, \) (2.8)
And the dual problem [3]:
max q(N) (2.9)

Which is an unconstrained maximisation problem, due to the fact that there are no
inequality constraints in Problem 2.6. Subsequently, one can simply apply gradient
ascent to Problem 2.9. In fact, evaluating the gradient of the dual function requires
no extra computations. The theoretical expression of the dual function is [3]:

q(A) = L{z"(A); A)

with z"(\) = arg min L(z, ) (2.10)
Following [23], the gradient can be found by using the chain rule:
Va(A) = VL(z"(A), A)
= VoY) Va0, o)

= Ax*()\) —b

Where the third equality follows from Lagrangian stationarity (V,L(z*(\),A) = 0).
Thus, the dual ascent method employs the following two steps in every iteration [3]:

15
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21 = argmin £(z, \¥)
x

(2.12)
AkJrl — )\k + (5k(AZ’k+1 o b)

Where §* denotes the step size of the gradient ascent. Starting from some initial

guesses z° and A\°, this method continuously solves Problem 2.8 (the Lagrangian

minimisation) to be able to evaluate the gradient of the dual function, before doing

an actual gradient ascent iteration on Problem 2.9 (the dual update).

This method is relevant in multi-agent optimisation due to its ability to distribute
computations when the cost function is separable into a sum of N functions, which
could each represent an agent’s own objective that only depends on its own decision
variables z; [3]:

N
min > film)
i=1
N (2.13)
s.t. Az = ZANU@' =b

With z = [21, ..., %, ..., zx]7 and A = [A1, ..., A;, ..., Ay]. The Lagrangian can now
be written as follows:

N
filz) + AT (O Az — b)
=1

o8

@
Il
—

(2.14)
(fi(z) + AT Agzy) — XTh

-
I

-

It is clear that in this case it is possible to do the Lagrangian minimisation over
each x; independently. This opens the door to parallel computation. For example,
in a multi-agent environment, each agent could optimise over its own variables
at the same time. This significantly speeds up computations not only due to the
parallelisation, but also due to the fact that each sub-problem has become more
computationally efficient. Following Equations 2.12, the dual decomposition method
can be summarised by the following iterative scheme [3]:

xik“ = argrr;i_nﬁ(xi,)\k) Vie{l,..,N}

N (2.15)
AL = A 67 (3 At — b)
=1

Despite the advantage of decentralising the problem, this method is rarely used
because it inhibits slow convergence, which can only be proven under many unpractical
conditions. One solution to this is to augment the Lagrangian.
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2.3.2 The augmented Lagrangian interpretation of ADMM

In [8], ADMM considers the following form of the optimisation problem:

min  f(z) + g(2)
2 (2.16)
st. Ar+ Bz=c

The objective is assumed to be separable in two functions f and g. The decision
vector is also split such that f only depends on its first part z, and g on its second
part z. The problem is still coupled through linear equality constraints. This is
similar to Problem 2.13, with N = 2. It will become clear why this form is assumed
and that it is more general than it seems. The Lagrangian of this problem is:

L(z,2,\) = f(z) +g(2) + \[(Az + Bz — ¢) (2.17)

However, to improve the convergence properties w.r.t. the previous section, ADMM
uses an augmented Lagrangian by adding a quadratic term [3]:

L,(z,2,0) = f(z) +g(2) + N[ (Az + Bz —¢) + %HAx + Bz — ¢||? (2.18)

Here, p is a positive number called the penalty parameter. Note that the quadratic
term in Equation 2.18 prohibits decomposition as in Equation 2.14. To circumvent
this, the minimisation of the Lagrangian in the iterative scheme is split up [8]:

k+1

_ . ko \k
x —argmxmﬁu(a:,z ,AT)

2 = arg min £H(zk+1, z, \F) (2.19)
Ak+1 — )\k +/L(A$k+l + sz+l . C)
Note that ADMM uses the penalty parameter p as the step size for the gradient
ascent iterations. Furthermore, the Lagrangian minimisation now consists of two
consecutive (but not independent) steps. The minimisation could also be done in
one step. This is what the so-called “method of multipliers” does. ADMM, on the

other hand, uses Equations 2.19 to not only obtain beneficial convergence properties
(by using an augmented Lagrangian), but to simultaneously allow decomposition.

The formal convergence proofs fall outside the scope of this thesis, but it is important
to understand what conditions must be met. Convergence cannot be guaranteed
without the following two conditions [&]:

e f and g, which can be extended-real-valued functions, must be convex.

o The Lagrangian (Equation 2.17) must have a saddle point.

17
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Contrary to the dual decomposition method, ADMM does not require a differentiable
and everywhere finite objective, since it allows f and g to be extended-real-valued
functions, which means they may take on any value including 4+oco0. This notably
allows for constrained sub-problems in the scheme, since f and g could thereby
contain an indicator function of a set, i.e. a function that is zero within the set
and +oo outside the set. This essentially allows to incorporate hard constraints and
makes it more suitable for realistic applications.

2.3.3 Distributed consensus ADMM

Consider the following separable problem and remember that the objective could
contain constraints through indicator functions [3]:

min - f(x) = > fi(x) (2.20)

The objective is separable, but each part still depends on the full decision vector
X € R™ here. This could be the case if agents have their own objective but common
decision variables, or if they need to take the other agents into account through
coupled constraints. To parallelise the computations, the problem is first transformed
to an equivalent one [3]:

VXi,2

. N
i ;fi(Xi) (2.21)

st. xi—2z=0 Vie{l,.,N}

Where x; are local copies of the full decision vector x this time, such that each agent’s
objective only depends on this local variable (which is now independent of the other
variables). The problem is still coupled through the constraints, where z can now be
seen as the global variable or the central collector. Problem 2.21 is a special case
of Problem 2.16, where x = [x1, ..., xn]7, 9(2) =0, A = Iy, B=~[I,,....I,]T (N
times), and ¢ = 0. Also, f is separable and only depends on local variables, meaning
that the Lagrangian minimisation can be carried out in parallel. The augmented
Lagrangian is now [3]:

N
L0, N) = 32 £:06) + M (= 2) + Sl — 21 (222)
=1

This leads to the following updates [3]:
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it =argmin fi(x) + AT (6 = 2+ Blha =P Vie {1, N)

1 N 1
k+1 E k+1 k (223)

N S ) Vie 1)

In the second step, the minimisation of the Lagrangian w.r.t. z is done analytically.
Thus, despite the fact that it can be computed in parallel, the first step in this
scheme is still by far the most computationally expensive one, especially when these
subproblems are heavily constrained or when the number of agents is large (since
the local copies contain information about all the agents in this scheme).

2.3.4 Decentralised consensus ADMM

To circumvent the issue mentioned at the end of the previous section, a fully decen-
tralised ADMM scheme is introduced, following [32]. It was used for motion planning
of holonomic vehicles in formation, but can also be employed for other applications
with pairwise coupled constraints. For clarity about the form of these constraints,
they are explicitly written down in the discussion below, instead of assuming that
they are contained in the objective (as in Problem 2.20).

The method is applicable to problems of the following form [32]:

N
min Z fi(x)
i=1

N

st. xeX; (2.24)
gij(zi,2) =0 jeEN;
Vie{l,..,N}

Each agent ¢ has its own objective f; which depends only on the agents own unique
decision variables z;, hence there is no central collector in decentralised ADMM, as
opposed to distributed ADMM. These variables can be constrained separately to a
set X;, e.g. actuation constraints or physical boundaries for the agent’s own system
and environment. The pairwise coupled constraints between two agents are denoted
by gij(zi, z;) = 0. In [32], they constitute formation constraints. They are present
for each agent-neighbour pair, where the neighbourhood of agent ¢ is denoted by Nj.
This “neighbourhood” is a set of indices of other agents that agent i considers as
“neighbours”, in this case, the agents with which it forms a formation. It is clear that
Problem 2.24 is a more specific case of Problem 2.20. Here, the only coupling lies in
these pairwise constraints. This case allows for the following transformation [32]:
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N
min Z fi(x)
i=1

VSL'i

s.t. 1z e X; (2 25)

€T, = %4, Ij = Zi,j
Gij(zi,zi5) =0 jeN;
Vie{l,.. N}

Each agent introduces the slack variables z; (a copy of its own decision variables)
and z; j (a copy of its neighbours decision variables). The pairwise constraints can
now be written as a function of these slack variables, making them dependent on
variables that only belong to agent 7. The consensus constraints are now z; = z; and
Tj = z;;, to make sure the problem is equivalent to the original. Thus, in this case,
the z-variables should be interpreted as local copies. Subsequently, the Lagrangian

is [32]:

2

L= 30| i) + TGz = ) + s — il
i—1
i
+ (/\Zj(xj = zij) + e — Zi,j||§) } (2.26a)
JEN;
N
=" Loi(xi, i, Niy 1, 21, Aij) (2.26b)
=
N
=" Loimi, 2, Niy iy 2,6 Ajii) (2.26¢)

@
I
—

Which can be written as a sum of IV sub-Lagrangians L, ;, representing each agent,
as shown in Equation 2.26b. An important property of this Lagrangian is that the
terms can be reshuffled as in Equation 2.26¢, such that each sub-Lagrangian is no
longer dependant on its neighbour’s z-variables. This is only possible if the following
holds [32]:

JEN; <= i e N, (2.27)

This is called the bidirectional identity. It implies that if agent j is in the neighbour-
hood of agent i, it must also consider agent ¢ as one of its neighbours. If this is not
the case, the Lagrangian would lack some terms necessary to rewrite it to the desired
form. Equations 2.26b and 2.26¢ can now both be used by ADMM since they are
equal. This leads to the following updates [32]:
xf“ =argmin L, ;(;, 2K NF 1, zfi, )\?ﬂ-)
i (2.28)
st. =z € X;
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. k+1 k k41 k
SRl argmin L, (77, 2, AF, 2T s Zigs Aig)
fa) = 220
% s.t. gi,j(zi, Z@j) =0 Vje M

N2 (a1 = )

A oty oA Ve

(2.30)

Where in the z-update 2.28, the reshuffled form of the Lagrangian 2.26¢ is used to
allow decomposition. The z-update and A-update are decomposable as such. The
result is a fully decentralised algorithm, where only the results of each separate
update need to be communicated between the agents. More specifically, each agent
needs their neighbour’s variables z; for the z-update, so they communicate their
results after the z-updates. Similarly, the slack variables z; ; and dual variables
Ai,j are communicated after the A-update, to be used in the next z-update by the
neighbours (since the reshuffled version of the Lagrangian is used in Equation 2.28).

In contrast to distributed consensus ADMM (Section 2.3.3), during the z-update,
the agents only need to optimise over their own decision variables. Furthermore, the
constraints are spread over two updates, without ruining the possibility of paralleli-
sation. Consequently, the z-update becomes significantly more tractable, at the cost
of the z-update. This last one does have a number of decision variables that scales
linearly with the amount of neighbours but has a more tractable objective and only
needs to deal with the pairwise constraints.

Lastly, this ADMM version is a special case of distributed consensus ADMM, which
is in turn a special case of the general ADMM method. For a more exact discussion
of the link between Problems 2.25 and 2.16, see [26]. Furthermore, the use of nondif-
ferentiable, extended real-value functions is allowed by the ADMM method without
consequences for the convergence properties. Consequently, the method described in
this section inherits the convergence guarantee if Sub-problems 2.28 and 2.29 are
convex.

2.4 Control barrier functions

An important concept in industry and engineering in general is safety. For dynamical
systems (e.g. machines or robots), this often translates to compliance with certain
boundaries or constraints throughout the whole time span of their operation. Mathe-
matically speaking, this is closely related to the invariance of sets which incorporate
these constraints. Incorporating control barrier functions (CBF’s) can provide a
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safety guarantee if the original controller is not inherently safe. As discussed in
[3], there exist great similarities with control Lyapunov functions (CLF’s), allowing
many techniques to be adopted. Where finding and/or designing CLF’s can render
a dynamical system stable, CBF’s can render it safe. This section discusses the
basic ideas and conditions of time-invariant CBF’s, following [3] and [l 1]. Then, the
generalisation to High-Order CBF’s (HOCBEF'’s) is made based on [37]. Finally, we
discuss a way to incorporate them in a controller, following the same sources.

The following definitions, all taken from [37], are used:

Definition 1 A control system is nonlinear affine if the state space can be described
in the following form [37]:
x=0(x)+n(r)u (2.31)

Definition 2 “A continuous function a : [0,a) — [0,00), a > 0 belongs to class K if
it is strictly increasing and «(0) = 0.” [77]

Definition 3 “A set C is forward invariant for a system if its solutions starting at
any x(to) € C satisfy x(t) € C for YVt > to.” [37] For a controlled system like 2.31, a
set can often be made invariant by choosing appropriate control inputs.

Definition 4 “The Lie derivative of a function along a vector field captures the
change in the value of the function along the vector field.” [77] For example, Ly h(x)
denotes the change of the function h along the field V.

Definition 5 “The relative degree of a (sufficiently) differentiable function h with
respect to system 2.31 is the number of times we need to differentiate it along the
dynamics of 2.31 until the control w explicitly shows.” [37]

2.4.1 First-order CBFs

This subsection follows [3]. Consider a set described as the superlevel set of a
continuously differentiable function h(x):

C={x€R"™ :h(x) >0} (2.32)

The goal is to render this set invariant for system 2.31, i.e. the states may not leave
this set by violating the constraint h(x) > 0, which could for example represent the
distance between a robot and an obstacle. If the relative degree is one, then:

- (0(x) + n(x)u) (2.33)

Where the last equality uses the notation of the Lie derivative, since the change
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of the function is captured along the dynamics of the system. Note that the input
appears as a linear dependence. Intuitively speaking, C would be forward invariant if

[3]:

JueU st. h(x,u)>0 VYxedC (2.34)

With U C R,,, the feasible set of inputs. Thus, if there exists a feasible control action
that ensures the system evolves such that A is positive at the boundary of C, the
system will never leave the set, rendering C forward invariant. However, it is quite
unpractical to have a condition that only holds at the boundary of a set. Moreover,
there is no limit on the rate of decline h in the interior of the set, meaning that the
actions do not anticipate the boundary. Therefore, the following condition is used
instead [3], where Equation 2.33 is also plugged in:

JueU st. Loh(x) + Lyh(x)u > —a(h(x)) VxeC (2.35)

With o a class K function. It is clear that the rate of decline of h is now lower
bounded by -a(h(x)) over the whole set. At the boundary (h(x) = 0), this lower
bound becomes zero and we recover the original condition (A > 0), since a(0) = 0.
Finally, the formal condition for h to be a CBF is [3]:

sug [Loh(x) + Lyh(x)u+ a(h(x))] >0 VxeC (2.36)

The link with Condition 2.35 is clear, the supremum at the LHS of Condition 2.36
is only larger than zero if there exists a u that can ensure it. According to this
definition, if a class K function « exists such that h(x) complies with Condition 2.36,
h(x) is a control barrier function for the system, and in that case, its superlevel
set is forward invariant for that system. Thus, to guarantee safety, this set must
be contained in the safe set (i.e., the set described by all constraints on the system
needed to maintain safety). However, it is customary to try to make these two sets
coincide as much as possible, to avoid the CBF being too restricting for the system.

In summary, one needs to find a function that complies with Condition 2.36 for
a given system, and simultaneously make sure that its superlevel set, which will
be rendered invariant, is not too restricting w.r.t. the safe set. This is not always
straightforward.

2.4.2 High-order CBFs

This subsection follows [37]. When the relative degree r of h(x) is greater than one,
its first time derivative does not depend on the inputs. In this case, Condition 2.36
becomes useless and h(x) cannot act as a CBF as such. To generalise this condition,
the following functions are defined [37]:
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1/11(X) = ¢i,1(x) + ozi(w,l(x)) Vi € {1, ...,’r‘}

with  Yo(x) = h(x) (2:37)

Where «; are class K functions. Along with these functions, the following sets are
defined [37]:

Ci={xeR™ ¢ 1(x) >0} Vie{l,..r} (2.38)

Where, due to the relative degree of r, only 1, (x, u) depends on the inputs. It is now
possible to prove invariance with a recursive argument by imposing the following

[37]:

sup [¢r(x,u)] >0 VxelinN..NnEC (2.39)
uclU

Following [37], if supuey [r(x,1)] > 0, then supyep [¢r—1(%) + o (¥r_1(x))] >0,
which according to Condition 2.36, renders the set C, invariant. Consequently,
Yr_1(x) >0 for t € [to,00). This implies ¥, 2(x) 4+ a1 (¢hr_2(x)) > 0, which
renders C,_1 invariant, and so forth. This shows that Condition 2.39 implies that
the set C; N...NC, is invariant for system 2.31. Using Definitions 2.37 and the Lie
derivative notation, Condition 2.39 can be rewritten as follows [37]:

r—1
up | Lph(x) + Ln Ly hGo)u + 3~ Ly(ar—i{r—i-1(x))) + ar(dr-1()) | 2 0
u i=1

VxeCin...NGC, (2.40)

As expected, because the relative degree is r, L, only appears at first order and
the expression is still linear in u. Thus, if there exist class I functions «; such that
Condition 2.40 holds, then h(x) is a HOCBF for system 2.31.

2.4.3 Incorporating CBFs in a controller

Condition 2.36 can be used to construct a controller that renders a subset of the safe
set invariant, if the CBF is chosen properly. The only problem is that a valid CBF
only guarantees that there exists a control action which makes sure this condition is
satisfied; it does not say how to find this control action. One way to do this is to
construct an optimisation problem where this condition is enforced as a constraint

[3]:
min  |ju — u*||?
u

(2.41)
s.t. Lgh(x) 4+ Lyh(x)u+ a(h(x)) >0

Where u* is a control input generated by an unconstrained or unsafe controller.
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2.4. Control barrier functions

This input is modified such that this step is minimally invasive, but the system
remains in the superlevel set of h, and thus in the safe set. Hence, one could say this
optimisation problem “maps” the input to the safe set. An important remark is that
u represents the control vector at one time instant here.

The question might arise as to why not using an optimisation based controller
from the start is more satisfactory, since the exact safe set can be enforced in the
constraints. Problem 2.41 is a computationally efficient quadratic program (QP),
since its objective is quadratic and the constraint linear in u. Subsequently, this
strategy offers a fast and inexpensive safety guarantee compared to alternatives.
Lastly, the generalisation to include HOCBF constraints is analogous.

25






Chapter 3

Centralised motion planning

This section discusses centralised optimal control for motion planning. It is the
most straightforward way to generate optimal non-colliding trajectories for multiple
agents. Here, only one central optimal control problem is formulated, for which
the states and inputs of all the agents are decision variables. First, a free-time
problem is formulated to strive for time-optimality. Then, to ensure the possibility
for replanning and online computation, a model predictive control scheme is explored.

3.1 Free-time problem

Due to its possibility for time-optimality, the free-time problem is usually employed
in applications where motion planning is performed offline. However, this thesis aims
to perform real-time computations (to further increase the flexibility), so this scheme
is only be used as a baseline for time optimality, to compare other algorithms.

3.1.1 Mathematical model

The free-time OCP structure from Section 2.1.4 can be applied specifically to multi-
agent motion planning. We formulate it as follows:

min T (3.1a)
Vi (7),ui (7). T
st. x(0) = x04, xi(1) = x5, (3.1b)
%;(7) = T[Ax;(1) + Bu;(7)] (3.1¢)
Vi) < 02 (3.14)
lai(7)I1* < apae (3.1¢)
Ipi(7) = p;(T)I> = 2R +€)* jeEN, (3.1f)

The subscripts ¢ and j refer to the agents and their neighbours. p,, v;, and a;
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3. CENTRALISED MOTION PLANNING

respectively denote the position, velocity, and acceleration vectors of an agent. These
are not extra variables, as they are contained in the states and inputs x; and u;. It
is more comprehensible to give these quantities their own symbol, as they appear
frequently in the constraints. An agent’s state consists of its position and velocity,
while its input is taken to be the acceleration. This choice is motivated by the fact
that the XPlanar takes these quantities as reference values for its controllers. Thus,
in general, recalling that we are in 2D space:

xi() = [Pri(t), Dyit), ve(8), vyi(t)]” (3.2)
wi(t) = [ag(t), aya(t)]" (3.3)

Where the z and y subscripts denote the two orthogonal directions. Subsequently,
the dynamics are simply a double integrator and can be represented by the following
continuous-time state space matrices:

and B =

Il
co oo
cooo
o~ oo
o oo

o O o
O O = O

The imposed constraints are:

e The initial and terminal conditions: Equations 3.1b determine the starting
positions and velocities of each agent, as well as their targets, which they need
to reach at the end of the horizon.

e The dynamic constraints: Equations 3.1c impose the trajectories to comply
with the state space equations of the system, described by the matrices 3.4.
Note that these equality constraints become non-linear due to the extra factor
T, rendering them non-convex.

e The velocity and acceleration constraints: Equations 3.1d and 3.1e impose a
limit on the magnitude of each agent’s velocity and acceleration, since ||-||?
denotes the Euclidean norm of a vector in this thesis. Every mechatronic system
has limits due to its drive system or due to structural or safety reasons. Due
to reasons explained in Section 6.2, the limits are taken to be vyq =1 m/s
and amqz: = 5 m/s%. In some cases, it might be necessary to further decrease
these values.

e The collision avoidance constraints: Equations 3.1f ensure safety by imposing
that the Euclidean distance between any two agents, which are modelled
as circles, remains larger than twice their radius R plus a safety margin e

28



3.1. Free-time problem

w=0.115m

R=0.08132 m

—_—
7

Lost space

F1GURE 3.1: The square movers of the XPlanar are modelled with circumscribed
circles. This induces conservatism as the movers keep a distance between them that
is larger than necessary when passing laterally.

at all times. The agents could have any shape, but this approximation is
used very often due to its straightforward analytical description and smooth
form, which ensures the solver has no difficulties in evaluating the gradient of
this constraint. However, it is conservative because it takes away free space
that could otherwise have been used by other agents. To prevent any more
conservatism, the constraints are not linearised or convexified. The movers
from the XPlanar have dimensions 115x115 mm. Approximating this square
with a circle gives R = w = 0.08132 m (see Fig. 3.1). The selection of €
depends on the choice of Ny, as will be discussed below. It is clear that these
constraints are also non-convex.

Constraints 3.1b-3.1e must be repeated for each agent, and the collision avoid-
ance constraints for each agent-neighbour pair. Furthermore, they should ideally
hold at all times. For now, the neighbourhood of agent ¢ contains all other agents,
thus: N; = {1, ..., N}\{i}. This guarantees safety between all agents, but can need-
lessly drive up the computational cost because not all agents are close to each other
all the time. There exist techniques to properly determine the neighbours, which are
discussed in Section 4.3.

3.1.2 Implementation guidelines

The free-time strategy has some advantages w.r.t. classical OCP’s if they are only
solved once offline. The latter do not have the ability to directly minimise transit
time because the time horizon is taken to be constant. This also determines the
length of the trajectory computed by the OCP. Since the duration of the trajectories
from start to finish is not fixed, this becomes impractical. If T is guessed too low,
the OCP does not compute the motion entirely. An overestimation can lead to
unnecessary large computational cost. This also severely reduces the flexibility of
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3. CENTRALISED MOTION PLANNING

this strategy, since a specific OCP with the right time horizon must be built for
every trajectory. The free-time problem does not suffer from this issue as the time
horizon itself is a decision variable. This flexibility makes it an attractive candidate
for offline motion planning w.r.t. the classical OCP’s.

However, the fact that the time horizon is variable also has a downside. If the
OCP is solved using the multiple shooting method, one has to choose the number of
control grid points Np,-. This is important as the method only enforces constraints
on the available grid points. This means that if the chosen grid is too coarse, the
trajectories might violate constraints between grid points. However, since the time
horizon is unknown, it is hard to predict how many grid points are needed to obtain
a sufficiently dense grid. To ensure safety, this would force us to take a rather high
Npor. To that end, the safety margin € also forms an additional parameter that can
be tuned simultaneously with Ny,.. One could opt to take a very high Ny, to obtain
a very dense control grid that makes sure the collision avoidance constraints are not
violated, but this also greatly increases the computation time. On the other hand,
one could opt for a somewhat coarser grid, but then € must be taken sufficiently high
such that the agents do not collide between the grid points, which in turn induces
conservatism as the agents are forced to stay further away from each other. To find
the right balance, extensive simulations were performed.

From experiments, the following heuristic formula was found to work well:

Nhor = pPNhor ¥ d (3.5&)
with  pypor = 15 (35b)

The idea is that the longest distance between two agents d is taken as a reference.
Then, it is multiplied by the desired amount of grid points per meter pypor to
obtain Ny, (after rounding to the nearest integer). This heuristic allowed us to take
€ = 0.005 m.

3.2 Centalised MPC

A first improvement in the strategy is to introduce replanning. To this end, a
model predictive control scheme is well suited. This scheme ensures the freedom to
modify certain parameters of the OCP between consecutive time steps to handle
dynamic environments, e.g. handling unexpected obstacles or changing targets. Most
importantly for this thesis, it opens the door to real-time motion planning. However,
it will become apparent that centralised MPC is still very computationally costly, so
real-time motion planning is only possible for a limited number of agents.
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3.2.1 Mathematical model

In MPC, the idea is to solve the same OCP each time step, i.e. once every At
seconds. Since the free-time problem has a variable time horizon, this time step
(which is given by Equation 2.3) varies from case to case, while MPC requires a
constant replanning frequency. Moreover, the free-time problem always calculates the
trajectory from start to finish. This can become a problem in continuous operation,
which is why the free-time problem is usually only used for offline motion planning.
As a consequence, MPC uses a constant time horizon and the classical OCP structure,
as in Section 2.1.1:

. Ty & T T
i S0 =g 0)7 @ Gal0) = x7a(0) + ()" Rewio)]

. (3.6a)

s.t. x;(0) =x0; (3.6b)
Xi(t) = Ax;(t) + Bu,(t) (3.6¢)
Vi1 < vpae (3.6d)
las(®)l1? < a2 (3.6¢)
Ip:(6) = B, (DI > @R+ e j€N; (3.60)

Vie{l,..,N}tel0,Ty]

The OCP now uses normal time ¢, but the main difference is that agents are driven
to their target by penalising their deviation from it. It is not recommended to impose
terminal conditions here, as it could be impossible for agents to reach their targets
within the imposed time horizon T, leading to infeasibilities. The objective function
now consists of quadratic penalisations on the deviation of the system’s state w.r.t.
it’s desired final state, integrated over time and summed over all agents. It also
includes a term which penalises the input. By tuning the matrices Q and R, the
motion planner becomes more aggressive (large Q;, the agents reach their target
fast) or passive (large R;, the actuation effort is lowered). These parameters are
determined by simulation in the next section. Moreover, since the time horizon and
time step are constant, Np.,. is no longer a parameter. Instead, it is determined
through Equation 2.3, which is repeated here for convenience:

Ty

Nhor = Kt

(3.7)

3.2.2 Implementation guidelines

The MPC strategy is not actually used for the design of a controller, but rather for
a motion planner. Its task is to generate collision-free trajectories, more specifically,
a set of positions, velocities, and accelerations. These are then fed as reference
signals to the actual controllers of the system. Therefore, no physical feedback from
measurements is used. Rather, to obtain the new initial condition for the next time
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step, the dynamics are simply integrated. There are two reasons for this decision.
Firstly, in large-scale systems, the high computational load of solving OCPs causes a
large delay. Due to this, the feedback cannot be directly leveraged. Secondly, the
Xplanar system is very precise (< 5um). As long as the external set-points are fed
at a sufficiently high rate, which can be done by interpolating the solutions of the
OCP, we can assume perfect tracking.

Algorithm 1 summarises the centralised MPC strategy. The inputs are the ini-
tial states of each agent X;pn;; and the final states (or targets) x7;. The algorithm is
implemented in Python, where Rockit is used to model and solve the OCP. To speed
up computations, the OCP is serialised as a CasADi function to avoid much of the
overhead that comes along with setting the parameters and sampling the solutions.
The multiple shooting method is used, and the transcribed OCP is solved with IPOPT.

In lines 1-5, the algorithm initialises xo; and X.;. These variables respectively
represent the initial state for agent i, as seen by the OCP, and the current state of
agent i. Note that X;,;;; and xo; are not the same. X;,;; represents the physical
initial condition of an agent, while x¢; is used for the initial condition constraint of
the OCP (Constraint 3.6b), and moves with the horizon as it is updated.

Lines 6-15 constitute the actual MPC loop. During each iteration, OCP 3.6 is
solved, using the solution from the previous iteration as an initial guess. The first
element of the computed input is given to u.;, which represents the input in the
current time step. Next, the current state is updated by simulating the dynamics for
one time step, using the discretised state space matrices (obtained by discretising
the continuous-time state space matrices 3.4 with the runge-kutta-4 method). Then,
Xo,; is updated with the new current state, such that the OCP can use it as the new
initial condition during the next iteration. Finally, the current states and inputs
are logged to keep track of the history of the trajectory. This loop continues until
every agent is sufficiently close to their targets. All steps have to be repeated for
each agent, except for solving the OCP (since it is one centralised problem).

To tune the new parameters, algorithm 1 is extensively simulated. As the overall
goal is to get the agents to their destination as quickly as possible, the OCP should
be tuned quite aggressively. However, the inputs still need to be slightly penalised
to avoid the agents oscillating around their targets. It sufficed to take Q; = I),, xn,
and R; = 107% I, xn,, where ny = 4 and n,, = 2 denote the number of states and
inputs per agent. When an application has other priorities for the trajectories, such
as smoothness, or if it needs a lower the actuation effort, R; could be increased.

As discussed in Section 2.2, the time horizon T is also an important parame-
ter. Here, the trade-off is as follows: A large time horizon yields more optimal results
because the OCP looks farther into the future, but from Equation 3.7 it is clear that
this also increases Ny, which in its turn increases the problem size and computation
time. Tuning for the system at hand, we find the following trade-off: Ty = 15. When
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Algorithm 1 Centralised MPC
Inputs: Xniti, Xz,
Parameters: Q;, R;, T}, €
Outputs: x;(t), u;(t)
: /* Initialise variables */
: for all agents i € {1,..., N} do
X0,i < Xinit,i
Xe,i < Xiniti
end for

/* Start MPC loop */
7. while SN |[xc; — x74/|> > 1076 do

8 Vx;(t),u;(t) + argmin OCP 3.6
9: for all agents i € {1,..., N} do

EARE o >

>

10: Ue; < ui(O)

11: Xeg £ Ach,i + Bduc,i
12: X0,i < Xe,i

13: Log x.; and u.;

14:  end for

15: end while

taking At = 0.1 s, for reasons explained in Section 5.2.3, the number of control grid
points becomes Ny, = 10.

As the resulting control grid is quite coarse, the safety margin had to be increased
to € = 0.03 m in this case. Additionally, Rockit allows the user to construct an
integrator grid (used to integrate the dynamics) that encompasses more grid points
than the control grid. The collision avoidance constraints can then also be enforced
of the former grid. To guarantee safety between the grid points, this thesis uses that
trick for centralised MPC, where the integrator grid is taken to be three times denser
than the control grid.

It is already known from literature (Section 1.2) that centralised MPC does not scale
well with the number of agents. Section 6.1.3 presents a more detailed scalability
analysis for the specific motion planning problem of this thesis, once all algorithms
have been tested. As it turns out, centralised MPC scales as ~ O(N?96). Thus, it
would not suffice to simply use a more powerful computer or to translate the code to
C++. It is the scaling itself that must be tackled first, which is the aim of the next
chapter.
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Chapter 4

Decentralised and hybrid
methods

This chapter first introduces a motion planning method based on decentralised
ADMM in order to improve the scalability w.r.t. centralised MPC. Then, an
additional optimization problem is added to render the trajectories safe using CBFs.
This step is performed in a centralised manner, resulting in a hybrid method. Lastly,
a neighbour selection scheme is explored to see if the scalability can be further
improved.

4.1 ADMM

This section first discusses how the centralised algorithm from the previous section
can be mathematically converted to a decentralised algorithm using ADMM. Then,
the pseudocode needed for the implementation is discussed. Finally, the algorithm is
tuned through simulation.

4.1.1 Mathematical model

As the centralised MPC method (OCP 3.6) has a separable cost, it can be transformed
using decentralised ADMM in a similar fashion as Problem 2.25. This results in the
following OCP:
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Tf N
min / Z Ji(xi(t),u;(t))dt (4.1a)

vxi(t)ui(t)  Jo o i
s.t. x(0) = x0;4 (4.1b)
%X(t) = Ax;(t) + Bu,(t) (4.1¢)
WA < o2 (4.14)
las(t)]12 < a2, (4.1¢)
pi(t) = zi(t), p;(t) = zi;(t) JjeEN (4.1f)
l2i(t) = 2 (D)I]> > 2R +¢)* jEN; (4.1g)

Vie{l,..,N},tel0,Ty|

Where J;(x;(t), w;(t)) = (x;(t) — x1:(¢))T Q; (x;(t) —x7:4(t)) + wi(t)T R;u;(¢). This
is the individual cost function that drives the agent to its target position, which
also appears in Equation 3.6a. Unlike Problem 2.25, only a subset of the decision
variables, namely the positions p,(t), is coupled here. Thus, to transform the
centralised problem, each agent introduces the slack variables z;(t) and z; ;(t) only
for the positions of itself and its neighbours, along with the corresponding consensus
constraints 4.1f. This ensures that the collision avoidance constraints 4.1g can be
written as a function of z;(t) and z; j(¢) instead of p,(t) and p,(t). Subsequently,
these slack variables can be respectively interpreted as local copies of agent i’s own
position and its neighbours’ positions.

With this transformation, OCP 4.1 can be decentralised using ADMM. When only
dualising the consensus constraints, the augmented Lagrangian becomes:

7, N
L, = /0 ! ; [Ji(xi(t)’ui(t)) + M) (ps(t) — zi(t)) + ngi(t) B Zi(t)Hg] gt

T, N
+ /0 DI [Ai,j(t)T(pj(t) —z;;(t)) + gupj(t) —zl-,j(t)ng} dt  (4.2a)

i=1 jEN;

N

= Z E,u,i (Xi (t)a u; (t)a P; (t)7 Z; (t)v )"L (t)a pj (t)? Zij (t)7 )‘i,j (t)> (42b)
=1
N

= Z Elhi (xi (t), u; (t), b; (t)v Z; (t)7 Ai (t), b; (t)’ Zji (t)7 Aj,i (t)) (4‘20)
=1

Where the other constraints are implicitly contained in the objective. Since we
are decentralising an OCP here, the dual variables A;(t), A; ;(t) are a function of
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time and the whole expression is integrated over the horizon. This is due to the fact
that the consensus constraints 4.1f set the positions and their local copies, which
are both a function of time, equal to each other. Subsequently, the dual variables
become continuous, resulting in an infinite number of constraints. Before solving,
the sub-problems are discretised with the multiple shooting method, taking care of
this issue. Using this Lagrangian, we find the following ADMM updates in a similar
fashion to Equations 2.28 - 2.30:

x; (L) : k k k k
1 = argmin L, ;(x;(t), wi(t),2; (1), A/ (t), p; (1), Zj,i(t)a Aj,i(t))
u; (1) xi (1), w3 (1)
t. i(0) = i
st x(0) =xo, (4.3)
x;(t) = Ax;(t) + Bu;(t)
Vi)I* < vings
Hai(t)|’2 < a’12nam
Zf+1 (t) al;g mlri Lu,i (pf+1(t)7 Z; (t>7 Af (t)a p§+1(t)a Zj,j (t)a Afij (t))
T zi(t),2i,5 () (4.4)
I st. ||zi(t) —zij(0)]]* > 2R+¢€)? jeEN;
AL (E) = AP () + (o T (1) — 2T (1) (45)

AFFH) = () + pf () — 2051 (1) Ve N

Here, the updates 4.3-4.5 can be given the following intuitive explanation, illus-
trated in Fig. 4.1. First, each agent solves OCP 4.3 to plan its own trajectory to
the target position while complying with its own dynamic constraints and actuation
limits. After this step is solved, the position p(t) of each agent is communicated
with all its neighbours.

Next, each agent replans by finding its local copies z;(t) and z; ;(t) following Equa-
tion 4.4. Since z; ;(t) belongs to agent i, it can be seen as a “suggestion” from it to its
neighbour to try and make their trajectories match the objectives and safety of the
other. Similarly, agent j has a slack variable z;;(t) that serves as its suggestion to
agent 7. Only the collision avoidance constraints are active in this subproblem. Hence,
each agent replans its own trajectory, along with its suggestions for its neighbours,
such that the latter do not collide with its own trajectory. Since the z-update does
not involve dynamics, it is not an OCP, but rather a non-linear program (NLP). As
a result, the replanned path may be physically infeasible or dynamically inconsistent.
Lastly, the dual variables are updated with a gradient ascent step.

In the next iteration, the agents again plan their own trajectory, taking into ac-
count the suggestions that its neighbours have calculated in the previous iteration
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during the z-update. This is done through the consensus constraints, which are
embedded in the dual and augmented terms of the Lagrangian. The agent tries
to deviate as little as possible from the path it wants to take itself z;(¢) and the
path that the neighbours want it to take z;;(t). Then, the agents replan again
and obtain new suggestions. This iterative method should in principle continue
until they come to a consensus, i.e. they all obtain physical, non-colliding trajectories.

The method converges when all the consensus residuals p; —z; and p; —z; ; approach
zero, as these constitute the gradient of the dual function of OCP 4.1 (see Section 2.3).
In practice, to compare the degree of convergence between different implementations
or tunings, we use the Average Consensus Residual (ACR) as a figure of merit. Here,
the consensus residual is averaged over every agent, its neighbours, and the control
horizon:

(S

Nho7
_ s
ACk = N(M+ 1) Npor ; [ ”p’ zi[]]] ] (4.6a)

1
Nho'r_l 2

N
4 2K 4.6b
N(M+1 Nhor;JEM Hpj ZJ[ ]H ( )

Where N denotes the number of agents, M the number of neighbours, and Np,, the
number of control grid points after transcription with the multiple shooting method.

Lastly, note that NLP 4.4 contains variables for the agent and all its neighbours,
unlike OCP 4.3, which only optimises over the agent’s own variables. Moreover, the
former entails the non-convex collision avoidance constraints, which are notoriously
hard to deal with. Consequently, NLP 4.4 is the bottleneck w.r.t. computation time
and scalability. This is also formally discussed in Section 5.3.1.

Thus, to qualitatively compare the scaling of the centralised and decentralised
problem, we must compare the centralised OCP 3.6 with NLP 4.4 (the bottleneck
of the decentralised problem). Apart from the velocity, acceleration, and dynamic
constraints which do not appear in the NLP, centralised MPC enforces collision
avoidance constraints between every agent-neighbour pair in the same OCP, leading
to a quadratic dependence; the number of collision avoidance constraints in cen-
tralised MPC scales with ~ O(N?), where N is the number of agents. The NLP
only enforces the constraints between every neighbour and its own agent, thus the
number of collision avoidance constraints in the NLP scales with ~ O(N). Therefore,
the NLP is significantly more tractable than the centralised OCP. From the formal
scalability comparison in Section 6.1.3, it turns out that the decentralisation reduces
the scalability with more than an order w.r.t. centralised MPC.
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FIGURE 4.1: Qualitative illustration of the planned trajectories over the ADMM
iterations, applied to a case where two agents need to switch positions. First, the
agents plan the most optimal trajectory, independent of each other and communicate
their findings (OC'P;). Then, they each re-plan their own and each other’s paths,
purely such that they do not collide (NLP;). Once again, they communicate their
findings. As these paths might be dynamically infeasible, the agents again plan their
own trajectory (OC Py), independent of each other, but deviating as little as possible
from these non-colliding paths of NLP;. As these new trajectories may still collide,
the above process is repeated (NLP,, OCPs, ...).

4.1.2 Implementation guidelines

Algorithm 2 shows how the decentralised motion planning algorithm is implemented.
In this implementation, an agent’s neighbourhood contains all other agents. Later,
Section 4.3 explores methods that select fewer neighbours in order to reduce the
computational load of NLP 4.4. As in Chapter 3, the OCPs are constructed and
serialised with Rockit and solved with IPOPT.

Similar to Algorithm 1, the input includes the starting position and target position
of each agent. On the other hand, Algorithm 2 introduces additional parameters
Mypre, m and p. They respectively represent the number of ADMM pre-iterations,
the number of ADMM iterations and the penalty parameter y in the augmented
Lagrangian (Equation 2.26a). Following [32], the number of iterations is fixed at the
start, with the idea that the method converges over the time steps, instead of trying
to solve the problem to full convergence every time step.

The initialisation, lines 1-7, now also consists of setting z;, z;;, A; and A;; to
zero. To bring these values to a better initial guess, m,. pre-iterations are performed

in the first time step, before the agents start their actual trajectory.
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DECENTRALISED AND HYBRID METHODS

Algorithm 2 Decentralised ADMM

Inputs: Xinit,is Xf,i
Parameters: mp.., m, u
Outputs: x;(t), u;(t)

1: /* Initialise the agents */

2: for all agents i € {1,...,N} do

© oo

—_

20

21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:
32:
33:
34:
35:
36:
37:
38:

39:

3
4
5:
6
7

X0, < Xingty
Xei $ Xinityi
Zi(t),ZZ'J(t) +~—0
)\i(t), Aiﬂ'(t) ~—0

. end for

: /* Do pre-iterations */

: for all ADMM pre-iterations 1. do
10:
11:
12:
13:
14:
15:
16:
17:
18:
19:

: /* Do ADMM loop */
while YN | [|x.; — x]|> > 1076 do

for all agents i € {1,..., N} do
x;(t),u;(t) according to OCP 4.3
Update p,(t) in shared memory
end for
for all agents i € {1,..., N} do
z;(t), z; ;(t) according to NLP 4.4
Ai(t), Ai j(t) according to Equations 4.5
Update z;(t), z;;(t), Ai(t) and X; j(t) in shared memory
end for

end for

for all ADMM iterations m do
for all agents i € {1,..., N} do
x;(t), u;(t) according to OCP 4.3
Update p;(t) in shared memory
end for
for all agents i € {1,..., N} do
z;(t), z; ;(t) according to NLP 4.4
Ai(t), Aij(t) according to Equations 4.5
Update z;(t), z;;(t), Ai(t) and A; ;(t) in shared memory
end for
end for
for all agents i € {1,..., N} do
Uc; < uZ(O)
Xei ¢ Agxei + Bgueg
X0,i < Xc,i
Log u.; and x.;
end for

end while
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4.2. ADMM-CBF

An ADMM iteration consists of solving OCP 4.3 for all agents and updating p, in
shared memory. Only when this step is completed for all agents can the algorithm
proceed to solve NLP 4.4 and Equation 4.5 and store the solutions in shared memory.
During these pre-iterations, the agents plan their initial trajectories while remaining
stationary as there is no step that simulates the system. The use of shared memory
instead of direct communication originates from the fact that the system is assumed
to run on a central computer, as is the case for the XPlanar.

The actual simulation loop, lines 20-38, consists of m ADMM iterations, after
which the last u; and x; are used to simulate the system, before being logged. Note
that the use of for-loops over all agents implies that this algorithm still performs
ADMM in a sequential manner. Hence, this algorithm does not yet take advantage
of the fact that decentralised ADMM can be parallelised. In Section 5.3, the code is
multithreaded to take advantage of the ADMM structure.

From experiments, it follows that u should be taken large enough for the agents to
obtain consensus. However, as ADMM is a method that only inhibits a convergence
guarantee for convex problems, it quickly becomes apparent that this method is
unsafe for OCP 4.1 due to its non-convex collision avoidance constraints. Even when
taking p = 70, while performing m = 50 iterations per time step with mp,. = 200
pre-iterations, computed trajectories can still produce collisions, as illustrated in
Fig. 4.2. Apart from the lack of safety, it is undesirable to perform this many
iterations per time step since this also drives up the computation time.

4.2 ADMM-CBF

Since iterating each time step to convergence is not always possible or may be
computationally inefficient, the safety of ADMM cannot be guaranteed. Moreover,
since NLP 4.4 is non-convex, there is no convergence guarantee (Section 2.3.2).
Therefore, we design a HOCBF to map the inputs to the safe set, ensuring the overall
safety of the trajectories. The algorithm is then extended to integrate the safety step.
As Section 5 implements the algorithm on a system with a central computer, the
mapping to the safe set is performed in a centralised manner. This results in a hybrid
method, combining decentralised planning with a central safety step. Finally, the
influence of the HOCBF parameters is discussed, along with the new user guideline
for the algorithm.

4.2.1 Mathematical model

During each time step, the input of the system can be mapped to the safe set using
the strategy from Section 2.4.3. Since the system dynamics consist of a double
integrator, its relative degree is 2. This shows the need for a HOCBF of order 2.
The HOCBF is chosen to be exactly the collision avoidance constraint, rewritten in
the standard form (as in Equation 2.32):
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FIGURE 4.2: The 2D trajectory of all 5 agents, resulting from decentralised ADMM.
Even when performing m = 50 ADMM iterations per time step, the method has not

fully converged yet. Hence, the resulting trajectories yield collisions, e.g. at ¢ = 0.4s
and t = 0.9s.
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4.2. ADMM-CBF

hi; = [Ipi(0) = p;(0)|]* — (2R + ¢)” (4.7)

To find the condition that h; ; must satisfy to be a HOCBF, we construct the following
functions, similar to Equations 2.37:

1 = o + a1 (hiy) (4.8a)
o = 1 + () (4.8b)

Following Equation 2.39, the condition for forward invariance is 12 > 0. Plugging
Equation 4.8a in Equation 4.8b, and choosing linear class K functions [37] (a;(h) =
K; h), the condition for h; ; becomes:

cbf; j = hij + (K1 4+ Ka)hi j + K1Kah; ; > 0 (4.9)

The constraint should be repeated for all possible combinations of agent pairs,
resulting in a number of constraints that scales as ~ O(N?), with N the number of
agents. The time derivatives of h; ; are found by differentiating over the dynamics:

hij = 2(p;(0) — p;(0)) - (vi(0) — v;(0))

. , (4.10)
hij = 2[[vi(0) — v;(0)[|” + 2(p;(0) — p;(0)) - (a;(0) — a;(0))

Note that indeed the constraints are linearly dependent on the acceleration input.
The position and velocity variables of Equation 4.10 are already known from the
initial condition of the OCP. This HOCBF can be formulated as a quadratic program

(QP):

N
min 3 [[u;(0) — ui (0)]1”
‘ =1
s.t. bei,j Z 0 5 \V/j 751 (411)
[ (0)]|* < a7,
Vie{l,..,N}

Where u? is the control input obtained by ADMM. The constraints from Equa-
tion 4.1e are also added to make sure that after rendering the trajectories safe, the
acceleration is still within the allowed range. Since this involves a quadratic func-
tion, Problem 4.11, although still very computationally efficient, actually becomes a
quadratically constrained quadratic program (QCQP). Note that this QCQP does
not involve a time horizon, as it does not plan or anticipate future steps. It only maps
the current input to the safe set in every time step, which is why the variables are
consistently evaluated at t = 0, to establish the link with the ADMM sub-problems.
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4. DECENTRALISED AND HYBRID METHODS

However, unlike the classical collision avoidance constraints, it takes into account the
acceleration and velocity of the agent pairs. This extra information ensures more
cautious collision avoidance manoeuvres.

4.2.2 Implementation guidelines

QCQP 4.11 is added to Algorithm 2 after the ADMM iterations to obtain a hybrid
method. While decentralised CBFs can also be safe under certain conditions, cen-
tralised CBFs are more efficient and less conservative, according to [7]. Moreover, the
fact that the QCQP is very computationally efficient further motivates this choice.
Moreover, the Beckhoff Xplanar, which employs a central computer controlling all
agents, allows for this implementation. The new hybrid method can be found in
Algorithm 3, where at line 34 the input is mapped to the safe set in a centralised
manner. This QCQP is constructed and serialised with the CasADi-Opti stack. To
exploit the structure of this specific problem, qpOASES [13] is used as a solver.

The formulation of QCQP 4.11 also introduces the additional parameters K; and
K5. Looking back at the discussion in Section 2.4.1, it becomes apparent that they
are related to the maximum negative value allowed of i and h. The larger K and
K>, the less constrained h and h are. This means that the distance between the
agents and the velocity with which they approach each other is allowed to decline
faster (as long as they are not too close to each other), leading to more aggressive
behaviour. When K; and K5 are taken to be smaller, these rates of decline become
stricter, leading to more passive behaviour, i.e. the agents stay away further from
each other and avoid approaching each other at high velocities. This behaviour is
shown for two extreme cases in Fig. 4.3. The parameters are tuned for the system at
hand, resulting in K1 = 8 and Ky = 7. The CBFs also give the possibility to reduce
the safety margin € to 0.005 m, as opposed to centralised MPC, where it had to be
taken quite high (0.03 m).

Now that a safety guarantee has been established, it is possible to lower the number
of ADMM iterations per time step to reduce the computation time. There is also a
trade-off when offloading most collision avoidance to QCQP 4.11. This comes at the
cost of optimality since the QCQP does not actually plan ahead. There exist middle
grounds depending on the desired behaviour, but to clearly illustrate the difference,
this section investigates two extremes.

Performance mode: p = 40, m = 20, my.. = 200.

In this mode, we exploit the safety guarantee, allowing us to decrease m, although
it still performs many iterations to make sure the trajectories are coordinated and
properly planned. It also uses a high m,,. to ensure the agents come to a consensus
at the start. Subsequently, this mode usually entails a lower transit time and more
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ADMM-CBF

Algorithm 3 Hybrid method: ADMM with CBF

Inputs: Xniti, Xz,
Parameters: my,., m, u, K1, Ko
Outputs: x;(t), u;(t)

1
2

0]

9

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:

20

21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:
32:
33:
34:
35:
36:
37:
38:
39:
40:
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3
4
5:
6
7

: /* Initialise the agents */

: for all agents i € {1,..., N} do
X0,i < Xinit,i

Xe,i < Xiniti

Zi(t),Zl'J(t) ~0

)\Z‘(t), Ai7j(t) 0

: end for

: /* Do pre-iterations */
: for all ADMM pre-iterations m,,. do
for all agents i € {1,..., N} do
x;(t),u;(t) according to OCP 4.3
Update p;(t) in shared memory
end for
for all agents i € {1,..., N} do
z;(t), z; ;(t) according to NLP 4.4
Ai(t), Ai j(t) according to Equations 4.5
Update z;(t), z;;(t), Ai(t) and X; j(t) in shared memory
end for
end for

: /* Do ADMM loop */
while Zﬁilecurrent,i — xf7i|]2 > 1076 do
for all ADMM iterations m do
for all agents i € {1,..., N} do
x;(t), u;(t) according to OCP 4.3
Update p;(t) in shared memory
end for
for all agents i € {1,..., N} do
z;(t),2; j(t) according to NLP 4.4
Ai(t), A j(t) according to Equations 4.5
Update z;(t), z; j(t), Ai(t) and X, ;(¢) in shared memory
end for
end for
/* Render input safe */
u;(0), ..., un(0) according to QCQP 4.11
for all agents i € {1,..., N} do
Ue; < uZ(O)
Xei £ Adxc,i + Bduc,i
X0, < Xe,i
Log u.; and x.;
end for

: end while

W
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0.0 0.5 1.0 0.0 0.5 1.0
px [m] pX [m]
(A) Aggressive tuning: K; = 16, K3 = 16 (B) Passive tuning: K1 =3, Ko =3

FIGURE 4.3: The paths that two agents take to switch places. When the CBF is
tuned aggressively, they come closer to each other. When making the tuning more
passive, the agents stay further away from each other. In both cases there are no
collisions, as safety is guaranteed.

optimal trajectories, hence its name.

Fast mode: p =1, m=1, mpy = 20.

In this mode, we maximally exploit the safety guarantee provided by the CBFs. It
drastically reduces m and myp,e, resulting in faster execution times. Note that
has to be reduced as well. It was observed that, when using a large pu, the first few
ADMM iterations deal with the collision avoidance by simply slowing down and
coming to a stop. This is of course very unsatisfactory as the agents do not reach
their target this way. Therefore, either sufficient iterations have to be performed
(which is done in performance mode), or p has to be decreased. The latter also
implies that agents have more difficulty in coming to a consensus, leading to less
optimal trajectories. Nevertheless, they remain safe due to the CBFs.

4.3 Neighbour selection

Despite substantial improvements, ADMM'’s scalability remains a limiting factor for
its use in very large-scale systems. The main contributor to this is NLP 4.4, as its
number of variables is still related to the number of agents. It also encompasses
the collision avoidance constraints. To limit the size of the subproblems in ADMM,
this section aims to integrate a neighbour selection scheme [21], [9], [20] into the
existing ADMM+CBF framework. An agent then only considers these neighbours in
its subproblem, reducing the amount of variables and collision avoidance constraints.
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4.3. Neighbour selection

This section discusses two possibilities, yielding a constant and a variable number of
neighbours. As it turns out, it is not straightforward to integrate such schemes with
ADMM.

4.3.1 Constant number of neighbours

One possible approach to select neighbouring agents is to rank them based on a figure
of merit [9]. Each agent evaluates how much of a safety threat other agents pose and
uses this measure to determine its neighbours. Then, the M most dangerous ones
are chosen to be neighbours. This is an attractive strategy, as it constitutes a hard
limit on the size of the subproblems. It also assures that the structure of the latter
does not change in time, as the number of variables is constant.

The most straightforward figure of merit is the Euclidean distance [26], [21]. The
idea is that the closest agents are seen as most dangerous and should definitely be
considered neighbours. This is not necessarily the best choice as some agents might
be close but moving away, which is less dangerous than an agent coming in head-on.
This also does not take into account the velocity of other agents, which also plays a
role in safety. A strategy that does take the latter into account, inspired by [9], is to
use the value of cbf; ;. The fact that, in our case, these values were already computed
in the constraints of QCQP 4.11 motivates this choice. Hence, the lower the value
of cbf; ;, the closer they are to collision and the the bigger a threat agent j is to agent 1.

However, the detrimental issue of considering only the M closest or most dan-
gerous neighbours is that it is not compatible with decentralised ADMM because
it violates the bidirectional identity (Equation 2.27). The latter states that decen-
tralised ADMM only works if the following holds: agent i is in the neighbourhood
of agent j if and only if agent j is in the neighbourhood of agent i. To illustrate
that this is not compatible with selecting a constant number of neighbours, consider
the case in Fig. 4.4. Here, three agents each need to find their closest neighbour, i.e.
M =1 and the chosen figure of merit is Euclidean distance. Agents 1 and 2 pick
each other, while agent 3 picks agent 2. Hence, the bidirectional identity between
agents 2 and 3 does not hold. Subsequently, another strategy must be sought.

4.3.2 Variable number of neighbours

The second strategy also selects neighbours based on some figure of merit, but instead
of ranking them, it defines a cut-off value for the merit function. For example, all
agents within a certain radius are selected as neighbours [20], [21]. The same can
be done with cbf; ; [9]. However, this implies that the number of neighbours M
(and the neighbours themselves) may change in time. Subsequently, the ADMM
subproblems have a changing amount of variables, which is not conform the current
MPC strategy, which fixes the OCP structure.

To circumvent this issue, sub-problems OCP 4.3 and NLP 4.4 are still constructed in
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e 3

FIGURE 4.4: A neighbour selection case, where each agent needs to find their closest
neighbour. Agent 3 selects agent 2, but agent 2 selects agent 1. Hence, they are not
simultaneously in each other’s neighbourhood.

Rockit by including all agent’s variables but removing the objectives and collision
avoidance constraints of those not selected as neighbours. This way, the problem
size and structure remains the same, but they become much more tractable. The
idea is that the solver does not alter variables that do not appear in the objective or
in the constraints.

Time-varying neighbourhoods have another consequence. Once the strategy was
implemented in the ADMM-CBF framework, it turned out that the computation
time actually increased w.r.t. the case without neighbour selection. It was found that
at certain specific time steps the computation time peaked. These were identified
with the time steps at which the neighbourhood changed. The issue that ADMM
struggles with time-varying neighbourhoods stems from the fact that each time the
neighbourhood changes, ADMM has to reconverge. Moreover, the solution of the
previous iteration is still based on the former neighbourhood, meaning it does not
serve well as an initial guess.

There has already been some research into trying to make ADMM more compatible
with time-varying neighbourhoods, e.g. in [30]. However, since this is not the main

focus of this thesis, further investigation is left for future work.

As a result of these difficulties, no further neighbour selection method is applied in
this thesis. An agent’s neighbourhood simply contains all other agents.
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Chapter 5

Practical implementation

This thesis employs the Beckhoff XPlanar system to test and verify the algorithms
in a practical and realistic setting. Hence, this chapter starts off by briefly discussing
the basics of the machine. Then, the necessary steps are presented to implement
the algorithms of Chapters 3 and 4 on the machine. As a first step, the trajectories
are precomputed offline and fed directly to the system, which already requires some
integration. Then, the trajectories are sought to be computed in real-time.

5.1 The XPlanar system

The XPlanar is a planar motor system designed to transport and position various
loads with a lot of flexibility. This section briefly discusses the concept and hardware
that make up the machine, as well as the software that the system uses. This
discussion is based on Beckhoff’s website [0] and the Beckhoff Information System
[5] (which contains technical data, manuals, documentation, etc.).

5.1.1 Hardware

The XPlanar consists of tiles and movers which, respectively, act as stator and rotor.
The movers contain only a permanent magnet, without any active components. The
tiles contain coils that, when energised, make the movers float. By then energising
the right coils at the right time, the tiles create a moving magnetic field that carries
the movers to their desired positions. By floating a few millimetres above the surface,
the movers can carry a load (e.g. pharmaceutical products, food, PCBs (Printed
Circuit Board), etc.) in a precise, hygienic, frictionless, and noiseless way.

The mover and tile types used in the experimental setup are shown in Fig. 5.1.
The tiles can be configured and connected in any shape to build an arena. Fig. 5.2
shows the configuration used in the experiments, along with its coordinate system
convention. The first tile is then connected with an EtherCAT G fieldbus to an
industrial PC which runs the software to control all this hardware. The rest of the
communication goes from tile to tile. Once the physical configuration is complete, the
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(A) APM4220-0000-0000 mover (B) APS4322-0000-0000 tiles

F1GURE 5.1: The mover and tile types used in the experimental setup.

FIGURE 5.2: The XPlanar system in the robotics lab. This configuration is used in
the experiments. Its local coordinate system is placed in the upper left corner of the
tile configuration, with the x-axis and y-axis respectively pointing in the direction
along its longest and shortest edge.

movers can be transported and positioned practically anywhere on the arena, with a
position resolution of 1 um and repeat accuracy of < 5 um. All of these features
result in a system that can be used with great flexibility. This motivates once again
the choice of continuous optimisation-based methods (as opposed to sampling-based
methods) for planning the motion of the movers with maximal usage of the given
space. The broad outline of this system architecture is shown in Fig. 5.3.
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Monitor

Tile configuration ~Mover
Industrial PC

FiGURE 5.3: The XPlanar system architecture in the lab. The mover is a passive
component floating above the tile. The tile contains all active components necessary
to drive the movers. To that end, it receives commands from an industrial PC over
an EtherCAT G fieldbus. The PC runs TwinCAT, which provides all necessary
sofware functionalities (Section 5.1.2).

5.1.2 Software

To control the system, the industrial PC uses the TF5890 software, which is in-
tegrated in TwinCAT, a more general engineering software platform that enables
real-time control of the machine from the PC. The most important features for this
thesis are the Programmable Logic Controller (PLC) code, C++ integration, and
the XPlanar configurator.

The PLC code contains the logic that determines the state and command mode of
the movers, as well as where and when to move them. The PC then continuously
loops over this code during operation. For example, to enable (float) or disable (stop
floating) the movers, the PLC can define booleans for each of these states and provide
logic to bring the movers to their desired state when these booleans are toggled. The
PLC can also apply set-points (target positions, velocities, and accelerations) that
the movers need to track through the “ExternalSetpointGeneration” command mode.

TwinCAT allows a C++4 script to communicate with the PLC, which is useful
for external set-point generation. It uses ADS-communication (Automation Device
Specification communication) to enable the C++ code to read and write PLC vari-
ables. This way, when trajectories are generated from a separate algorithm, its
output values can be written to the PLC as external set-points and applied to the
system through this protocol.

The XPlanar configurator bridges the gap between the hardware configuration
and software. Here, the tile configuration (layout of the arena) and the movers can
be entered. Then, it automatically generates all files and objects needed for control
of this specific configuration. Finally, the mover objects can be linked to the PLC,
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bridging the gap.

5.2 Offline implementation details

The first step in evaluating the practical suitability of our motion planning strategies
is to apply precomputed trajectories to the system. The idea is to use the algorithms
from Chapters 3 and 4 to calculate the trajectories, save them to csv files and transfer
them to the industrial PC. There, the files can be read out in the C++ code, and
written to the PLC code whenever the movers need new set-points. As this requires
consistent timing, we make use of buffers. This section discusses the necessary steps
to integrate this strategy along with the algorithms on the XPlanar. To do this,
the algorithms need to be updated first so that they can take into account the
configuration of the arena. Then, the sampling frequency of the algorithm is matched
to that of the XPlanar by interpolation. Finally, the buffer protocol is discussed
from the PLC and C++ point of view and how they communicate.

5.2.1 Box constraints

When floating over the tiles, the algorithm needs to make sure that the movers do
not cross the boundaries of the arena. The simplest arena that can be built using the
tiles is one with a rectangular shape, hence the term “box constraints”. It is not only
convenient to start with this case due to its straightforward convex shape. It also has
relevance in a strategy for handling the more involved, non-convex configuration of
the experimental setup (Fig. 5.2), since the latter can be seen as a concatenation of
different rectangles (Section 5.2.2). The arena constraints for the single-rectangular
case are:

Px,min + (R + 6) < pm,i(t) < Pzmax — (R + 6)
Py,min + (R + 6) < py,i(t) < Dymax — (R + 6) (51)
Vie{l,..,N}

Each position coordinate of the agents has a lower and upper bound that depends on
the length and height of the rectangle, the choice of the coordinate system, and its
own dimensions. It also incorporates a safety factor e as for the collision avoidance
constraints. Whereas the agents had to be modelled as circles for the latter, it is
not necessary for these box constraints. For 2D motion planning of these holonomic
movers, their orientation does not change, which means that they always remain
parallel w.r.t. the boundaries. This allows us to rewrite Constraints 5.2 in a less
conservative way:

w w
Pz min + (5 + 6) < px,i(t) < Pz max — (5 + 6)

w w
Dy,min T (5 + 6) < py,i(t) < Py,mazx — (5 + 6) (5.2)
Vie{l,..,N}
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Where w = 0.115m is the width of the movers (see Fig. 3.1). Since § = 0.0575m
and R = 0.0813m, the new constraints allow the movers to approach the boundaries
much more closely now. Due to various challenges discussed in Section 5.2.2, most
experiments are conducted within the largest sub-rectangle of the experimental
setup, which measures 6 by 2 tiles. Therefore, to be consistent with the coordinate
system defined in Fig. 5.2, we find pz min = 0 M, Dymin = 0 M, Dgmas = 1.44m and

Py,maz = 0.48 m (as the tiles have dimensions 0.24m x 0.24m).

Constraints 5.2 have to hold for each mover separately. Therefore, they can be
incorporated as such in the centralised schemes from section 3, since these only
consist of one central OCP. For the ADMM + CBF method from Section 4, we need
to include the box constraints for each agent separately in their OCP 4.3, but they
also need to be added jointly to QCQP 4.11, since the HOCBEF step is centralised.
The problem here is that the positions are no longer decision variables in the QCQP.
To write Constraints 5.2 as a function of the unknown inputs (accelerations) only,
a constant acceleration law was used for QCQP 4.11, resulting in the following
constraints:

w w
Px,min + (5 + 6) < pm,i(o) + Ux,i(O)At + 05Ux,z(0)At2 < Pzmax — (5 + 6)

Pymin + (% +€) < pyi(0) + vy (0) AL + 0.5uy,i(0)At* < pymaz — (% +e) (53)
Vie{l,..,N}

The reason for this elementary choice is the fact that they are linear in u;(0), which
ensures that the HOCBF step remains a tractable QCQP. This is justified by the fact
that the multiple shooting method uses a zero-order hold condition between its control
grid points. Hence, the acceleration is inherently assumed to be constant in the
interval [0, At], meaning that Constraints 5.3 are compatible with the transcription.

5.2.2 Extension to non-convex arenas

What follows is a heuristic extension of the algorithm to non-convex arenas. The
arena must satisfy one condition: it must be able to be considered as a concate-
nation of rectangles. The Beckhoff Xplanar as in Fig. 5.2 is used as an example.
Since it is composed of a concatenation of square tiles, it always satisfies this condition.

First, the arena is divided into rectangles. It is important that each rectangle
(or corridor) is chosen as large as possible. This creates overlap zones, which can be
used to transfer an agent from one corridor to another. Next, the corridor transition
points need to be defined. The choice of these influences the optimality of the final
trajectories but can also cause jams. The corridor transition point is heuristically
chosen to be the centre of the overlap zone here. A formal study of the choice of
these points is beyond the scope of this thesis. These steps are shown in Fig. 5.4.
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5. PRACTICAL IMPLEMENTATION

FIGURE 5.4: An example of splitting the arena into as large corridors as possible
and defining the corridor transition points (red dots). Implemented on the arena of
the Bechkhoff Xplanar

Here, the corridors are numbered from 1 to 3 and the corridor transition points are
indicated by a red dot.

These transition points can now be interpreted as the vertices of a graph. Thus, if
an agent starting in corridor 1 needs to move to a target position in corridor 3, a
discrete graph planner can in principle be used to generate a list of sub-targets based
on the corridor transition points that allows the agent to follow the correct sequence
of corridors.

The overhead that is added to each agent is just a list of sub-targets, a list of
the corresponding corridors for these sub-targets, and a variable that keeps track of
the agent’s current corridor. The latter is used to get the dimensions of the current
corridor so they can be used in the optimization problems.

Switching between corridors occurs when the agent is in the overlapping zone of
2 (or more) corridors. Once this happens, the agent can start tracking the next
(sub-)target. The agent’s current corridor is also updated. This process is repeated
until the agent is at its final target. This flow is illustrated in Fig. 5.5.

It is also possible to consider the exterior of the arena as a complex obstacle. There
exist methods to deal with complex obstacle shapes that could subsequently be used
for motion planning in non-convex arena, as in [27]. However, after implementation,
this strategy turned out to be ill-suited for the problem at hand, yielding much more
computational overhead. We conclude that the heuristic corridor strategy is better
suited for the XPlanar. A simulation of this scheme can be found on the Github
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FIGURE 5.5: An example of how an agents tracks sub-targets to change corridors.
The final sub-target is the destination of the agent. The transition points are
heuristically chosen an lead to sub-optimal trajectories, but allow to consider non-
convex arenas.

repository accompanying this thesis'.

5.2.3 Trajectory interpolation

The frequency at which the XPlanar feeds set-points to its movers is 100H z. The
frequency of the motion planners was taken to be larger because they need sufficient
time to do computations in between time steps, as it would eventually need to
perform them in real-time. The specific choice of 10H z (or a time step of 0.1s) for
the motion planners is taken for the latter reason, but it also ensures that its time
step is a multiple of the time step of the XPlanar. Consequently, the trajectories can
be easily interpolated as the original time grid aligns with the interpolated time grid.

To interpolate the trajectories between two grid points ¢; and t; + 0.1s, the system
is integrated from t;, but with time steps of 0.01s this time. Within the original
interval [t1,¢; + 0.1], the acceleration is kept constant, as is assumed in the multiple
shooting method.

As discussed, a caveat about the multiple shooting method is that it only en-
forces constraints on the control grid. These new interpolated trajectory points
provide convenient data that can also be used for extra safety checks to verify if the
trajectories are safe between the control grid points. Consequently, before applying
a trajectory to the XPlanar, the mutual distances between agents are checked based
on these new points, as well as their distance to the arena walls.

"https://github.com/StanServaes/ADMM-CBF-Multi-Agent-Motion-Planning.git
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FIGURE 5.6: Communication between XPlanar, the C++ code, and the motion
planning algorithm. In case of offline motion planning, the motion planning algorithm
is replaced by a csv file containing a precomputed trajectory.

5.2.4 Communication with XPlanar

As discussed, the XPlanar allows a C4++ script to communicate with the PLC code
and its variables. This is used for offline motion planning, as the trajectories are
precomputed and saved in a csv file. This file can then be read out by the C++ code
and sent to the PLC code in a systematic manner.

To ensure consistent timing and limit the amount of data in the PLC code it-
self, buffers are used. This way, in addition to offline motion planning, the C++ code
could also be coupled with a real-time motion planner, as shown in Fig. 5.6. The
PLC uses a FIFO buffer (First In, First Out) with space for 40 trajectory samples
(equivalent to 0.4s of trajectory data), each consisting of position, velocity, and
acceleration data. The C++ code also uses a buffer but with a length of 10 samples.

The PLC code continuously feeds set-points to the movers and simultaneously
checks the status of its buffer. When it contains only 30 samples or less, the PLC
sends a request to the C++ code. This code then prepares a buffer of 10 samples
and copies them into the PLC buffer. As long as the latter is not empty, the movers
can keep going. Hence, if a real-time motion planner provides the set-points, it
must make sure that it provides them at a sufficient rate to keep the PLC buffer
full. Since this last one can contain 40 samples, there is room for unexpected peaks
in computation time up to 0.4s (without any additional buffering), but overall the
set-points must be fed sufficiently fast. However, in the current case of offline motion
planning, this constitutes no challenge yet. The C++ code must simply read values
from a csv file, which always happens in time.
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5.3. Real-time implementation details

5.3 Real-time implementation details

This section discusses different ways to accelerate the execution of the hybrid method
(Chapter 4). This is done to achieve real-time execution for as many agents as
possible. First, a more tailored solver is used in Python. Then the hybrid algorithm
is translated into C4++ because it is inherently faster than Python. As a final step,
the structure of ADMM is used, and the algorithm is multithreaded.

5.3.1 C++ implementation and multithreading

The first step in speeding up the computations is to solve OCP 4.3 with FATROP
[33], which is a solver specifically tailored to solve non-linear OCPs. The next step
involves translating the algorithm into C++4-, because it allows for faster execution.
The serialised functions from Chapter 4 can be reloaded into C++ as they were
previously constructed and serialised for the tests in Python. A comparison is made
between each acceleration step at the end of this section.

The final acceleration step is multithreading. In the previous chapters, ADMM
was still performed sequentially. A major advantage of decentralised ADMM is
that the problem structure allows certain steps to be multithreaded. Hence, in
Algorithm 3, the lines containing “for all agents”, such as lines 10, 14, 23 and 27,
can be executed in parallel each time step. This is possible because in OCP 4.3,
NLP 4.4, and the A-update 4.5, the solution of each time step does not depend on
the solutions of the other agents during the same time step.

It is important to note that not all steps can be performed in parallel. For ex-
ample, the OCP and NLP cannot be performed in parallel because the NLP uses the
solutions of the OCP. In principle, for a given agent, the NLP can be executed if
this agent and all agents in its neighbourhood have solved the OCP. However, as
pointed out in Section 4.3.2, an agent’s neighbourhood contains all other agents in
this report. This can be used to simplify the multithread scheme so that first all
OCPs have to be executed before the NLPs can be solved.

This multithread scheme is illustrated in Fig. 5.7. Each agent solves the OCP
for itself in parallel and communicates the solution to a central memory. Only after
each agent has communicated its solutions can the NLP start. The latter, along with
the A-update, is also executed in parallel, again followed by a communication step.
These communication steps are denoted as a central step because they also serve
to bring synchronisation to the scheme. Lastly, the input is mapped to the safe set
using QCQP 4.11 and simulated.

An important note is the fact that IPOPT, as distributed with CasADi, uses MUMPS
[2] as a linear system solver. MUMPS is a parallel sparse direct solver that can solve
large sparse linear systems. However, it is not tread-safe and thus cannot be used in
the multithread scheme. A suboptimal solution to this is to use FATROP, which
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FIGURE 5.7: A schematic representation of the multithread scheme in which the
parallel steps are followed up by a central communication and synchronization step.

is thread-safe, for both OCP 4.3 and NLP 4.4, although the latter does not entail
dynamic constraints and is therefore technically not an OCP. This decision was made

because FATROP readily comes with CasADi and was the only direct alternative to
IPOPT.

To examine the influence of the different improvements that accelerate the com-
putations, a simulation of ADMM-CBF performance mode is performed for 5 and
10 agents. The following implementations of the hybrid method are used in the
comparison:

e Sequentially in Python using IPOPT for both optimization problems OCP 4.3
and NLP 4.4.

e Sequentially in Python using FATROP for the OCP and IPOPT for the NLP.
e Sequentially in C++ using FATROP for the OCP and IPOPT for the NLP.
e Parallel in C++ using FATROP for both the OCP and NLP.

The results can be found in Fig. 5.8. On the x-axis every new modification to the
hybrid method is listed from left to right. The two letters between the brackets
denote the solver used for the two optimization problems OCP 4.3 and NLP 4.4, “I”
for IPOPT and “F” for FATROP. The first letter represents the OCP and the second
letter represents the NLP. The horizontal line indicates the threshold for real-time
implementation. Only the parallel implementation of the hybrid method in C++
has a computational time below this threshold, allowing for real-time application.

The relative decrease in computational time derived from Fig. 5.8 is given in Tab. 5.1.
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of the hybrid method. These tests are performed for 5 and 10 agents with ADMM-
CBF performance mode. Every step decreases computational time, except parallel
implementation in C++ for 10 agents.

The first thing to note is that for each improvement, the relative decrease in computa-
tional time for 5 agents is greater than for 10 agents. This is because overall, NLP 4.4
accounts for the largest computational time. This is also indicated numerically by
Tab. 5.2. The relative total time in NLP denotes how long the program was busy
solving the NLP compared to the total time it took for the program to finish. The
higher the number of agents, the higher the relative computational time of the NLP
is and improvements of the algorithm relatively have less effect.

Another reason is due to the fact that there is a limit on the number of agents
that can be run in parallel. Each computer has a physical amount of hardware
threads; if the number of agents exceeds this amount, the program starts running
in pseudo-parallel. It is then up to the scheduler of the operating system on how
to select the order of threads. On top of this, each agent is currently assigned two
threads: one for the OCP and one for the NLP (and Equation 4.5). This means
that there is a lot of context switching between threads, causing small delays each
time. A remedy to this is presented in Section 7.1. In total, the relative decrease in
computational time after all these steps is 90.1% for 5 agents and 60.5% for 10 agents.

What also stands out is the low relative decrease of 11.0% when switching from
sequential to parallel execution for 10 agents. This is because multithreading uses
FATROP for the NLP. As mentioned earlier, the NLP does not conform to the form
of an OCP so FATROP has difficulty solving problems with a larger number of agents.
Details on the scalability of using FATROP for the NLP are discussed in Section 6.1.3.
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Transition 5 Agents 10 Agents
Seq. Python [II] — Seq. Python [FI]  39.8 % 28.4 %
Seq. Python [FI] — Seq. C++ [FI] 57.9 % 38.1 %
Seq. C++ [FI] — Par. C++ [FF] 60.8 % 11.0 %
Total 90.1 % 60.5 %

TABLE 5.1: Relative decrease in computational time for each step that speeds up
the computations. This corresponds to Fig. 5.8.

5 Agents 10 Agents
Relative total time in NLP  70.2 % 92.8 %

TABLE 5.2: The relative total time the program is busy solving the NLP. The larger
the number of agents, the more time (with respect to the total time of the program)
is spent solving the NLP. This test was done using the parallel C4++ implementation.

Due to the synchronisation between threads, it is the sum of the durations of
the OCP and NLP that determines the total duration of an ADMM iteration. The
total computational time of the hybrid algorithm implemented sequentially can
therefore not be divided by the number of agents to obtain an estimate of the com-
putational time of the parallel implementation. This would be the theoretical lower
bound. This can be seen in Fig. 5.9, which shows the distribution in computation
time over the steps of 1 ADMM iteration. The duration of each time step up to
t = 3s is around 30ms and 15ms for the sequential and parallel implementation,
respectively. This results in a factor 2 difference in computational time instead of
a factor of 5. Another result of the thread synchronisation is that the peaks in
calculation time of the NLP become more pronounced. This figure again shows that
the NLP is the bottleneck as it takes up most of the computation time. It also
showcases that the QCQP is indeed very computationally efficient compared to the
OCP and NLP.

5.3.2 Real-time implementation on the XPlanar

When the parallel program was implemented on the Beckhoff PC, a sharp decrease in
performance was observed. For instance, a given case took 5 times longer to compute
than on a Linux computer with a 12th Gen Intel® Core™ i5-12450H processor.
Subsequently, we suggest the calculations to be performed on a separate PC and sent
to the Beckhoff PC in the future. A first advantage of this is functional independence:
if later one of the two computers needs to be replaced, this can be done without
affecting the other computer.

A second advantage is that if more hardware threads are needed to run a larger
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FIGURE 5.9: The durations of each step in the hybrid method stacked on top of
each other for every time step. This test was performed with ADMM-CBF fast
mode for 5 agents. Even if the number of agents is below the number of hardware
threads, the parallel implementation is not simply 5 times faster than the sequential
implementation. This is because the sum of the longest OCP and NLP duration
determine the computational time of a parallelised ADMM iteration.

number of agents in parallel, more computers can be added without influencing
the Beckhoff PC. This scheme is represented in Fig. 5.10. There is one coordinator
computer that provides synchronisation with all other follower computers regarding
the parallel computations. It also stores the trajectories that have already been
calculated. These trajectories can be transmitted by request from the Beckhoff
industrial PC.

61



5. PRACTICAL IMPLEMENTATION

Monitor

L —

Coordinator Tile configuration

Industrial PC

T
Follower

.
.
& h—

Mover

D

Communication
Bus

E
Follower

FIGURE 5.10: Proposed diagram of how calculations can be distributed across
multiple computers. A coordinator computer stores the trajectories and can forward
them on request from the Beckhoff industrial PC.
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Chapter 6

Results and discussion

In this chapter, the algorithms are first compared in simulation. This comparison
includes performance, safety, and scalability. Then, the maximum real-time capability
of the hybrid method is investigated. After this, the calculated trajectories are
implemented on the Beckhoff Xplanar to verify their practical suitability.

6.1 Simulation results

This section quantitatively examines how the different algorithms behave. This
is done by letting all algorithms perform the same two cases for 5 and 10 agents.
These results are then used to compare performance and safety. At the end, two
scalability analyses are also done. The first inspects the scalability of centralised
MPC, ADMM-CBF fast mode, and ADMM-CBF performance mode, implemented
in Python. The second inspects the scalability of the hybrid method, parallel and
sequential, in C4++. At the end, it is investigated for how many agents the hybrid
method can maximally run in real-time.

6.1.1 Performance comparison

Performance refers to both time-optimality and the possibility of real-time implemen-
tation, as this is a trade-off that ADMM enables. The comparison is performed by
considering two cases, one for 5 agents and 10 agents. The agents in both cases are
initialised in an imaginary square. The size of this imaginary square is based on the
agent density, which is set to pygent = 5 agents/ m? throughout this chapter. This
heuristic is meant to introduce consistency between the initial conditions of all the
simulations with different amounts of agents. It does not define an arena in which the
agents must stay as the box constraints are not considered in the following results.
Subsequently, lsguare, Which represents the length of the the imaginary square’s, is
determined as follows:

N N
Pagent = l27 <~ lsquare =

square pagent

(6.1)
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FIGURE 6.2: The initial and target position of each agent for the case of 10 agents.

Where N denotes the number of agents.

The case with 5 agents is shown in Fig. 6.1. The agents start at rest on the
vertices of a square, with one additional (orange) agent in the middle of the upper
side. The goal is to cross the space towards the symmetrically opposite vertex
(or side) as fast as possible without colliding. They should also arrive at their
destination at rest. This information is embedded in the inputs of the algorithms
Xinit; and Xy;. Note that this is already a computationally expensive case, as
many agents will have to pass through the middle at the same time. Moreover,
two pairs of agents will have to switch positions, which imposes an extra difficulty
on the solver of the optimization problem, as there is no preferred swerving direction.

The case of 10 agents is shown in Fig. 6.2. As for the case of 5 agents, they

have to exchange positions among themselves, but here not all agents need to go
through the centre of the arena.
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The algorithms from Chapters 3 and 4 are implemented in Python using the soft-
ware toolkit Rockit. The OCPs are solved with the multiple shooting method
(Section 2.1.2) using IPOPT (Section 2.1.3). In these tests, the sequential ADMM
implementation is used as there is no parallel version in Python. For each algorithm,
the case of 5 and 10 agents is implemented. When using ADMM, agents often take
a long time to reach their target position, e.g. within a 1mm threshold margin. This
affects tests because these final iterations are relatively faster than when agents have
to actively plan with each other to avoid collisions. Because of this, the threshold for
checking whether agents have reached their target position is set to 0.015m, both for
centralised MPC and ADMM. This is justified because in practice, when an agent is
close to its target, motion planning is passed on to a task-specific planner or controller.

As the total computation time depends on the length of the simulation, it is preferred
to look at the relative computation time:

computational time

RCT = (6.2)

transit time

On average, the computation can be performed in real-time when this number is
smaller than 1. The resulting transit time and RCT for all motion planners is shown
in Table 6.1. The corresponding trajectories for each are shown on the Github
repository accompanying this thesis'.

Transit Time [s] RCT -]
5 Agents 10 Agents 5 Agents 10 Agents
Free-time 1.38 1.35 - -
Centralised MPC 1.5 1.6 1.61 10.60
ADMM-CBF Fast mode 4.6 6.3 1.16 3.18
ADMM-CBF Performance mode 2.8 4.7 12.06 31.03

TABLE 6.1: Transit time and RCT for the 5 and 10 agent cases compared between
the different motion planners. As the free-time problem is a method that is only
performed once offline, the RCT has no meaning for this method. These tests were
performed in Python on a Linux pc with a 7th Gen Intel® Core™ i7-7700K CPU @
4.20GHz.

What follows is an explanation of these results per algorithm based on Tab. 6.1.

Free-time problem Since the problem is non-convex, it is not possible to say
whether this result constitutes a global minimum or not. However, it can still be used
as a baseline to compare the other algorithms since it produces the lowest transit
time of all. The RCT has no meaning for free-time because it does not offer the
possibility of real-time implementation.

"https://github.com/StanServaes/ADMM-CBF-Multi-Agent-Motion-Planning.git
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The case with 10 agents has a slightly lower transit time than the case of 5 agents,
even though the agents are placed within a larger square (1.41m for 10 agents, 1m
for 5 agents). This is because in the former case, less agents need to cross the middle.

Centralised MPC For both cases, the agents take longer to reach their target
position than in the free-time implementation. This is due to the following two
reasons. First, there is a difference between the cost function of free-time and MPC.
In free-time, the transit time is minimised directly, while in MPC the distance to the
target position integrated over time is contained in the cost. This causes more agents
to cross each other in the centre of the arena, whereas free-time lets some agents
take a diversion from the start to leave more room in the middle for other agents,
resulting in an overall lower transit time. The second reason is that the trajectories
exhibit a small overshoot.

ADMM-CBF Compared to free-time and centralised MPC, the transit times
for both modes of ADMM-CBF are higher. However, the advantage of ADMM is
that it allows to trade optimality for computational load. This is pronounced when
comparing fast mode with performance mode. Performance mode is, on average for

the two cases, able to reduce the transit time by 1.7s of fast mode at the expense of
a higher RCT.

Fast mode also has better real-time capability than centralised MPC as its RCT
is lower. These tests were executed on the same computer as the scalability tests
(Section 6.1.3) to maintain consistency within the algorithms implemented in Python.
Note that this computer is old. If the same case of 5 agents is run on a modern
Linux pc with a 12th Gen Intel® Core™ i5-12450H processor, fast mode is able to
run in real-time with RCT = 0.78, while centralised MPC still has RC'T = 1.27.
Also note that the ADMM scheme is still implemented sequentially in this section.
The methods mentioned in Section 5.3.1 can further decrease RCT.

In addition, the change in RCT from the case of 5 agents to 10 agents illustrates
another advantage of ADMM. That is, it only increases by a factor less than 3, while
for centralised MPC it increases by a factor of 6.58. This shows that ADMM has
a more promising capability for real-time execution with an increasing number of
agents. This is investigated more formally in Section 6.1.3.

The difference in transit time between fast mode and performance mode can be
explained as follows: In performance mode, due to the choice of m = 20 and p = 40,
the ACR (Equation 4.6) decreases more than in fast mode. Subsequently, the agents
anticipate and evade each other in a timely manner. In fast mode, due to its choice
of m =1 and pu = 1, the ACR does not decrease enough for to the the agents to
come to a consensus, meaning that the agents will collide. The QCQP slows down
the agents and makes sure they do not collide. But it does not entail a time horizon
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FIGURE 6.3: The inter-agent distance for the case of 5 agents for free-time and
centralised MPC. The red dashed line denotes the minimal distance between the
centres of the agents before they collide. Both free-time and centralised MPC
approach the threshold up to their safety margins, 5mm and 20mm respectively.

and cannot plan trajectories. This results in the agents forming a cluster that slowly
turns around its centre, as ADMM can still provide a direction in which the agents
should turn.

6.1.2 Safety comparison

Safety and conservatism is measured by the inter-agent distance. If the distance
between the centres of two agents becomes less than two times the radius, this means
that the agents collide and the trajectories are not safe. Here, the case of 5 agents is
used to showcase the safety of the different algorithms.

The inter-agent distance for free-time and centralised MPC can be found in Fig. 6.3.
This figure shows the distance between the centres of all agent pairs. The red dashed
line indicates when the distance between two centres is equal to 2R. This figure shows
that both free-time and centralised MPC are capable of generating safe trajectories,
as for both plots the inter-agent distance remains above the red line. The margin
with respect to collision (the minimum distance between the lowest point of the
graphs and the red dashed line) is for both algorithms equal to the specified safety
margin, 5mm and 20mm for free-time and centralised MPC respectively. This is
because both algorithms do not introduce conservatism (apart from modelling the
movers as circles) by incorporating the exact collision avoidance constraints based
on the Euclidean distance.

The safety of ADMM-CBF fast mode and performance mode can be seen in Fig. 6.4.
In fast mode, the agents remain close together for approximately 3s. This is in line
with what was mentioned earlier, namely that the method is not yet converged in fast
mode, meaning the agents entail elevated average consensus residuals (ACRs). This
implies that the originally planned trajectories may still involve collisions. However,
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FIGURE 6.4: The inter-agent distance for the case of 5 agents for ADMM-CBF fast
mode and performance mode. The red dashed line denotes the minimal distance
between the centres of the agents before they collide. Fast mode exhibits a margin
of 5mm equal to the safety margin, while performance mode had a margin of 10mm
which is larger then its safety margin.

QCQP 4.11 prohibits this by rendering the input safe. This results in the agents
slowing down when they are about to crash and then cluttering together. When
this happens, there is a moment when the agents are almost stationary, so their
relative acceleration and velocity become negligible. cbf; ; (Equation 4.9) is then
reduced to the collision avoidance constraint based on Euclidean distance as in
free-time and centralised MPC. Because of this, the margin until collision is the
same as the safety margin, 5mm. Note that in more common situations where the
agents do not directly approach each other head on, this cluttering is less pronounced.

In performance mode, the trajectories have lower ACRs than in fast mode and
are consequently more optimal, leading to less intervention of the QCQP and higher
velocities of the agents. These velocities are taken into account in the CBF and
consequently the QCQP renders the inputs safe in a timely manner. Unlike fast
mode, agents now do have relative acceleration and speed at all times, this ensures
that the terms involving velocity and acceleration in cbf; ; are no longer negligible.
This makes the margin to collision (now 10mm) greater than the safety margin
€ = dmm.

To prove the necessity of the QCQP to ensure safety, the inter-agent distance
for ADMM with m = 50 and a penalty parameter of 70 is shown in Fig. 6.5. In this
figure, there are three moments where safety is violated (curves go below the red
dashed line) and agents collide. This shows that even with a high number of ADMM
iterations, the trajectories are not collision-free. This makes ADMM without the
QCQP not useful in our case.
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FIGURE 6.5: The inter-agent distance for the case of 5 agents for ADMM with
m = 50 and p = 70. The red dashed line denotes the minimal allowed distance
between two two agent centres. Even though 50 ADMM iterations are performed
during each time step, there are still collisions.

6.1.3 Scalability comparison

To examine how (sequential) ADMM-CBF behaves relative to centralised MPC with
an increasing number of agents, tests were conducted up to 30 agents in Python.
These tests each consist of 20 cases in which the agents are randomly placed in
a square whose length is calculated based on Equation 6.1 with pygent = 5 to
keep the tests with different numbers of agents consistent with each other. The
target positions are also chosen randomly. The only condition is that the target
position is at least half the side of the imaginary square away from the initial position.

The scalability of centralised MPC, ADMM-CBF fast mode, and ADMM-CBF
performance mode is shown in Fig. 6.6 as a log-log plot with the computational time
per time step (where At = 0.1s) on the y axis. The blue dashed line denotes the
real-time capability (as RCT = 1). The scalability exponent is denoted by the slope
s of the last 11 tests. This is to exclude any kind of transition phenomenon which
has to do with the fact that for a lower number of agents, the overhead of setting up
the optimisation problem each time step now contributes relatively more to the total
computational time.

The plot indicates that the scalability for ADMM-CBF fast mode and performance
mode is equal. ADMM-CBF scales with ~ O(N!83). Performance mode shows a
vertical upward translation in relation to fast mode. This corresponds to performance
mode performing 20 times more ADMM iterations per time step than fast mode.
This vertical shift on a log-log plot means that performance mode is on average 15.15
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FIGURE 6.6: Scalability plot of centralised MPC and ADMM+CBF (fast mode and
performance) with 20 random cases for each number of agents. The blue line denotes
the real-time capability threshold. The scalability is denoted by s. These tests were
made in Python on a Linux computer with a 7th Gen Intel® Core™ i7-7700K CPU
@ 4.20GHz.

times slower than fast mode. This factor is smaller than 20 because the last ADMM
iterations are less computationally expensive. It should be noted that these tests
also showed that trajectories become less optimal for an increasing number of agents.
This is because the same tuning was used for all cases. We conclude that the ADMM
parameters are dependent on the number of agents.

The plot also shows that the scalability exponent of ADMM-CBF is lower than
centralised MPC: O(N183) versus O(N?96). This emphasises again that, apart from
its more tractable structure, ADMM-CBF allows fewer iterations to be performed,
and it can do so without compromising safety. This is in contrast to centralised MPC,
where a computationally expensive OCP is solved to full convergence in each time
step. Another consequence of this is a larger variance in computational time, which
can be observed through the vertical spread between the first and third quartile of
the box plots. Fast mode also has a lower RCT value than centralised MPC for any
number of agents, indicating that it is capable of calculating the trajectories of more
agents in real time.

Next, the scalability of the multithreaded scheme is investigated. For this, tests
are conducted up to 20 agents in C++ where each test consists of 10 random cases.
Again, the agents are initialised as mentioned earlier to keep consistency for any
number of agents. The box constraints are included in the optimisation problems,
but the arena was taken large enough so that they do not affect the tests. The result
is shown in Fig. 6.7, with the computational time per time step on the y-axis. The
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blue dashed line again denotes the real-time capability. The scalability exponent
is denoted by the slope s of the last 6 tests, to exclude any transition phenomena.
These tests are carried out with m = 10 and g = 5. This is done instead of testing
both fast mode and performance mode in order to not overload the scalability plot.
Also note that these tests are executed on a different computer than the scalability
tests in Python.

Theoretically, the parallel implementation is expected to show a kink in the scalability
plot. When the number of hardware threads is larger than or equal to the number
of agents, the scheme is executed purely in parallel. If more agents are added, the
scalability increases as some calculations are performed in pseudo-parallel. After
there are no free hardware threads for new agents, a mix of parallel and sequential
computations is performed (optimised by the operating system scheduler), leading
to a higher slope in the scalability plot. However, this is not reflected in the plot.
The scalability plot of the parallel implementation shows a scalability of as much
as O(N*2%). This can be explained using the scalability plot for the sequential
implementation, where once FATROP and once IPOPT is used to solve the NLP.

If IPOPT is used to solve the NLP, approximately the same scalability is obtained
as in the Python scalability tests (O(N*79)). However, if this solver is now replaced
by FATROP, the scalability increases to O(N*1%). Since the code for both tests
is exactly the same and the only difference is the selection of the solver, it can be
shown that the poor scalability comes from using FATROP for solving an NLP since
it does not have the correct form of an OCP. The choice to use FATROP for solving
the NLP was based on the fact that IPOPT is not thread-safe and FATROP is the
only alternative which is directly available in CasADi. However, this conclusion only
applies for N > 6, as using FATROP to solve the NLP up to 6 agents is still faster
than IPOPT, as shown in Fig. 6.7.

From these tests, it can be seen that the parallel implementation is on average
1.85 times faster than the sequential implementation with FATROP for the NLP.
However, multithreading is relatively less beneficial (for a given number of hardware
threads in the computer) as the number of agents increases. The scalability plot of
the parallel implementation will then approach, but always stay under, that of the
sequential implementation. This explains the slightly higher scalability of parallel
compared to the sequential implementation (s = 4.24 versus s = 4.15).

6.1.4 Maximum real-time capability

To check the maximum number of agents for which motion planning can be done
in real-time, we verify for fast mode and performance mode the highest number of
agents for which the RC'T' remains smaller than 1. These tests are performed on a
modern Linux computer with a 12th Gen Intel® Core™ i5-12450H processor.

For performance mode, the maximum is found to be 5 agents with RC'T = 0.86,
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FIGURE 6.7: Scalability plot of the different implementations of the hybrid method
(m = 10 and penalty parameter of 5) with 10 random cases for each number of agents.
The blue horizontal line denotes the real-time capability threshold. The scalability
exponent is denoted by s. These tests were run on a Linux pc with a 10th Gen Intel®
Core™ i7-10750H processor @ 2.60GHz, with 12 hardware threads.

achieved with the parallel implementation of ADMM-CBEF. Since this number of
agents is low enough, the NLP is solved faster in FATROP than IPOPT. The same test
using the sequential scheme with IPOPT as solver for the NLP results in RCT = 2.95.

Fast mode can plan trajectories for up to 13 agents in real time, with RCT = 0.93.
This can be achieved with the sequential scheme, in which IPOPT is used to solve the
NLP. Here, the number of agents is too high for multithreading to outweigh the poor
scalability of using FATROP to solve the NLP. If a more dedicated thread-safe solver
were used for the NLP, this number could be driven even higher because, in principle,
parallel implementation should always be faster than sequential implementation.
Also, if two different instances of the sequential scheme are called with IPOPT as
the solver for the NLP (e.g. in two different terminals), then no problems occur with
IPOPT. So another remedy is to multiprocess the code instead of multithreading it.

Altogether, if real-time motion planning is required, the number of ADMM it-
erations per time step m and the step size u can be fixed for a given number of
agents to have the most optimal trajectories while still maintaining the RCT below
1.

6.2 Experimental results

As a proof of concept and to verify whether the trajectories produced by the motion
planning algorithms from Chapters 3 and 4 are suitable in real industrial applications,
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they are tested on the XPlanar with 5 movers. Due to the practical issue mentioned
in Section 5.3, it was not yet possible to perform real-time motion planning on this
system, although ADMM-CBF has real-time capability. Thus, the trajectories are
currently still precomputed. Moreover, the maximum velocity and acceleration of
the movers had to be set to Ve = 1 m/s and amez = 5 m/s? to avoid exceeding
the power limit of the tiles.

Fig. 6.8, 6.9, and 6.10 show the trajectories calculated by centralised MPC, ADMM-
CBF performance mode, and ADMM-CBF fast mode respectively. They show a
side-by-side comparison between simulation and experiment. It is apparent that the
trajectories are suitable for practical applications. The movers behave as desired in
the simulation. Their trajectories are safe and compatible with the XPlanar.

Moreover, the downward trend in the optimality of the trajectories is once again
visible, highlighting the “optimality versus computation time” trade-off. Although
centralised MPC is computationally expensive, it ensures the movers cross the arena
in 1.9s. ADMM-CBF performance mode drives the agents to their target in 3.1s, but
also still entails sufficient predictive capability to perform timely collision avoidance
manoeuvres. On the other hand, ADMM-CBF fast mode again shows more reactive
behaviour, leading to more cluttered trajectories with a transit time of 5.2s.

Furthermore, the slight conservatism induced by the choice to model the movers as
circles can be observed, at least for the collision avoidance constraints. The distance
between agents always remains larger than their diagonal, even when passing each
other laterally. It is also shown, especially in Fig. 6.10, that this is not the case for the
agent-wall distance, since the box constraints are formulated in a non-conservative
way (Section 5.2.1). While the circles in the simulation appear to violate the box
constraints, the underlying squares remain within the arena. Lastly, we presented
similar tests to first-year students during a lab tour in the context of an info session
on their specialisation choice.
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FIGURE 6.8: Comparison between simulation and experiment on the XPlanar,
performed for 5 agents with centralised MPC.
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Chapter 7

Conclusion

This thesis developed several optimal control based motion planning algorithms and
provided implementation guidelines with tunings for each algorithm.

Although the free-time problem cannot be used for real-time purposes, it is useful
to consider it as a benchmark for optimality. Centralised MPC, on the other hand,
does allow motion planning in real-time. However, due to its scalability ~ O(N?29),
we did not continue to pursue a real-time implementation, as we concluded that it is
not suitable for multi-robot systems with more than a few agents.

Decentralising the problem using ADMM, still within a sequential scheme, reduces
scaling at the cost of optimality and safety. The latter, which is of great importance
in practical settings, is successfully recovered by adding the central QCQP 4.11 step
using CBFs, resulting in a novel hybrid multi-agent motion planning method that
scales with ~ O(N182). To increase the efficiency and performance of the resulting
trajectories, the number of ADMM iterations must often be significantly increased
due to its unfavourable convergence properties for this non-convex problem. In these
ADMM iterations, tests show that NLP 4.4 is the bottleneck, e.g. for 10 agents it
can take up 92.8% of the total computation time.

After the scalability is improved, different steps are taken to accelerate compu-
tations. First, FATROP is used to solve OCP 4.3 resulting in a decrease in the
computational time of 39.8% and 28.4% for 5 and 10 agents respectively. Secondly,
the algorithm is translated from Python to C++, while still using the same serialised
CasADi functions. This additionally decreased the computational time with 57.9%
and 38.1% for 5 and 10 agents respectively. Lastly, the computation time is initially
seen to decrease further with 60.8% for 5 agents by parallelising the implementation
using multithreading. However, the influence of multithreading for medium-scale
systems is not able to be fully established yet due to a solver mismatch, causing a
scalability of ~ O(N*?%). This results in a decrease in computational time of only
11.0% for 10 agents. In total, the computational time can be decreased by 90.1% for
5 agents and 60.5% for 10 agents.
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7. CONCLUSION

ADMM-CBF is investigated using two cases: fast mode (m = 1, p = 1) and
performance mode m = 20, pu = 40). From this, the strength of ADMM can be
observed, namely that it allows the number of iterations per time step to be fixed,
without a loss of safety guarantee. This ensures that the performance of the hybrid
method can be linked to the hardware: a stronger computer will be able to do
more ADMM iterations, and thus compute more optimal trajectories. The second
advantage is that computational time becomes more predictable.

ADMM-CBF entails real-time capability for more agents than centralised MPC
as its RCT factor can be lowered by decreasing the number of ADMM iterations,
this is especially apparent with fast mode. ADMM-CBF fast mode can perform
real-time computations up to 13 agents. This is accomplished using the sequential
implementation because for N = 13, the scalability of using FATROP to solve the
NLP turns out to be detrimental. However, for a lower number of agents, FATROP
proves to be faster than IPOPT and even performance mode is able to perform up
to 5 agents in real-time.

Finally, the experimental tests on the XPlanar provide a proof of concept for the
practical suitability of the hybrid method.

7.1 Future research

Despite considerable improvements, mainly related to safety and scalability, chal-
lenges remain w.r.t. implementation and performance. This section provides an

overview of the possibilities for future work.

To obtain more efficient trajectories without the need for an abundant number of
ADMM iterations, there are several promising approaches that are yet to be explored:

o Incorporating ADMM acceleration techniques [15] to obtain similar convergence
results with a reduced number of ADMM iterations.

e Researching various non-conservative reformulations of the collision avoidance
constraints to obtain more favourable convergence properties.

e Employing a dynamic penalty parameter i and researching methods to auto-
matically adapt it over the trajectory.

o Employing dynamic HOCBF parameters (K; and K3).

Moving to real-time performance in large-scale systems also requires some addi-
tional modifications. We provide four suggestions:
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e Researching methods to make ADMM compatible with time-varying neigh-
bourhood schemes. Or, finding conditions in which neighbourhoods can be
kept constant.

e Incorporating learning techniques to non-safety-critical parts of the algorithm,
to further reduce scaling without a loss of the safety guarantee. For example,
NLP 4.4 is simultaneously the bottleneck w.r.t. computational cost and is not
a safety-critical step since z; and z; ; are not directly applied to the system.

e Finding another more tailored solver for NLP 4.4 that is thread-safe. This
would allow us to fully exploit the multithreaded implementation and increase
its real-time capability.

o Investigating the limits of reducing the length of the planning horizon when
using QCQP 4.11 for safety.

Lastly, the following steps could be taken to extend the algorithm’s practical
suitability:

e Setting up a communication network between a dedicated external computer
to perform real-time computations externally and send the trajectories to the
XPlanar computer.

e Pair the algorithm with a discrete motion planner for more efficient navigation
from corridor to corridor in general multi-rectangular non-convex arenas.

o Using C++ class template barrier [1] for thread synchronisation to limit context
switching of the threads.

¢ Designing a multithread scheme in coordination with a scheduler policy allowing
for more efficient parallelisation.

o Designing a multiprocessing scheme which also allows to parallelise the hybrid
method, while still using IPOPT.

79






Bibliography

[10]

[11]

C++ class template for std::barrier. https://en.cppreference.com/w/cpp/
thread/barrier.html. Accessed: 02/06,/2025.

Mumps home page. https://mumps-solver.org/index.php?page=home. Ac-
cessed: 02/06/2025.

A. D. Ames, S. Coogan, M. Egerstedt, G. Notomista, K. Sreenath, and
P. Tabuada. Control barrier functions: Theory and applications. In 2019
18th European control conference (ECC), pages 3420-3431. Ieee, 2019.

J. A. Andersson, J. Gillis, G. Horn, J. B. Rawlings, and M. Diehl. Casadi: a
software framework for nonlinear optimization and optimal control. Mathematical
Programming Computation, 11:1-36, 2019.

B. Automation. Beckhoff information system. Technical report. https://
infosys.beckhoff.com/index_en.htm , Accessed: 5/05/2025.

Beckhoff. Xplanar | planar motor system. https://www.beckhoff.com/en-en/
products/motion/xplanar-planar-motor-system/, Accessed: 05/05/2025.

U. Borrmann, L. Wang, A. D. Ames, and M. Egerstedt. Control barrier
certificates for safe swarm behavior. IFAC-PapersOnLine, 48(27):68-73, 2015.

S. Boyd, N. Parikh, E. Chu, B. Peleato, J. Eckstein, et al. Distributed optimiza-
tion and statistical learning via the alternating direction method of multipliers.
Foundations and Trends® in Machine learning, 3(1):1-122, 2011.

M. Chahine, R. Firoozi, W. Xiao, M. Schwager, and D. Rus. Local non-
cooperative games with principled player selection for scalable motion planning.
In 2023 IEEE/RSJ International Conference on Intelligent Robots and Systems
(IROS), pages 880-887. IEEE, 2023.

J. Chen. A brief tutorial on consensus admm for distributed optimization with
applications in robotics. arXiv preprint arXiv:2410.03753, 2024.

J. Choi. Introduction to control lyapunov functions and control barrier functions,
2021. Guest lecture at University of California, San Diego, https://www.
youtube.com/watch?v=_Tkn_Hzo4AA.

81


https://en.cppreference.com/w/cpp/thread/barrier.html
https://en.cppreference.com/w/cpp/thread/barrier.html
https://mumps-solver.org/index.php?page=home
https://infosys.beckhoff.com/index_en.htm
https://infosys.beckhoff.com/index_en.htm
https://www.beckhoff.com/en-en/products/motion/xplanar-planar-motor-system/ 
https://www.beckhoff.com/en-en/products/motion/xplanar-planar-motor-system/ 
https://www.youtube.com/watch?v=_Tkn_Hzo4AA
https://www.youtube.com/watch?v=_Tkn_Hzo4AA

BIBLIOGRAPHY

[12]

[13]

[16]

[17]

82

W. Decr. Specialised lecture 2: Optimal control. Slides from optimization of
mechatronic systems [H04U1C], KU Leuven.

H. J. Ferreau, C. Kirches, A. Potschka, H. G. Bock, and M. Diehl. gpoases:
A parametric active-set algorithm for quadratic programming. Mathematical
Programming Computation, 6:327-363, 2014.

J. Gillis, B. Vandewal, G. Pipeleers, and J. Swevers. Effortless modeling of
optimal control problems with rockit. In 89th Benelux Meeting on Systems and
Control, Date: 2020/03/10-2020/03/12, Location: Elspeet, The Netherlands,
2020.

T. Goldstein, B. O’Donoghue, S. Setzer, and R. Baraniuk. Fast alternating
direction optimization methods. SIAM Journal on Imaging Sciences, 7(3):1588—
1623, 2014.

P. E. Hart, N. J. Nilsson, and B. Raphael. A formal basis for the heuristic
determination of minimum cost paths. IFEFE transactions on Systems Science
and Cybernetics, 4(2):100-107, 1968.

C. Jiang and Y. Guo. Incorporating control barrier functions in distributed
model predictive control for multirobot coordinated control. IEEE Transactions
on Control of Network Systems, 11(1):547-557, 2023.

Y. Koren, J. Borenstein, et al. Potential field methods and their inherent
limitations for mobile robot navigation. In Icra, volume 2, pages 1398-1404,
1991.

S. LaValle. Rapidly-exploring random trees: A new tool for path planning.
Research Report 9811, 1998.

C. Liu, C.-Y. Lin, and M. Tomizuka. The convex feasible set algorithm for
real time optimization in motion planning. SIAM Journal on Control and
optimization, 56(4):2712-2733, 2018.

C. E. Luis and A. P. Schoellig. Trajectory generation for multiagent point-to-
point transitions via distributed model predictive control. IEEE Robotics and
Automation Letters, 4(2):375-382, 2019.

T. Mercy, R. Van Parys, and G. Pipeleers. Spline-based motion planning for
autonomous guided vehicles in a dynamic environment. IEEE Transactions on
Control Systems Technology, 26(6):2182-2189, 2017.

P. Patrinos. Optimization. Lecture notes from Optimization [HO3E3A], KU
Leuven.

Z. Qin, K. Zhang, Y. Chen, J. Chen, and C. Fan. Learning safe multi-
agent control with decentralized neural barrier certificates. arXiv preprint
arXiw:2101.05456, 2021.



BIBLIOGRAPHY

[25]

[26]

[37]

J. B. Rawlings, D. Q. Mayne, M. Diehl, et al. Model predictive control: theory,
computation, and design, volume 2. Nob Hill Publishing Madison, WI, 2017.

F. Rey, Z. Pan, A. Hauswirth, and J. Lygeros. Fully decentralized admm for
coordination and collision avoidance. In 2018 Furopean Control Conference
(ECC), pages 825-830. IEEE, 2018.

A. Sathya, P. Sopasakis, R. Van Parys, A. Themelis, G. Pipeleers, and P. Patrinos.
Embedded nonlinear model predictive control for obstacle avoidance using panoc.
In 2018 European Control Conference (ECC), pages 1523-1528, 2018.

O. Shorinwa, T. Halsted, J. Yu, and M. Schwager. Distributed optimization
methods for multi-robot systems: Part la tutorial [tutorial]. IEEE Robotics &
Automation Magazine, 31(3):121-138, 2024.

O. Shorinwa, T. Halsted, J. Yu, and M. Schwager. Distributed optimization
methods for multi-robot systems: Part 2a survey. IEEFE Robotics & Automation
Magazine, 31(3):154-169, 2024.

Z. Tian, 7. Zhang, and R. Jin. Distributed admm for time-varying com-
munication networks. In 2022 IEEE 96th Vehicular Technology Conference
(VTC2022-Fall), pages 1-5. IEEE, 2022.

R. Van Parys and G. Pipeleers. Online distributed motion planning for multi-
vehicle systems. In 2016 European Control Conference (ECC), pages 1580-1585.
IEEE, 2016.

R. Van Parys and G. Pipeleers. Distributed mpc for multi-vehicle systems
moving in formation. Robotics and Autonomous Systems, 97:144-152, 2017.

L. Vanroye, A. Sathya, J. De Schutter, and W. Decré. Fatrop: A fast constrained
optimal control problem solver for robot trajectory optimization and control. In
2023 IEEE/RSJ International Conference on Intelligent Robots and Systems
(IROS), pages 10036-10043. IEEE, 2023.

A. Wiachter and L. T. Biegler. On the implementation of an interior-point
filter line-search algorithm for large-scale nonlinear programming. Mathematical
programming, 106:25-57, 2006.

L. Wang, A. D. Ames, and M. Egerstedt. Safety barrier certificates for collisions-
free multirobot systems. IEEE Transactions on Robotics, 33(3):661-674, 2017.

W. Wang, W. Xiao, A. Gonzalez-Garcia, J. Swevers, C. Ratti, and D. Rus.
Robust model predictive control with control barrier functions for autonomous
surface vessels. In 2024 IEEE International Conference on Robotics and Au-
tomation (ICRA), pages 6089-6095. IEEE, 2024.

W. Xijao and C. Belta. High-order control barrier functions. IEEE Transactions
on Automatic Control, 67(7):3655-3662, 2021.

83



BIBLIOGRAPHY

[38] Y. Yang, X. Guan, Q.-S. Jia, L. Yu, B. Xu, and C. J. Spanos. A survey of
admm variants for distributed optimization: Problems, algorithms and features.
arXiv preprint arXiv:2208.03700, 2022.

[39] X. Zhang, A. Liniger, and F. Borrelli. Optimization-based collision avoidance.
IEEFE Transactions on Control Systems Technology, 29(3):972-983, 2020.

[40] H. Zhou and C. Liu. Distributed motion coordination using convex feasible
set based model predictive control. In 2021 IEEFE International Conference on
Robotics and Automation (ICRA), pages 8330-8336. IEEE, 2021.

[41] V. Zinage, A. Jha, R. Chandra, and E. Bakolas. Decentralized safe and scalable
multi-agent control under limited actuation. arXiv preprint arXiv:2409.095783,
2024.

84



	Preface
	Abstract
	List of Figures and Tables
	List of Abbreviations and Symbols
	Introduction
	Motivation and goals
	Literature study
	Overview and contributions

	Preliminaries
	Optimal control
	Model predictive control
	ADMM
	Control barrier functions

	Centralised motion planning
	Free-time problem
	Centalised MPC

	Decentralised and hybrid methods
	ADMM
	ADMM-CBF
	Neighbour selection

	Practical implementation
	The XPlanar system
	Offline implementation details
	Real-time implementation details

	Results and discussion
	Simulation results
	Experimental results

	Conclusion
	Future research

	Bibliography

